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CHAPTER 1

Introduction

The aim of this thesis is to study the behavior of surfaces of unit codimension that are deformed in the normal
direction with a speed equal to their mean curvature at each point. More concretely, we wish to study the problem
of starting with an initial hypersurface M, and proceeding to evolve it in such a way that we end up with a family
of hypersurfaces M, where, for a small time increase At, the surface M4 ; is approximately obtained by translating

each point = in M; by At times the mean curvature vector of M; at x.

FIGURE 1. Two-dimensional cylindrical cap moving by mean curvature.

If we denote mean curvature by H, mathematically the mean curvature problem is described as:

A plethora of approaches have been used to study this geometric problem. In this chapter we will outline the most

fruitful of them and the results that they have given rise to. In particular, our overview will include:

(1) “Curve shortening flow,” which is the smooth one-dimensional analog of mean curvature flow. This

problem has been essentially completely solved.

(2) Smooth mean curvature flow in dimensions higher than one, which is usually studied using techniques

from the field of Partial Differential Equations.
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(3) “Brakke flow,” which drops the smoothness assumption in favor of studying measures moving by mean
curvature. This is the oldest approach and is named after Kenneth Brakke, who first tackled this problem.

This falls under the category of Geometric Measure Theory.

(4) “Level-set flows and viscosity solutions,” a very general approach studying sets moving in a mean-

curvature-like way.

Our approach to the problem will feature techniques from both Partial Differential Equations and Geometric Measure
Theory, and will lead to a proof of Brakke’s regularity theorem for the first singular time of a family of smooth

hypersurfaces flowing by mean curvature.

The original objective of this thesis was to fill in the missing steps in Ecker’s survey text [Eck04] on regularity
theory for mean curvature flow. In the process of streamlining and completing Ecker’s arguments, a decision was
made to adopt a more heavily measure theoretic approach to allow for the simultaneous treatment of Brakke flows
wherever possible. An extensive appendix has been included and is required both for justifying Ecker’s original
results and also for extending them; most important are the chapters on non-compact manifolds and also on local
graph representation theorems with a local Arzela-Ascoli submanifold corollary—topics that seem not to have been
discussed elsewhere in the literature. To the best of the author’s knowledge original arguments were used throughout
the appendix, and also in the main text whenever completing Ecker’s presentation and giving it a more measure

theoretic twist while deviating as little as possible from his overall structure.

The approach followed by this thesis has the advantage of simultaneous clarity and universality: very general
Brakke flow techniques have been used to study smooth-i.e. intuitively and geometrically simple-solutions to mean
curvature flow. This point of view allows one to ponder Brakke flow questions from a different perspective and
perhaps lead to an eventual strengthening of Brakke’s regularity theorem, which is believed to be suboptimal but has
not been significantly improved upon in full generality in decades. A list of interesting questions that occur when

one works with mean curvature flow from the point of view of this thesis has been included in the Afterword.

1.1. Curve Shortening Flow

The simplest example of mean curvature flow is the one-dimensional case of a smooth family of curves (-, t) : I — R?

(where I = S! or an open interval in R) moving per their curvature vector, , and starting out at an initial curve vo:
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al = K

7(0) = 0

This simpler problem is known as the “curve shortening flow.” Gage and Hamilton [GHS86| studied this equation
when the initial curve 7 is closed (I = S') and convex, and concluded under this hypothesis that the solution curves
will actually shrink to a point and that if we zoom in sufficiently fast then the curves will converge exponentially
to a circle. Later on Grayson [Gra87] gave a delicate argument by studying the different types of singularities that
could occur a priori, and concluded that any initial closed embedded curve will evolve to become convex, and hence

by Gage and Hamilton’s result will shrink to a round point. This essentially settled the curve shortening problem.

)

FIGURE 2. Even complicated closed embedded curves shrink and become asymptotically round.

Later on Hamilton [Ham95] and Huisken [Hui98] gave geometric arguments that somewhat simplified the proof of
Grayson’s theorem. Hamilton related the ratio of the isoperimetric profile to that of a circle of the same area, while
Huisken studied the ratio of the length of the chord between points on the curve to the length of the actual arc that
the curve traces between them, and showed that it converges to that of a circle. Unfortunately, all of these proofs rely
on singularity classification results. By giving even stronger isoperimetric estimates, Ben Andrews and Paul Bryan

[AB11] recently greatly simplified the proof of Grayson’s theorem.

1.2. Smooth Mean Curvature Flow (Classical approach)

This is the direct generalization of curve shortening to higher dimensions. In place of the one-dimensional domain
I in curve shortening flows, which was either S or an open subinterval of R, we now have a fixed background

n-dimensional, smooth, abstract manifold M ™. The mean curvature flow problem is the initial value problem of a
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smooth family of embeddings F(-,t) : M™ — R™*! starting out as a given initial embedding F, of M™ into R"*! (or
perhaps some Riemannian manifold (N, g) instead of R"*!), and flowing in the direction of their mean curvature

vector, H:

0
F(-,0) = Fy

To save the reader some suspense we note right away that there is no analogue of Grayson’s theorem in any

dimension above one, as evidenced by the collapsing and singularity formation of the following dumbbell in R?.

FIGURE 3. An initially smooth surface forming a collapsing neck and two corner points.

The issue with singularities is that our solutions cease to be smooth and develop corners, so we are no longer in the
position to flow by mean curvature in the classical way. The next thing to understand, then, is the size of the singular
set that has formed and the nature of these singularities. In the previous figure, the singular set is the line joining the
two spheres. Before proceeding to address partial results in this direction, let us make a couple of notes about cases

that have been proven to steer clear of singularities. A good reference for the classical approach is [Zhu02].

The first is the case of smooth, compact, convex hypersurfaces, generalizing Gage and Hamilton’s dimension one
theorem. In the higher dimensional case, Huisken [Hui84] confirmed that no singularities will arise since initially
compact and convex hypersurfaces will shrink to a point and become asymptotically round. He did this by
controlling their curvature norm in terms of mean curvature and giving strong .#* bounds on mean curvature of
convex flows. Later on Andrews [And94|] simplified the proof by using a pinching estimate, and rather strongly

capitalizing on the geometric fact that convex surfaces will always become “rounder” with the flow.

Another case that is largely understood with the use of classical PDE techniques is that of entire graphs flowing by

mean curvature in R"*!. Ecker and Huisken [EH91] showed that an initially merely locally Lipschitz graph will
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never develop a singularity and will in fact produce an eternal mean curvature flow solution, i.e. one that exists for

all times.

There is very little known about other initial data that will result in flows without singularities, and so the focus has
been shifted to understanding the nature of singularities when they do occur. A significant step forward was made in
[Hui90] with the discovery of Huisken’s monotonicity formula which allows one to blow up a singularity and study
its geometric structure. In particular, after a blow-up the neighborhood surrounding the singularity is going to turn
into a shrinking self-similar solution of mean curvature flow [Ilm95], although possibly not a smooth one at that—our

cue to begin the section on Brakke flows.

1.3. Brakke Flow

One of the biggest setbacks of the classical PDE approach is that we are forced to stop our study of the evolution
at the first singular time, in view of the fact that our manifolds cease to be smooth surfaces with well-defined
mean curvature (in the classical sense of the term). In his monograph [Bra78], Brakke pioneered the study of
mean curvature flow in the context of more general non-smooth objects evolving in a mean-curvature-like way and
obtained an impressive regularity theory. The study of non-smooth “manifolds” falls under the general category of

Geometric Measure Theory. For a reference on Geometric Measure Theory, see [Sim83].

