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Mean curvature deficit and a quasi-local mass

Christos Mantoulidis and Pengzi Miao

ABSTRACT. We give an account of how theorems of Wang-Yau [16]
and Shi-Tam [14] concerning the boundary mean curvature of compact
3-manifolds with a negative lower bound on scalar curvature give rise to
a new intrinsic metric invariant on 2-spheres. This invariant was used
to derive a functional that extends Brown-York quasi-local mass beyond
the setting of positively curved boundaries. We compare this functional
to the Hawking quasi-local mass, extending known results about Brown-
York mass in [15, 10].

1. Introduction

Let (€2, g) be a compact Riemannian 3-manifold whose boundary is a
2-sphere (X, ~) with positive Gauss curvature. Under the assumptions that
2 has nonnegative scalar curvature and Jf) has positive mean curvature, Shi
and Tam [13] proved that the Brown-York quasi-local mass 1, 2]

m, (5;0) = i/ (Ho — H)do
a0

87

is nonnegative, and vanishes if and only if (2,g) is isometric to a domain
in R3. Here do denotes the induced area element on 9¢! = Y. H the mean
curvature of 9€2 in €2, and H, the mean curvature of the isometrif' embedding
of (£,7) into R3, which exists and is unique (up to rigid motions)
solution to Weyl’s embedding problem 11, 12].

Denote the isometric embedding of (£, ) into :
light, Shi and Tam’s theorem asserts that the quantity

HO dO',
(X)

R3 by ¢. Cast in a different

e,
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which is an intrinsic invariant of the 2-sphere (X,v) with positive Gausg

curvature, serves as the supremum for the total boundary mean Curvature

functionals

Q.9)~ [ Hdo,
o0

among a suitable class of “fill-ins” (€2, g) of (X,7). This characterization Jeq
the authors to the following definition:

DerFiNITION 1.1 ([8]). Given a Riemannian metric 5 on a 2-sphere 54
denote by Fix -) the set of all compact, connected Riemannian 3-manifolds
(€, g) with boundary such that:

(1) 99, with its induced metric, is isometric to (X, ),

(2) 09 is mean-convex: i.e.. the mean curvature H of 9Q with respect
to the outward normal is positive, and

(3) Ry >0, where R, is the scalar curvature of g.

Moreover, define

1
Ay = Sup{g aﬂﬂdo | (,9) € f(g‘.,,}.

When the Gauss curvature K., of v is positive, it follows from Shi-Tam's
theorem [13] that Az 4) is finite and, moreover, equals

1
(1.1) A(“.",} - H() do.
87
In this case, the Brown-York mass of ¥ in (€2, g) takes an equivalent form of

12 -k 1
( ) mBY(Z.Q) = A(Z-'H - —S—F/;:Hdo-

Motivated by (1.2), the aut : i -
York maes, Which(is d) authors proposed the following variant of Brown

of ¥ efined without the restriction on the Gauss curvature

DEFINITION 1.9 ([8]). Let
_ - : : 0,
Riemannian 3-manifold with sc(: ’
2-sphere. Defipe

(1.3)

be a compact, connected, mean-convex
alar curvature R, > 0. Suppose £ = 1 isa

: 1
m(Z;Q) = Az, - -8—,; f f do,
Here do is the induced area form on ¥ :

By virtue of (1.1)
1) and (1.2
- msv(&ﬂ), since ( )

(1.4)

» the functional m(X; ) extends Brown-York

The followi m(z;ﬂ) =mg, (X Q) if K‘Y > 0.
INg proposition underlies the definition of m(Z; Q).
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PROPOSITION 1.1 ([8]). For every (Q,9) as in Definition 1.2
0<m(E;Q) < x.
Ifm(Z:Q) =0, then Q) is a 3-ball and g is flat.

Another important quasi-local mass functional in the literature is the
Hawking quasi-local mass [5]. Given a surface ¥ in a 3-manifold (2, g), the
Hawking quasi-local mass m, (X: Q) is given by

| 1
¥: Q) = ——| i i3 2
my (X:9) =4/ T (1 T EH da).

Here ||, denotes the area of (X,+). Note that, as with m(X; Q). there are
no requirements on the Gauss curvature of ¥ in the definition of m, (X; ().

If K, > 0 and the region (2, g) that (X, ) bounds is mean-convex with
nonnegative scalar curvature, it was shown in [15] (also cf. [10]) that the
Brown-York mass and Hawking mass satisfy

(1.5) mg, (X;9) 2> m,(X;9Q).