For the purposes of this introduction, a Brakke flow in R"™! is taken to be a one-parameter family of n-rectifiable

Radon measures p; such that:

%/Sﬁdut < / (Vo-H — |H*p) duy forallp € C} (R™1)

where H denotes the generalized mean curvature vector of y.
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FIGURE 4. An evolution captured by Brakke flow because of the inequality.

This was taken to be the definition of Brakke motion in particular because this identity (with an equality sign) holds in
the case of smooth compact hypersurfaces flowing by mean curvature in R"*, as will be checked during the course
of this thesis. The choice of using an inequality sign in defining Brakke motion was made to increase the scope of
mean curvature flow to a larger class of flows (see the figure above), seeing as to how all arguments made only
require inequality to hold rather than equality. Furthermore, Brakke flows actually allow for the derivative above
to be merely an upper derivative to account for the case of discontinuities and non-differentiability that frequently

occur in the non-smooth context.

We immediately see that Brakke flows help us overcome our previous limitation in studying the flow only up to the
first singular time, simply because it is not required that our surfaces be smooth anymore. Brakke flows have helped
produce a number of important results in the study of the size and the nature of the singular set. For instance, in
the previous section it was noted that we may blow up the area surrounding a singularity and obtain a shrinking
self-similar solution to mean curvature, albeit not smooth. Ilmanen [IIm95] showed exactly that the blow up will

comprise a Brakke motion.

Brakke’s regularity theorem [Bra78] proves that in the case of a unit-density Brakke flow in R"*! that experiences
no loss in mass at time ¢, our surface at time ¢ will actually be a smooth manifold away from a closed set of 7"
measure zero. Despite the fact that the assumptions in Brakke’s theorem (unit density and area continuity) are

deemed too strong and his result too weak (people expect a stronger Hausdorff dimension bound), Brakke’s result
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remains unsurpassed to this date. Consult the Afterword of this thesis for a discussion of open questions in this

direction.

Very recently Ecker [Eck11] and Han, Sun [HS11] independently improved Brakke’s theorem in the two-dimensional
case by dropping the unit density and area continuity hypotheses in the case of smooth manifolds flowing by mean
curvature; in other words, they showed that the singular set at the first singular time has #?-measure zero. In the
general higher dimensional case, Ilmanen [IIm94] made partial progress in improving Brakke’s theorem by proving
that for almost every initial surface, and almost every time ¢, our surface at time ¢ will be smooth almost everywhere.
His proof did not consist entirely of Brakke flow techniques, but also made substantial use of level set flows—the

subject of our next section.

1.4. Level Set Flows/Viscosity Solutions

Much like Brakke flows removed the differentiability constraint from mean curvature flow solutions, we can go
one step further and even remove Brakke’s measure theoretic constraints too in view of a more general theory of
set-theoretic solutions to mean curvature flow. This approach was introduced independently by Evans, Spruck
[ES91}[ES92a}[ES92b], and Chen, Giga, Goto [CGG91], who coined the terms “level set flow” and “viscosity solution,”

respectively.

Even though level set flows/viscosity solutions (evidently) study the evolution of the zero-level set of a time
dependent function satisfying a particular differential equation, they are better understood in terms of “set-theoretic
subsolutions” to mean curvature flow, as presented by Ilmanen [IIm95]. A family of sets I'; is a set theoretic
subsolution to mean curvature if any compact, smooth mean curvature flow M, that is originally disjoint from I’
remains disjoint at all future times. This approach is motivated by the fact that two smooth, compact, initially disjoint
surfaces flowing by mean curvature will remain disjoint for as long as they are smooth. This is a simple application

of the weak maximum principle. In any case, a level set flow is just a maximal family of set theoretic subsolutions.

It is worth noting where the level set flow stands in terms of advantages and disadvantages. On one hand, it shares
the ability of Brakke flow to study mean curvature evolution past what used to qualify as a singular time in the
smooth case-since there are no singular times anymore. On the other hand, it differs from Brakke flows substantially
in that it has built-in uniqueness, almost by construction. (Brakke flows are not necessarily unique, as one can see by

rotating the cross diagram from the previous section by ninety degrees.)

Combinations of the level set flow and the Brakke flow have made significant contributions to the theory of mean

curvature flow. As noted, with the use of Brakke flows and level set flows Ilmanen [IIm95] showed that Brakke’s
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unit density and area continuity hypothesis are almost always satisfied, for almost any initial surface. White [Whi00]
improved Brakke’s regularity theorem in surfaces with non-negative mean curvature (“mean convex surfaces”), both
by discarding the unit density and area continuity hypotheses and by establishing a lower Hausdorff dimension
bound on the singular set. In particular, he showed that with initial data comprising of a mean convex surface, at
each time ¢ the singular set has "~ !-measure zero, and at almost every time it actually has #"~3-measure zero. In
particular, in the two dimensional case our surfaces are smooth manifolds for almost all times. Later, White [Whi03]

classified the nature of singularities that can occur in the mean convex case using a blow up argument.

1.5. Foreword

As explained in the introduction, the end goal of this thesis is to conclude Brakke’s regularity theorem for the first
singular time of a family of smooth hypersurfaces moving by mean curvature in R"*!. Extra care has been taken
to distinguish “classical” from “geometric measure theoretical” arguments in the way the presentation is structured.
When there was a choice to be had between classical arguments or measure theoretic arguments, the latter were

always favored.

The following assumptions are made throughout the course of this thesis:

(1) Our manifolds are compact and at least two-dimensional. In other words the background manifold M™ is a

smooth, compact manifold of dimension n > 2.

(2) Our manifolds are all (properly) embedded in R"*!. That is, for all times ¢ the map F(-,t) : M"™ — R" ! is

an embedding.

(3) Our manifolds have no boundary in the open sets of the ambient space in which we are studying them.
In particular, when looking at global mean curvature flows we assume that our manifolds are without

boundary.

The assumption n > 2 is immaterial in view of the fact that the case n = 1 (curve shortening flow) has been completely
settled. The compactness assumption guarantees a certain degree of equivalence with Brakke flows and makes for
an overall much cleaner presentation of the results. A list of topics that might go wrong in the non-compact case
can be found in Chapter D|of the appendix. The embeddedness and lack-of-boundary assumptions are crucial to the
classical PDE arguments involving limits, which will break in the case of merely immersed manifolds, or manifolds

with boundary.
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We commence our work in Chapter [2 where we use classical PDE tools to begin to understand our mean curvature
evolution equation from a geometric point of view. We establish short-time existence, and then proceed to study the
evolution of various geometric quantities associated with our surface (e.g. the metric, the unit normal, the second
fundamental form, and all its derivatives). We introduce the notion of parabolic rescaling which is used in blow
up arguments, and then we conclude the chapter with a section on a localized weak maximum principle for mean

curvature flow.

We proceed to Chapter [3| which studies the evolution of integral quantities of carefully chosen test functions in the
ambient space. This allows us to establish area, mean curvature, and Hausdorff density estimates. We introduce
Huisken’s monotonicity formula, Brakke’s clearing out lemma, and the concept of Gauss/parabolic density. This
approach is largely influenced by Brakke flows and special care has been taken to have arguments that require merely
the Brakke motion inequality to work (albeit, we need an actual derivative rather than just an upper derivative).
Chapter |C] of the appendix is devoted to showing that Gauss density equals one at smooth times of the flow, a
computation that is not required for Brakke’s regularity theorem but nevertheless has been included for reasons of
completeness. It is presented separately from Chapter 3| because it does not work for non-smooth Brakke flows,

unlike the other arguments in the chapter.

Up next is Chapter [ which uses both classical and measure theoretic tools to establish sufficient conditions for non-
singularity within an open set. In particular, via measure theory we establish a relationship between #? and >
flatness of our surfaces, and then via a blow up argument we show that the latter implies curvature bounds. In view

of Chapter [E| of the appendix, this guarantees regularity.

Finally, we conclude our work with Chapter [5| which contains the proof of Brakke’s regularity theorem. Assuming
unit density and area continuity for the first singular time, we pick out a set of points on the limiting surface around
which integral approximations are bound to work, and show that around these points our limiting surface is almost

#?-flat. The result will follow from the fact that these points are of full 5#"-measure within our limiting surface.
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CHAPTER 2

Evolution under Flow

We will now delve into studying mean curvature flow of smooth n-dimensional surfaces in R"*1. As explained, we
begin with a fixed abstract, smooth, n-dimensional manifold M™ and we wish to study the existence and behavior of
a smooth family of embeddings F(-,t) : M™ — R™*! moving by mean curvature for ¢ > 0. In other words, in this

chapter we will study the initial value problem:

2 F(p,t) H(p,t)
F(p,0) = Fy(p)

(MCF-IVD)

where H(p,t) denotes the mean curvature vector at the point F'(p,t) of the embedded n-dimensional manifold

F(M™,t),and Fy : M™ — R"*! is a given embedding.

The outline of this chapter is as follows. In section 2.1 we discuss issues of notation and vocabulary as will be used
in the remainder of this work. In section [2.2| we establish a short-time existence theorem, in view of the fact that our
background manifold is assumed to be compact. In section 2.3 we study the basic evolution of geometric quantities
(metric, second fundamental form, curvature norms, etc.) under mean curvature flow. In section we introduce
the technique of parabolic rescaling a family of submanifolds moving by mean curvature flow. Finally, in section

we establish a localized weak maximum principle for our flows.

2.1. Notation and Nomenclature

So far we have defined what it means for a family of embeddings F : M" x I — R"*! to move by mean curvature:

aF(p, t)=H(p,t) forall (p,t) e M" x I (MCEF)
In certain cases we may not need to require that there is motion by mean curvature globally. That is, we may only
require that (MCE) be true for (p,t) € O, some (relatively) open subset of M™ x I. In this case we will write that

our mappings F : M™ x I — R"*! move by mean curvature only in O C M™ x I. The subset O will often arise
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by considering surfaces that only satisfy mean curvature movement within some open subset i/ C R™T! of the
ambient space outside of which we have no interest. This will be the case most of the time in Chapter 3| In this case
O={(p,t)e M" xI : F(p,t) e U} C M™ x I, and we will write that we have movement by mean curvature in the

local domain ¢/ x I.

Our definition of movement by mean curvature continues to be-visually—cumbersome, primarily because we always
have to make explicit reference to the underlying mappings F(-,¢) : M™ x R"*!. In reality, we wish to follow our

intuition and talk about surfaces M; := F(M"™,t) moving by mean curvature. We adopt the following definition:

DEFINITION 2.1.1. We say that the family of submanifolds (M;) moves by mean curvature in/ x I, whered C R"+!
is open, if there exists a smooth family of embeddings F(-,t) : M™ — R”*! which parametrizes M, (that is,
M, = F(M",t) forall t € I) and in turn moves by mean curvaturein i x I, i.e. holds for every (p,t) € M™ x I
such that F(p,t) € U. O

The reader must observe that not all parametrizations G(-,t) : M™ — R"*! of our M; will flow by mean curvature
per (MCF). As a matter of fact, for each family ();) moving by mean curvature flow there is a unique choice of
parametrization F(-,t) : M™ — R"*! satisfying (MCE), up to diffeomorphisms of the background manifold M™.

The parametrization independent version of (MCEF)) is:

L
(;G(p7 t)) = H(p,t) forall (p,t)e M" x1I
and allows one to use arbitrary smoothly varying parametrizations G(-,t) : M™ — R"*! of (M,). Furthermore, given
any solution G to the parametrization independent equation above one can find a smooth family of diffeomorphisms

(-, t) : M™ — M" that allows us to recover the solution of the original equation (MCF) by reparametrizing per
F('v t) = G(@(v t)ﬂ t)

2.2. Short-time Existence

Naturally, we want to establish some kind of existence theorem for our flow, otherwise it would be a rather
uninteresting geometric flow to study. In this section, we will prove that we do in fact have short-time existence,
ie. for any given embedding Fy : M™ — R""! there exists a ¢ > 0 and a smooth family of embeddings

F(,t) : M™ — R""! such that (MCF-IVD) holds for all ¢ € [0, T"). Our compactness assumption is crucial here.
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There are a few ways to establish short-time existence for mean curvature flow. One possibility is to work locally and
express each surface as a graph of a function over an affine space, which satisfies a PDE whose short-time existence
one can show with a contraction mapping argument. We would then have to patch those graph maps together.
Alternatively, we could avoid having to patch things together by writing each surface entirely as a graph over its
preceding surfaces using the unit normal field. Two other ways come from tools that were initially developed to
establish short-time existence for Ricci flow. Hamilton [Ham82|] put together a rather lengthy and technical proof
of existence for a general class of nonlinear problems, which he initially applied to Ricci flow, and shortly thereafter
Gage and Hamilton [GH86] applied the same idea to establish short-time existence for mean curvature flow. The
final way was originally developed by DeTurck [DeT83] to simplify Hamilton’s proof for short-time existence of

Ricci flow, and was subsequently adopted to mean curvature flows.

We will present “DeTurck’s trick,” which is the most elegant of the approaches since it simply reduces the problem
to a quasilinear strictly parabolic problem. Notice that this works equally well for immersions, injective immersions,

and embeddings, since all three of these classes of mappings are stable on compact manifolds (see below).

THEOREM 2.2.1. Let Fy : M™ — R™"! be a given initial embedding. Then there exists a 7' > 0 and a smooth family
of embeddings F(-,t) : M™ — R"*1, ¢ € [0,T), such that F'(-,0) = F, and:

o F(p,t) = H(p,1)

forall (p,t) € M™ x [0,T), where H(p,t) denotes the mean curvature vector of F(M™,t) at F(p,t).

PROOF. First of all, we note that we need not worry about the propagation of the property of being an
embedding. From basic differential topology we know that embeddings of compact manifolds into other (not
necessarily compact) manifolds form stable classes (see, e.g. [GP74]). Therefore if F'(-,0) is an embedding, then
each of F(-,t) will be too, for t sufficiently close to 0. Therefore, all we need to worry about is the curvature flow

equation being true.

Consider the following following PDE system that we want to be satisfied by a smooth family F : M" x I — R
0 - N P
aF = Ag(t)F-i-U Vi F (Tl)

with the initial conditions F(-,0) = F,. For each time t we endow M" with a metric §(t), the pullback metric

F(-,t)*ggn+1 where ggn:1 is the standard metric on R”*1. This metric §(¢) in turn gives rise to the Levi-Civita
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connection on M", whose Christoffel symbols we label f‘fj(t). At time ¢t = 0, we choose to label the Christoffel
symbols (I'g)F;. In conclusion, A,y denotes the Laplace-Beltrami operator with respect to the metric g(t).

The vector field v above is chosen so that:

ok = g (f‘?j - (H))fj)

Notice that this is well-defined because the difference between two pairs of Christoffel symbols transforms like a

tensor. Given this definition of v, in local coordinates (f;)) reads:

o - . .
5 =8P+ VPV F

= g”Vlvjﬁ + ’Ukvkﬁ‘

A 9 -
— Gl k2 g (Tk — A
J (axiafo FwaxkF>+g (F” (FO)’U) ok

2

F -3 (To); OF

~ij
i dxk

=9 Ozt 0xI

which is a quasilinear parabolic PDE system. This is because (§%/) is a positive definite matrix depending on just
first order derivatives of F. In other words, the seemingly odd and possibly nonlinear PDE system is actually a
simple quasilinear parabolic PDE system when expressed in local coordinates. From standard parabolic PDE theory
and since M" is compact, we know then that does admit a solution on some [0,7") for some 7" > 0 (see, e.g.
[LSU68], [Eid69], or the more up to date [Tay96b]). As discussed earlier, after possibly shrinking 7" > 0 we can

ensure that F(-,t) continues to be an embedding.