Having extended m, (£; ) to m(X: ), one naturally wonders if (1.5) con-
tinues to hold with m,, (X;Q) replaced by m(X:9). In this note we show
that this is indeed the case for a wide class of metrics that contains those
with positive Gauss curvature.

THEOREM 1.3. Suppose (£2,g) is a compact Riemannian 3-manifold with
nonnegative scalar curvature, and with mean-conver boundary ¥ that is a
2-sphere. Let v be the induced metric on E. If (X,7) is isometric to an
outer-minimizing, mean convex surface in R?, then

(1.6) () > m, (5:9)

. . - . o3
with equality if and only if (€2, g) is isometric to a geodesic ball in R”.
are automatically

. R3
REMARK 1.4. Star-shaped, mean convex surfaces in R :
whose boundaries

outer-minimizing. Hence, Theorem 1.3 applies to all (Q.9)
are isometric to such surfaces, generalizing (1.5)-

2. The A(gﬁ) invariant

In 8], Ay, ,) was defined and investigated for all closed, orientable, pos-

sibly disconnected surfaces ¥, endowed with a Riemannian metric '7-_H91“;
we focus on the case when ¥ is a 2-sphere and collect knowx_l prso?!z;"trl)e’ti"soa
A(s.) in Proposition 2.1; (i), (ii), (iii) can already be fo“‘}‘{d;g l[)(e]fow Note
new fact and will be proven immediately following R_emar i d that
that (i), (ii) together imply Proposition 1.1 in the introduction, an

(iii) reiterates (1.1).

: ] an
PROPOSITION 2.1. Suppose X is @ 92-sphere, endowed with a Riemanni

metric ~. Then:

IVIVLIYWIE | W v MY el M
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(i) A(s,) is finite whenever Fs ,) # 0.
(i) If Ay S attained by some (2, 9) € F(x. . i.e., if

1
A():_.” Sl Hd(f.

87 Jaq
then  is a 3-ball and g is flat.
(iii) If (E,7) is isometric to a strictly conver surface ¥, in R3 with
mean curvature Hy, then

1
A(g‘-,) S S— Hn do.
8 Ju(z)
(iv) The value Az ) can be estimated from below if (X, ) is isometric
to a mean-convez, outer-minimizing 2-sphere in R®. In this case,

X

-~

Azm 2\ 7
where |E|, denotes the area of (X.7). Moreover, equality holds if
and only if (X,) is isometric to a round sphere in R3,

REMARK 2.1. (i) is an a priori L' bound on the boundary mean curva-
ture of mean-convex ({2, g) with spherical boundary and nonnegative scalar
curvature, and it depends only on the induced intrinsic boundary geom-
etry. Such an a priori estimate is crucial to the definition and study of
m(Z; Q). Its proof is particularly interesting, and perhaps unconventional
in the st-udy. of nonnegative scalar curvature, in that it requires the study
of asymptotically hyperbolic—not Euclidean—manifolds. Such a study was
;?:::‘:3;1:&?)( Wang-Yau [16] anfi Shi-Tam [14] to understand the bound.?.ly
i bound.uije of compact manifolds whose scalar curvature has a negative
ssting of on;e 051[18 that work, the L' estimate was derived in [8] for £ cor-
s iy dr more 2-spheres. The same estimate, for a single 2-sphere,
ric ineqaiit theI:enlclientIy by Lu‘ [7): in Lu’s work it serves as a g(f,ome.t-
ellptic PDEytec;n ia, ows ‘i?r a priori estimates of geometric quantities vid
Yau [16] ong Shi-TilfiMe will survey the. foundational results of Wang:
- | that lead to this L! bound at the end of this

REM N
cuwaturialitzi'oﬁ;{inlse :hrlgldlty statement for maximizers of t?tal %eal)l
is scalar-fiat by analyzin e Droof.. Flrst., one shows that a maximizer d( ;l-‘]?e
shows that () is R.iccigﬂ COmpetltorS- in its conformal class. Second; "
scalar-flat metrics, 1y, th; Bt by analyzing critical points of [;q Hdo 81