Let us now transform this into a solution of our original problem. Indeed let @) : M™ x I — M™ be a solution to the

initial value problem:

SQh =t (12

with initial data Q(-,0) = id. After possibly shrinking 7" > 0 some more, we can assume that it is small enough
for Q(-,t) to be a diffeomorphism (diffeomorphisms on compact manifolds also form a stable class) and also small

enough for (f1) and (f2) to hold on [0, 7). Now define F' : M™ x [0,T) — R"*! by:
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I
asT

F(p,t) = F(Q(p,1),t)

The chain rule now gives:

0. _ 05 0 & [ (2D B ko F P
SF = =P+ Qi B (85 P4 VL F) — ot F

= Ny B = By F

where g(t) is the pullback metric Q(-,¢)*g(¢). Notice then that each F(-,¢) is an embedding and:

9(t) = Q(,1)*§(t) = Q)" F (-, 8) grnss = F(-,1) gnia

so that g(t) is the pullback metric of the embedded surface F(M™,t). Then from standard Riemannian geometry we
know that A, F' is simply the mean curvature vector, and hence we have constructed a solution F' to the initial

value mean curvature flow problem (MCF-IVDP). O

2.3. Geometric Quantities

We start this section off by urging the reader to look at Chapter[A]of the appendix in order to gain familiarity with the
differentiation notation that is used throughout this work, and also understand the “intrinsic” vs “extrinsic” function
nomenclature. In short, intrinsic functions are time dependent functions on the background manifold M™ (e.g. any
geometric quantity like the metric) while extrinsic functions are time dependent functions on the ambient space R"**

(e.g. the function |z|? + 2nt). One can convert extrinsic functions into intrinsic ones by pulling them back to M™.

We begin with a proposition that is a corollary of (A.3.1) and (A.3.2) for mean curvature flow.

PROPOSITION 2.3.1. Let (M;) move by mean curvatureinf x I, and let f : & x I — R™, m > 1. We have:

0

5 (x,t) = Dif(z,t) + H(z,t) - Df(z,t) (2.3.1.a)

A, flx,t) = diva, Df(2,t) + H(z,t) - Df(2,t) (2.3.1.b)
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0

(325 - AMt> flz,t) = Dy f(z,t) — divy, Df(x,t) (2.3.1.0)

forallt € I, x € My NU, under appropriate differentiability conditions. We need f to be (jointly) differentiable for

(2.3.1.8), f(-,t) to be twice differentiable in U/ for each ¢ € I for (2.3.1.b), and both hypotheses for (2.3.1.¢).

PROOF. Let us begin with (2.3.1.a). Let p € M™ be the unique point of the background manifold such that

F(p,t) = x. Then since (M;) moves by mean curvature in i/ x I, we have:
QF( t) = H(x,t)
at p7 - )

and hence the claim follows from proposition (A.3.2). The second part, (2.3.1.b), is nothing but (A.3.1). Finally,
(2.3.1.q) is obtained by subtracting (2.3.1.a) and (2.3.1.b). O

At this point we introduce a list of geometric quantities that will be of interest to us in this work. Einstein summation

notation will be used significantly in the remainder of this section for notational convenience.

For each ¢ the background manifold M™ can be endowed with the pullback metric ¢ = g(¢) of the Euclidean metric

as induced on M,. In local coordinates, the metric is given by:

0 0

= —F - .
9 ox* oxJ

Additionally, for each ¢ the manifold }; admits a second fundamental form i = h(t) which in local coordinates is:

0 0

= —U :
Y 9xt T Oxd

for some choice of a unit normal field v. The sign of h depends on our choice of the unit normal field. For the
remainder of this section only we will use H to denote the scalar mean curvature:
H=trh=g"h;; =divp,v

Notice that scalar mean curvature H depends on our choice of orientation. On the other hand, the mean curvature

vector —Hv (which is denoted by H in all other sections) is independent of our choice of orientation.
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Finally, one last geometric quantity that will be very important is the squared norm |A4|? of the second fundamental

form h, which essentially measures curvature and is given by:

|A|? = g% g7 hijhie

Notice that A is just the second fundamental form h, and |A|? is the tensor’s norm. We will tend to use h for the
tensor itself and A when we wish to measure norms. The tensor’s higher order derivatives VA4, m > 1, are defined
simply by taking covariant derivatives of the second fundamental form tensor, and their norms’ evolution will play

a fundamental role in our regularity theory.

We will assume that the reader has a working knowledge of differential geometry in higher dimensions and is
comfortable with the use of abstract manifolds, tensors, geodesics, normal coordinates, second fundamental forms,
covariant derivatives, Riemann’s curvature tensor symmetries, Gauss’ equation, Codazzi’s equation, and so forth.

For a reference consult [Lan95] or [Lee97].

The following propositions study all our geometric quantities’ evolution under the flow. Results of this type were

originally proven by Huisken [Hui84], but can also be found in [Zhu02] and [Eck04].

PROPOSITION 2.3.2. Let (M,;) move by mean curvature in i/ x I. For all (p,t) € M™ x I such that F(p,t) € U:

9 ij ij

59 = 2Hh (2.3.2.b)
The area element in turn evolves according to:

9 2

a\@ =—-H"\/g (2.3.2.0)

PROOF. Let v be a choice of a unit normal field to M;. Since (M;) moves by mean curvature we can commute the

mixed partial derivatives below to get:

g 0 0 o 0 0 0 0 0 0
ataﬂF'aij—ath'aij—axi<‘H”>'aij—‘H< 'jF)—‘Hhif
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where one term of the product rule in the second to last step has dropped out since v is normal to the tangent space.

Summarizing, and recalling that % is a symmetric tensor:

0 0 0 0 0 0 0 0 0 0
aﬂiﬁ‘m(axiF'aﬁF)—ataziF ot T awt Gpamt = 2HM

Establishing the second identity is but an exercise in Einstein summation notation:

o ;. 0 ; , 0 . . o . 0 .
ij ik J ik 07 _ ik _ ik 03
*&g (atg ) oy, (atg ) 9kedg (81& (9 gke) g atQu) g

0 e O - 5w (0
85— b=—g*( = Y = 2Hg"hyeg" = 2HLY
((% g atgke) g g (c’)th) g Nkeg

as claimed. In order to prove the final claim we use the known linear algebra fact that for a family A = A(t) of square

non-singular matrices (a;;) with inverses (a%/), the determinant evolves according to:

d 1 4 ; d
I (det A) = det A tr (A th) (det A) o dt —ajj ©)
In consequence, the area element /g = \/det (g;;) satisfies:
\[_ 89@79 . 8g \[g” (—2Hh):—Hg”h\/§=—H2\/§
ot 2,/90t"  2./g v “ “
and the result follows. O

PROPOSITION 2.3.3. Let (M,;) move by mean curvature inf x I. For all (p,t) € M"™ x I such that F'(p,t) € U and for

a ChOlCG Of a ur llt ]l()ll[lal V.