- ee dimensions, g is then flat. By a general e

tional argum :
no inberig;l n;r?é;:]nﬁ knows that mean-convex and Ricci-flat (2, 9) cont;lfl
lows from the wor Ypersurfaces. The topological conclusion, thereforé,

more details, 5 wenc;iMeeks'Simon‘YaU 9]. We refer the reader to [8] fo:
OF M0re 2surfacns. 4 more genera] rigidity result, for ¥ consisting of on
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PROOF OF PROPOSITION 2.1 (iv). Suppose (Z,4) is isometric to ¥
a mean-convex, outer-minimizing surface in R3, Let Qo C R? be the dgj

main bounded by . By definition, (20, 90) € F, h
" - ¥.~) Where gq d :
Euclidean metric. Therefore, () e

1
A B
(2.1) (=) 2 g7 5 Hydo.
On the other hand, if Hp is the mean curvature of £, and |Zo| denotes the
area of ):(].

1 [1Zo] _ [IZ|
2.2 — | Hpdo >/ — =/ =2
&4 871 /5, adbell 4z’

where the inequality is the Aleksandrov-Fenchel inequality for outer-mini-
mizing surfaces (see Theorem 6 in [4] due to Huisken; also see [3]). Moreover,
equality in (2.2) holds if and only if £g is a round sphere. The result now
follows from (2.1) and (2.2). O

We now conclude this section by recalling the work of Wang-Yau [16]
and Shi-Tam [14], whose results provide the essential cause for the finiteness
of A(z ), i.e., the a priori L' bound on H.

Recall from the introduction that, when K., > 0, the total mean curva-
ture Hy of the isometric embedding of (£,4) into Euclidean space dominates
the total boundary mean curvature H of all mean-convex fill-ins (€2, g) with
R, > 0. This follows from the work of Shi-Tam [13].

Such an argument cannot go through without the K, >0 assumption, as
one may no longer be able to embed (Z,7) isometrically in Euclidean space.
However, Pogorelov [12] showed that (£,7) will always embed isometricz;ll."
inside hyperbolic space, H® 23 provided we pick a sectional curvature —k* <
inf K. This embedding is unique up to ambient isometries of H® 2

In studying the boundary mean curvature of compact, mean-Convex
manifolds (€, g) with Ry, > —6k% and spherical b.ounda.ry _(2‘ 7) with
infy K, > —x2, Wang-Yau [16] deduced that a particular weighted aver-
age of the mean curvature Hp of the isometric embedding of (X,7) into
H? , dominates the corresponding weighted average of the mean curvature

H of 99. Specifically, they proved:

THEOREM 2.3 ([16]). Let (€, 9) be a comémct,d
with scalar curvature R > —6k?* for some & > U, an
: - H
is a 2-sphere with Gauss curvature K > —#". Suppose the m‘;:m c:;;v:etl:;s b
of & with respect to the outward unit normal - p"v':;f]w_e‘):T_f R3!, which
a future-directed time-like vector-valued function W\ .]HIa p Rs.‘l ok
depends on H and the isometric embedding of T into B_ :
that

(2.3) f (Ho — HYW'do
z

LN AT Y Wl iU Y

Wivivii W 1w

Riemannian 3-manifold
boundary E. Suppose ¥
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on-spacelike vector. Here Hy is the mean curvature of y

- -directed n
ol lly embedded in H? . and do denotes the areq element

when it is isometrica
onX.
In this theorem, H? (2 18 identified with the hyperboloid

2 e 3,
{(@1,22,23,8) | -2} —23 —23 =K, t > 0} C R},

where R3! is the 4-dimensional Minkowski spacetime. The vector-valyeg
function W? in Theorem 2.3, i.e., the weight, was produced by an elegant
construction which involves solving a backward heat equation with the injta]
value prescribed at infinity.

In [14], by modifying the argument in [16], Shi and Tam discovered that
WY can be taken as a variation of the position vector of the embedding of
(S.7) in B3 ,. Precisely, they proved

THEOREM 2.4 ([14]). Let (9,9) be as in Theorem 2.3. Let X =
(x1,22,23,1) : T = H? , C R3! be an isometric embedding of ¥ such
that its image X () encloses the point (0.0,0,x71) € IHI3_H2. There exists a
constant a > 1, depending only on the embedding X , such that

(2.4) /(Ho ~H)Wsg-(do <0
X

for any future-directed null vector ¢ € R3', where Wy, = (z1, x2, 3, 0t).

Moreover, if equality in (2.4) holds for some (, (2, g) is isometric to a
domain in H? ,.