PROOF. Since the time derivative of v is a tangent vector (differentiate |v|? = 1 in t), we can express it in terms of

the basis vectors:
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) N ) y 9 0 ) y 9 9\ a

=g | =7 . — gV -y — g | -y —— —

at” Y (at” aij) il =9 ( v ataij> ail =Y ( v amjatF> it
) P P ’ ) B

— W . _ _F = oY —_—

=g ( v axj( HZ/)) 8:EiF g (1/ B (HV)) 8:UiF

By the product rule again and recalling that spatial derivatives of v are tangent vectors:

o | 0 0 (0 0
— v =ag¥ . —_— —_— = g% —_— —_— =
o’ — Y (V (3xi H) V) axiF 9 (azi H) &TiF vi

and the result follows. (]

PROPOSITION 2.3.4. Let (M,;) move by mean curvature in/ x I. For all (p,t) € M™ x I such that F(p,t) € U:

(aat - AMt> hij = —2Hhiog" ™ hnj + | A*hij (2.3.4.2)

PROOF. By the Codazzi equation Vh is totally symmetric, and by the symmetries of the Riemann curvature

tensor combined with the Gauss equations we see that:

Aphig = g"" Vi Viohiy = ¢"" Vi Vihy,
= g""ViVihjn + ™" (hmjhix — hmihij) 9 hen + 9™ (hmnhix — Bichin) 67 e

= g""ViVihmn + g™ (hmjhik = hmihig) 6% hon + g™ (hmnhit = hmihin) 6 hi
After expanding and canceling the second term with the fifth:
Ani,hij = g7 ViV jhmn = g™ hankhizg™ hen + 9" hann B g™
=V, ViH — |APhij + Hhig" hy; (1)

Moving on to the time derivative, we see that the product rule followed by the usual trick of commuting F’s

derivatives to pull the time derivative in give us:
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0 8(88)_6 0 0 0 0 0

2" = "o \" o 0w B T R e

so by (2.3.3.a) and the fact that our surfaces move by mean curvature:

O (o (D) O N 20 0
&hij__(g ((%cZH) 8me> oz’ 8ij+V Ozt Oxd (Hv)

0 0 0 o 0
m . o, k7 .
N (g (8332 H) dz™ F) <h”1/ e Ok F) Y oz O (Hv)

The h;;v term drops because we’re dotting with tangent vectors, and two terms fall on the other side once we expand

the second derivative of Hv, because (first) derivatives of v are themselves normal to v. Summarizing:

o, im0 0 p 0 9 9 9 9
&h” B <g (8$€H> (%cmF) (Fijax’“F> v ((8wi afo) V+Ha$i Oxd V)

0 a 0 0 o
= _F?jgemgmkiH-i-V' ( H) v+ Hu- ( e gémhj€$F>>

Oxk ozt OxJ oxt ox™m
o 0 o o 0
= _— —_H-Tt —_H+Hv (¢"™hjyy——F
0z O iR Y <g 7 5 >

because all terms except the double derivative of F' have dropped in the product rule above, after dotting with ». But

the second derivative of F' dotted with v gives us components of the second fundamental form, so:

%hu = VZVJH - thgglmhm,‘

Subtracting () gives the required result. O

Before proceeding to computing curvature evolutions we need the following evolution lemmas; the first one is true
in complete generality while the second one is originally due to Hamilton [Ham82] in the case of Ricci flow, and was
later adapted to mean curvature flow by Huisken [Hui84]. One may safely skip the proof of these lemmas, since they

are but a matter of lengthy tensor gymnastics.

LEMMA 2.3.5 (Evolution of Christoffel Symbols). For any smooth flow the Christoffel symbols of the Levi-Civita

connection evolve according to:
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o d ] d
o = (V' (ar@’)jg +95 (79), ¥ <at9)ij>

PROOF. We differentiate the Levi-Civita connection/Christoffel symbol formula in time and use the product rule:

Ope _L(0 (O 0 0 Llp(oo, 00 90
at v~ 2\ at? 9z Pt 59 T 52299 ) T 99 \ o 0t T 9zi ar7 T 92t ¢V

- 8t i gme 29 0z ot 9zi 919 T axl ot

Now the terms in the latter parenthesis we can write in terms of the connection (i.e. what we want to have appear in

the right hand side) and then subtract off the balancing Christoffel symbol terms. After cancellations, we get:

Ok _ (9 we)\pm 1w (pm 9 1 ke 9 (9 9
atrij - <8tg Fz‘jng"' 29 FU atgmé‘FFJzatgm/ +2g \% 8tg j€+v] 8tg y \Y 8759 y

_ (9 kepsm 9 L (o (9 (9N _ 9
<6t )F”gm T gpame 59 | Vi | g9 ﬂ+vj at’), Vel gt .

and the result follows since the first two terms add up to zero, after the product rule. O

We proceed with Hamilton’s lemma. For tensors o, 7 the expression o * 7 will denote any linear combination of o, 7

with products contracted using the metric.

LEMMA 2.3.6 (Hamilton’s Tensor Evolution Lemma). Suppose that o, 7 are time dependent covariant tensors on M"

evolving per:

0
<8t AMt>T—O'

at least in neighborhoods where we have flow by mean curvature. Then for those same points:

(gt—AM,)VT:A*A*V7'+A*VA*T+VU
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PROOF. The previous lemma (2.3.5) and the metric evolution formula (2.3.2.a) give:

)
Tl = =g (vi (Hh),, +V; (Hh),, — Ve (Hh)ij) —AxVA

In interchanging time derivatives with covariant derivatives on tensors all the correction terms are products of our

original tensor with time derivatives of Christoffel symbols; having just computed the latter, we see that:

0 B 0 0 B 9
at(VT)v(atT> Jr{atrij}*Tv(atT) + AxVAxT (t1)

The standard derivative interchange result and the Gauss equation (that gives Rm = A x A) show:

Ay, (V1) =V (Ap,7) + VBRm* T+ Rm+« VT =Ap, (VT) + Ax AxVT+ AxVAxT (f2)

Subtracting (f2) from (f1):

(8—AMt)V7:V(aT> —V(Ap,T)+AxVA*T+ A% AxVT=Vo+AxVAxT+ Ax Ax VT

as claimed. O
PROPOSITION 2.3.7. Let (M;) move by mean curvature in i/ x I. For all (p,t) € M™ x I such that F(p,t) € U:
9 2 2 4
pri A, ) |A]F = —2|VA|* + 2]A| (2.3.7.a)
while for the covariant derivatives V'™ A, m > 1, we have the inequality:
(gt — AM,) VAP < 2|V AP + Cpet (1+ [VTAP), m > 1 (2.3.7.b)

where C,, ,, is a constant depending on n, m, and the values of |A|, |V A|,...,|V™A] at our point.
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PROOF. Let us first deal with the time derivative of | A|?:

0 0 , .1 o . , o (0 oo, (0 o 0
§|A|2 =5 (9% " hijhie) = (atgzk> 9 hijhie + g* (atgﬂ> hijhie + g% g7* (athij> hie + g% g7 hyj (&fhké)

We know how to differentiate the parenthetical expressions by (2.3.2.b), (2.3.4.a). The first two terms represent the

evolution of the metric, while the latter two represent that of A. After cancellations we are left with:

0
§|A|2 = 2|A* + (hij, Anr, hig) = 2| A* + (A, A, A) (1)

Let us now compute Ay, |A|?. For simplicity let us perform this computation in normal coordinates. We adopt the

convention that we sum over repeated indices. By the product rule:

A AP = Vi Vi (hishij) = 2V (hijVinhiz)

= 2V, i Vinhij + 21V Vinhij = 2|VA|? + 2 (A, Ay, A) (+2)

Now ([2:3.7.a) follows by subtracting (f2) from (7).

To show we first observe that for all m > 0:

0 , .
( _Aj\lt) va: Z VZA*VJA*va*VmA ('i'g)
ot L

i+j+k=m
With all the tools we have at hand now, proving is a simple induction; the base case m = 0 is just the second

fundamental form evolution (2.3.4) and the inductive step is given precisely by Hamilton’s lemma (2.3.6).

Let’s proceed to compute the time derivative of [V™A|?. We still use the product rule as in m = 0, after which half
the terms will now come purely from the evolution of V™ A and the other half come from the evolution of the metric

which we know varies according to A * A. In particular:

%WWAF =2 <va, ava> + ) VAxVIAxVFAxV™A

ot L
i+j+k=m

Substituting and absorbing all products of tensors into the last sum:
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0 . .
o[V AR = 2(V7A Ay, (V7 4)) + Y VAxVIAxVEARV"A (t2)
itj+k=m

We can also compute Ay, | V™ AJ? essentially as we did in the case m = 0. Using normal coordinates and multi-index

notation observe that:

A, VA2 = Vo Vo |V A2 =2V, (VA V, V™ A)

-9 <Vava7 Vavnr,A) + ) <va7 Vavava> _ 2|vm+1A|2 + ) <va, AJ\/It (va)) (TS)
Subtracting (f4) and (fs) gives precisely:

(a — AMt> VAP = =2V AR+ > VA« VA« VFAxV™A

ot o
i+j+k=m

To get the required inequality (2.3.7.b) for m > 1 we just capitalize on Holder’s inequality:

(gt - AMt) [VMAP = =2V AR+ > VIAxVIA«VEAx V™A

i+j+k=m

= 2V"HARP L Y VAxVIAxVFAxVTA+ Ax AxV"Ax V™A
i+j+k=m
i,5,k<m

< =2V AR + Cpn1 [V™A| + Cp 0|V AP

< _2|vm+1A|2 T Cn,mfl (1 + ‘VmA|2)

and the result follows. O

2.4. Parabolic Rescaling

One tool that will prove to be remarkably useful throughout the remainder of this work is that of dilating solutions to
our mean curvature flow problem. Dilations are used frequently in simple rescaling arguments and also in blow up
arguments, both of which are encountered in this work. Unfortunately we cannot just dilate the space component of
our manifold without breaking motion by mean curvature. Instead, we rescale parabolically by dilating both space

and time appropriately. In other words, we rescale our (x,t) coordinate system according to:
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r = Ay+xo y = Az —mx)
=
t = MNs+tg s = AT2(t—tp)

and turn it into a new (y, s) coordinate system which is centered at the point 7o € R"™!, and the time ¢, € R, with a

dilation factor A > 0. This gives rise to a new family of submanifolds (M §I°’t0)”\>:

. 1
Mot X = 5 Mxzotto = o)

which according to the following proposition also moves by mean curvature in the time variable s.

PROPOSITION 2.4.1. Let (M;) move by mean curvature in i/ x I. For any z¢ € Rt ¢ty € R, and dilating factor A > 0,

the parabolically rescaled family (M%)} moves by mean curvature in A1 (U — 20) x A2 (I — to).
p y y y

PROOF. This is a straightforward differentiation result. Suppose that the (M;) are given by F : M" x I — R"+1,
and consider G : M" x (A72 (I —t)) — R™™! given by:

G(p,s) = A" (F (p,\’s +t9) — 20)

Evidently the mean curvature vector Hg(p, s) of Mﬁzo’tO)’)‘ at G(p,t) is A - Hp (p, A2s + to), where Hr denotes the
mean curvature vectors of the original submanifolds. Therefore, at each point p € M™ such that F (p, AZs + to) eu,

or equivalently G (p, s) € A= (U — ), we have:

0 0
gG(p,s) =A &F (p, s+ to) = \Hp (p, s+ to) = Hg(p, s)

and the result follows. O

2.5. Weak Maximum Principles

In this section we establish a localized weak maximum principle that will later be used to establish curvature bounds

to all orders. We first prove the following lemma from analysis.

LEMMA 2.5.1. For any non-negative ¢ € C? (R") and any = € R™ at which ¢(x) # 0 we have:
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De(z)? 2
- <2Ip

PROOF. Let e > 0 be arbitrary. Observe that

D 2
2o i)

and hence this function has a global maximum, z(, where of course the gradient must vanish:
Dy(xo) |2
——D?%p, Dy(zy) — |7Dgo zo) =0
p(xo) +e o Delzo) ((z0) +¢)? (o)

Thus, for an arbitrary z € R we have, in view of the fact that 2, was the global maximum and |D?y| is an operator

norm:

D 2 D 2
| Dp()] < | Dip(z0)] §2’D2<Px0‘ §2|D2§0‘
p(z)+e = p(xo) +¢

Let us now fixa 6 > 0, and let £ > 0 be arbitrary as above. In the set {¢ > £} we have:

2 2
|De|” _ |Del

3
1+) < 2|D?%p| (1+6)
® so+5< @ D%

Since € > 0 was arbitrary, we conclude that the estimate above is true in {0 > 0}. The result now follows in view of

the fact that § > 0 was also arbitrary. O

The following lemma we will refer to as a localized weak maximum principle (per Ecker [Eck04]). We will state it
in complete generality although we will only need a special case of it. Notice that we state the theorem for intrinsic
functions f, but since we're only using intrinsic derivatives (see Chapter [A| of the appendix) the same result does

apply to extrinsic functions just as well, provided we have joint differentiability.

LEMMA 2.5.2 (Localized Weak Maximum Principle). Let (M;) move by mean curvature in U x (t1,ty), and let O be
the subset of the background product manifold M™ x (t1,%o) in which mean curvature motion occurs. Let f : O — R

be non-negative, once differentiable in time and twice differentiable in space, satisfying:
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0

<at_AMt> f<=6f+dp.t)f +alp,t) - Vf+K

for d(p,t) >0, la(p,t)| < ag\/1 + d(p,t), and constants ag > 0,6 > 0, and K. Let p € C* (U x (t1,19)) be non-negative
and such that M; N support (-, t) is a compact subset of U for each t € (1, o). If
ol + 1Dl + [D*¢| + | D] < ¢,

inU x (t1,1), for some constant c,,, then for all ¢ < T"in (1, ty) we have:

max fp < max fio + C(n)e, (1+|KJ)(1+ad) (1 +1/9)

for some dimensionality constant C'(n) > 0.

PROOF. All subsets that are mentioned, e.g. U x (t1,ty) or {¢ > 0}, will be thought of as being pulled back to
subsets of O and ¢ will be thought of as being precomposed with ' : O — U. From (2.3.1) we get:

0

(§-5u)ef=con

inU x (t1,t0). By the product rule (A.3.3.a) and the inequality above we estimate:

(8—szft>(f<ﬂ)= (8—AMt>f-sO+f<aat—AMt><P—2Vf'V<P

ot ot
< (=0 =df +a-Vf+K)p+Ci(n)cef =2V f- Ve (T1)
Evidently in the set {¢ > 0} we have:
2 Vel 2
—2Vf-Vp = Ve V(fe)+ 2;plf <- Ve V(fp) +4co f (f2)

where we’ve used the freshly established calculus estimate (2.5.1) on the right hand side. Similarly:

(a-Vflo=a-V(fe)—(a-Ve)f (ts)
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Finally, by Cauchy-Schwarz and the same calculus estimate we have in {¢ > 0} that:

1 Ja| |V 1
V| < Vp|=2-vV1+d - = — <2-vV1+d - —agy/2|D?
|(l (,9|_|QH §0| \/SZ 2\/m \/@ = \/& 20,0 ‘ §0|
1 1
<2-V1+dyp- 7 feoa0 < (14 d)p + 5cq,a% (1)

Substituting (f3), then (f2), then (f4) into (f1), we see that in {y > 0} we have:

(a Azm) (fo) < (=6f? =df +a-Vf+K)p+Ci(n)cpf —2Vf- Ve

ot
<=6 —dfo+a-V(fe)—(a Vo) f+Kp+Ci(n)c,f—2Vf- Vo
< —0f*0—dfe+a-V(fe)—(a-Ve) f+ Ko+ Ci(n)cyf — %Vso V(fe) +dco f
< —6f*p—dfo+a-V(fe)+ (1+d) fo+ icwaﬁf + Ko+ Ci(n)cyf — %W “V(fp) +4dep f

1 2
=520+ fo+a-V(fe)+ chaﬁf + Ko+ Ci(n)cyf — ;Wp “V(fp) +4dcp f

After grouping like terms and using |¢| < ¢, once more, we conclude that:

(5~ 200 ) (o) < =670+ (a= 290) - V(70) + cof + Jesdds +1Kle, + Crlmlead +dc,f
< 5fe+ ( - Zw) V() + Colmep (1 + KD +ad)(1+ f) @

in the set {¢ > 0}, for a possibly new constant Cs(n).