As a corollary of Theorem 2.4. Shi and Tam obtained

COROLLARY 2.1 ([14]). Let (Q,g) be as in Theorem 2.3. Suppose D is
the bounded region enclosed by £ when ¥ is isometrically embedded in H? ».
The}:l for any point 0 € D, letting r be the geodesic distance from o on H® 2,
we have

25) L(Ho — H)coshkrdo > 0

and equality holds if and only if (2, 9)

curvI:::):rewe a(lire - a_positi()n to return to our setting of nonnegative scalar
S tan explain why A(z,-,) < 0. Given any (€2, g) € F(z7): choose
ant k > 0, depending only on (X,7), such that K > —r?2. Since the

scal
Cor:;l curvature R of (Q,g) is nonnegative, one has R > —6x?. Therefort
ary 2.1 applies to (2, 9) to assert £

g : L
is isometric to a domain in H -

/z:HdoS"/;:HCOSh"TdUS/Hocoshnrda,
b5

where H is ¢},
in H? , and © TMean curvature of the isometric embedding X of (=)

: " 1s the geodesic dj in H3 int contait
inside the o Istance in H® , to a fixed point ¢
Teglon encloseq by X(%). By the xwork of Pogorelov [12], the
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right hand side above is intrinsic to (£, ).

Taking the supremum over all
(.9) € Fz)-

1
Az, < é;/;Hocoshnrda < 00.

3. Comparison between m(%:()) and m,(Z;Q)

We now focus on the mass functional, m(X; ), which we intend to com-
pare to the Hawking quasi-local mass, m, (£:9). The following proposition.
which is interesting in its own right, will lead to the proof of Theorem 1.3.

PROPOSITION 3.1. Suppose (£2,g) is a compact Riemannian 3-manifold
with nonnegative scalar curvature, and with mean-conver boundary ¥ that
is a 2-sphere. If the induced metric v on X satisfies

(3.1) Az 2y lii

then
(3.2) m(Z;Q) > m, (X:9Q)
with equality if and only if (2, g) is isometric to a geodesic ball in R3.

Proor. We have

1
Y i Hd
m(Z;Q) =Azy) (1 gmtm)[g a)

2
Ais - 1 /
(Z,7)
> ] Hd.o)
(3.3) =1 I: (SWA{SQ) s

2
> of 2 g ( : / Hda) ]
=Y 16x 87z Jx

2
The first inequality above follows from 1 —2 2 {1-2)V¥ne i
second inequality follows from assumption (3.1) i the At

/ Hdo < 87A(z )
z

From Hélder's inequality and assumption (3.1) on Az 5), On€ also has

2 2
(3.4) (f Hda) < |2|7/‘ H2d0'541rA(22,‘7).[2H do.
> z

Inequality (3.2) now follows from (3.3) and (3.4). IR
If equality holds in (3.2). all inequalities in (3.3) anl('i (3;) izr:, fcocfnsta.nt
become equalities. In particular, equality 1n (3.4) imphies

and equality in (3.3) shows

1
(3.5) Ay = é;/;HdJ’

——

MI *
ad

WY dmflrt 1Y
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ie.. m(X;Q) = 0. Thus, by Proposition 2.1 (ii), (2, 9) is a flat 3-ba]). Let 4
;:ﬂthe se'oond fundamental form of ¥ in (€2, g). Its traceless part,
: 1

A=A- 'Q—H‘}.

is divergence free on X by the Codazzi equatifm and the fact H is a constant,
Since ¥ is a 2-sphere, any trace-free and dlvergence-free (0,2) Symmetric
tensor on ¥ must vanish (cf. [6]). Hence, A = 0, which shows 4 = 1Hy,
By the Gauss equation, one has K, = %H 2 whicl} IS a positive constant.
Therefore, (£,7) is isometric to a round sphere in R3. In particular, K, >\,
so Brown-York mass is well-defined and

My, (5:Q) = m(X: Q) = 0.

It follows that (£2, g) is isometric to a Euclidean geodesic ball. 0

REMARK 3.1. In the above proof, we only used the fact that ¥ is a 2-
sphere to conclude A = 0. In general, for genus g-surfaces ¥ the proof shows

that
1

87 Joo
with equality if and only if both sides of the inequality vanish, H is constant,
and equality holds in assumption (3.1).

Az - Hdo >m,(X;9),

. PROOF OF THEOREM 1.3. The Theorem follows directly from Proposi-
tion 2.1 (iv) and Proposition 3.1. O
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