Consider the function m : (¢1,t9) — R defined by:

m(t) := max fo

It is obviously well defined since M; N support ¢(-,t) is a compact subset of U for each ¢ € (t1,t;), meaning the
supremum is attained. Let ¢ < T be arbitrary in (¢1, o), and suppose for now that m(t) < m(T'). Let t* be the first

time in (¢, 7] at which m(t*) = m(T'), and thus m < m(t*) on (¢,t*). Let 2* € M;» NU be the point at which the
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maximum is attained and let p* € O be its preimage under F'(-,t*). From calculus and the no-boundary assumption

on our manifolds we know that:

(a—AMt) FO)' ) >0 and V(fo)(p'1*) =0

Plugging into () and multiplying by »(p*, t*), we conclude that:

Sf (", t)20(p",t7)? < Ca(n)ey (14 |K[)(1 + ag) (1+ f(p*, 1)) o (p,17)
= Ca(n)e, (1 + [K N1+ ag)o(p™, 1) + Ca(n)ey (1 + |K )L+ ag) f (", t*)p(p", t*)

= Ca(n)cj(1+ |K])(1 +af) + Ca(n)e,(1+ [KN (1 + af) f (0", ) (p", 1)
where we have used ¢(p*,t*) < c,,. Applying 2ab < a? + b* on the second term to break off the f:

Sf(p*,t)e(p", t°)* < Ca(n)el, (1 + [K])(1 + ag) + Ca(n)?c3 (1 + [K[)*(1 + aﬁ)zg + gf(p*,t*)%(]?*at*)z

< Cs(n)cg(1+ |K)*(1+ ag)*(1 +1/8) + gf(p*i*)%(p*,t*f

for a possibly different constant C(n). Rearranging and multiplying by 2, and recalling that (p*,*) was the point at

which m(t*) attained its maximum, we see that:

< Cu(n)cs(1+ |K])*(1 4 ad)*(1 +1/6)

STIN V)

m(t*)? = f(p*,t")(p",t*) < Cs(n)ci (1 +|K|)?(1+ag)?(1 +1/9)

so that m(t*) < C(n)cy (1 + |K|)(1+ a3)(1 + 1/6) for a constant C(n).

That is, for t < T in (t1,t) such that m(t) < m(T) we have m(t*) < C(n)c,(1 + |K|)(1 + ad)(1 + 1/6), where t* is
the first time in (¢, 7] such that m(t*) = m(7T). In other words, when m(t) < m(T) for some t < T we conclude that
m(T) < C(n)ey,(1 + |K[)(1+ ad)(1 + 1/6). On the other hand, when m(t) < m(T) fails for a pair ¢ < T, we just have
m(T') < m(t) instead. In any case, then, m(T") is bounded from above by the sum of these two non-negative separate

upper bounds, and the result follows. O



30 Chapter 2. Evolution under Flow

We conclude this section with a brief mention of other maximum principles that hold for compact sets. They will not

be needed in the sequel, so we only only provide sketches of their proofs.

LEMMA ((Very) Weak Maximum Principle). Let N be a compact manifold, and f : N x [t1,%y] — R be continuous.

Suppose that for every ¢ € (¢;, tp] we have:

% f(p,t) > 0 and the derivative exists

for every p € N that attains the minimum of f(-,¢). Then the minimum of f on N is non-decreasing in time.

PROOF. (Sketch.) It evidently suffices to fix ¢, < t* in (t1,%o] and show that miny ¢, 4+ f = miny f(-, t.).

Let us first assume that the time derivative in the statement is strictly positive. We show that the global minimum in
the left hand side cannot be attained at a (p,¢) € N x (t., t*]. Indeed if that were the case then the time derivative
would be positive at that p (by assumption) which contradicts that the time derivative would have to be non-negative
since we’re working at a minimum. In the general case where the inequality is not strict, add a term e(¢ — ¢;) to f to

make it be strict, and then let € ™\, 0. (]

A corollary of this is the following interesting grow-apart lemma.

LEMMA. The distance between two smooth solutions (M), (M?) to mean curvature flow is non-decreasing in time.

PROOF. (Sketch.) Let the corresponding immersions be F; : M* x [t1,to] — R" ™! fori =1,2. Set N := M x M?
and f(p1,pa,t) := |Fi(p1,t) — Fa(pe,t)|? and observe that at a pair of points (p;, p2) minimizing distance at time ¢ we
have %f(pl,pg,t) = AMl h1 + AM2h2 > 0 where hl(p) = ‘Fl(p, t) — Fg(pg,t)|2 and hg(p) = |F1(p1,t) — Fg(p, t)‘2

The result follows from our (very) weak maximum principle. O

The very weak maximum principle of course gives rise to the classical weak maximum principle:

LEMMA. Let (M;) move by mean curvature flow in [¢1, tg] and suppose that f : M™ X [t1, to] is differentiable once in

time, twice in space, and satisfies

9 ;
(815 - AMQ) f<vVf

for some (not necessarily bounded) vector field v. Then ¢t +— maxa, f is non-increasing. This also holds for

extrinsically defined f that are additionally jointly differentiable. O



Chapter 2. Evolution under Flow 31

Finally, we have the additional result that initially (compact) embedded solutions remain embedded for as long as

they are smooth:

LEMMA (Preserving Embeddedness). Let F' : M™ x [t1,t9) — R"*! be a smooth family of immersions moving by

mean curvature flow. If F(-,¢;) : M™ — R"*! is an embedding, then so is F(-,t) : M™ — R forall ¢ € [t1, o).

PROOF. (Sketch.) By compactness it suffices to just show injectivity. Suppose that there was an intersection point
eventually and let ¢, be the first such time. Then after possibly rotating, for times near ¢, and around the intersection

point, our two branches of the immersed manifold F(-,t) : M™ — R"*! can be written as graphs of u;, us satisfying:

TR Du;
Dtui = 1+ |Du,|2 diVRniu

1+ |Dui\2

for i = 1,2. Then their difference function w := u; — uy satisfies a uniformly parabolic PDE. By the strong
maximum principle for parabolic PDE [Lie05], any vanishing of w would imply vanishing for all previous times

which contradicts that ¢, is the first time of intersection. O
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CHAPTER 3

Integral Estimates

So far we have only looked at mean curvature flow from a strictly differential geometric point of view by studying
the evolution of several geometric quantities associated with our manifolds such as metrics, second fundamental
forms, etc. In this chapter we will change gears and study the evolution of our surfaces from a measure theoretic

point of view. What lets us proceed in this direction is the area element evolution formula (2.3.2.d):

2 5
&\/ﬁ——\m V9

With this formula at hand we can study the evolution in time of integrals over our surfaces. See Chapter [B| of the

appendix for more details on integration.

Formally we're only treating the case of smooth, compact, embedded submanifolds moving by mean curvature.
However, extra care has been taken in composing the proofs of this chapter to have them continue to hold under the
milder assumption that our surfaces are locally .7"-finite and satisfy only the first variation formula (3.1.3)-even
with an inequality sign “<” in place of equality. Under this hypothesis we could rid ourselves of compactness and
embeddedness assumptions. This gives our whole presentation a Brakke flow twist, where the first variation formula
serves the purpose of a definition. Despite all this, we chose to formally treat as a proposition rather than as
a definition (and subsequently have to assume compactness and embeddedness to check it) because the rest of this

work treats mean curvature flow from a smooth surface standpoint.

This chapter is structured as follows. In section |3.1| we introduce the notion of test functions. In section 3.2) we
introduce a particular type of test function that will play a central role in the chapter, and in section 3.3|we use it to
establish forward area growth estimates and estimates for the spacetime integral of |H|?. In sectionwe introduce
a heat-kernel-like function that we then use in 3.5/ to prove Huisken’s monotonicity formula. Then in section
we establish upper and lower bounds on a parabolic-type Hausdorff density, and in particular conclude Brakke’s
clearing out lemma which asserts that a manifold will necessarily leave an open ball in which it does not have

sufficiently large presence. We conclude with section 3.7, where Gauss density is introduced.
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3.1. Test Functions

Before proceeding any further we need to introduce the notion of a test function, which will refer to a function that

is nice enough to be integrated against our family of manifolds within our open set ¢ of interest.

DEFINITION 3.1.1. Letid C R""! be open. We call  : i — R a time independent test function on U/ if p € C2(U). O

Most of the time, of course, we will want to study time dependent test functions.

DEFINITION 3.1.2. Let 4 C R"*! be open and I be an interval of times. We say that ¢ : & x I — R is a (time
dependent) test function on U x I if ¢ € C*(U x I), for every t € I we have ¢(-,t) € C*>(U), and for every ¢ € [ there
exists a § > 0 and a compact set K C U such that support ¢(-,t'), support Dyp(-,t') C K for every ¢’ € I N Bs(t).

We will generally assume that all our test functions are time dependent. What is useful about test functions is that

they have finite integrals over the M, since the latter are locally .7"-finite.

The evolution equation for the area element gives us the following basic but powerful result regarding differentiation

under the integral sign in the mean curvature flow case. Consult chapter B|of the appendix for the proof.

THEOREM 3.1.3 (First Variation Formula). Let (}/;) move by mean curvature flow in i/ x I. If ¢ is a test function on

U, then:

d
7/ o= [ H-Dp—|H[p
dat Jp, M,

There are many ways in fact to rewrite the result of differentiating the integral of a test function, the most important
of which are listed in this corollary. Despite its triviality, it is a really important result that will be used throughout
the text. Notice that our previous result was proven to be true for time independent ¢. It is crucial that we generalize

this to ¢ that might also depend on time.
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COROLLARY 3.1.4. Let (M;) move by mean curvature in U x I. If ¢ is a test function on U x I, then:

d
7/ p = Dt90+H‘D<P—\H|2S0
U, M,
= Dy —divy, Do — |H\2<p
M,
9 2
= [ e |H[p
M, Ot

0 ) 9
- 9 A ) e—|H
/Mt<3t M, ) o= [H|7p
0
= —+A t) — |H?
/Mt<3t M, ) o= [H| ¢

PROOF. Consider the function f : I x I — R defined by:

ft,s) = /Mt o)

Notice that the first variation formula (3.1.3) tells us that:

Dif(t,s)= | H-De(rs) = [HP( )

and standard differentiation under the integral sign tells us that:

Dsf(tas) = Dt@('vs)

M

Combining these two results, by the chain rule we have:

d d
T /Mt p=— (F(t:1) = Dif(t,1) + Dy f(t,1) = . Dip(,t) + H - Do(-,t) — |H|%o(-, 1)

which gives the first identity. Now, recall from (2.3.1)) that:
Apy,p=divy, Do+ H-Dyp = H-Dyp = Ap, o —divy, Dp

The Ay, ¢ term integrates out to zero by the divergence theorem, since M; has no boundary in ¢/, and hence we
get the second equality from the first since H - Dy and div,, Dy integrate out to the same thing. The third equality
follows simply from (2.3.1.a), while the fourth and fifth equalities follow by subtracting or adding a Laplacian (since

we know it integrates to zero). O
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3.2. Standard Test Function

In this section we introduce an extrinsic function that plays a dominant role in our study of mean curvature flow. Let

us begin by considering the smooth function ¢ : R"*! x R — R given by:

Y(x,t) == |z|® + 2nt

Evidently D = 2z, and hence div,s, Dy = 2n. At the same time, D;1) = 2n, and hence by (2.3.1) we see that:

0

<8t — AMt> ’(/J = Dt’t/J —diVMtQZJ = 0

Now consider the non-negative function ¢ : R"*! x R — R given by:

92

po(,t) == (1 _ 1/’(%’5))3

+

where (-) 4 denotes the non-negative part of a function. Denote its translates ,(z — zo,t — to) by ©(a,.10),0(2, 1)

PROPOSITION 3.2.1. Letzg € R"*!, ¢y € R, and o > 0. The standard parabolic test function ¢, ¢,),, is C*(R" ™! x R),

and satisfies the differential inequality:

0
<6t _ Azm) 90 <0 (3.2.1.a)
and the estimates:
0% —2n(t —to) °
0 < Pag.tn).a(1) < <92) fort € R (3.2.1.b)
+
{‘P(zo,to),g('at) > O} = {DtW(zo,to),g('at) #* O} = B(92—2n(t7t0))}*_/2 (.%‘0) fort e R (3.2.1.C)

When o > 0 we additionally have

inf (fﬂo,to)yg(Wt) =

(,92 — 0% —2n(t —tg)
Ba(x())

3
7 ) fort e R (3.2.1.d)
Jr
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PrROOF. All of (3.2.1.b), (3.2.1.¢), (3.2.1.d) can be shown with simple algebraic manipulations, which we omit. To
establish (3.2.1.a), we see that with:

the chain rule (A.3.3.b) gives:

0 0
(at - AMt) P(zo,to),0 = (315 - AMt) n (‘p(ro,to)»g)
! a 14 2
=" (Paotore) | 57 = Arte | Paotore = 1" (Potore) [VPwote)of <0
because the first term vanishes (the second factor is identically zero) and the second term is non-positive. O

This support estimate enables us to treat ¢, 1,),, as a test function on U x I, as long as 0® — 2n(t — t¢) is sufficiently

small (e.g. ¢ is sufficiently small and ¢ — ¢, is not very negative). In particular:

PROPOSITION 3.2.2. The function ¢4, )., is a test function on Br(z¢) x (t1,00) when zq € R*! ty € R, and
0% —2n(t; —ty) < R%

PROOF. By definition ¢ is C?, so we need only check the part of a test function’s definition pertaining to the

function’s support. Recall that support ¢(-,¢') = B (0*—2n 12 (x0). Therefore for any ¢t > t¢; we can choose

(t'—to))
0 <60 < t—t; sothatfor |t —t| < J we have:

support ¢(-,t') = support Dyp(-,t') = B 12(x9) = B
-

(@2 —2n(t'—to)) (e2—2n(—8+t—t1+t1—t0)) > (o)

which is indeed compact and contained in B C Bg(zo), and hence the result follows. O

(92*271(151*150))}*_/2 (xO)

One of the first powerful applications of this test function is in the proof of a lower bound on the speed of convergence
of manifolds to points that they reach in the ambient space, which will later be essential to our proof of Brakke’s

clearing out lemma. Before proceeding, we first need to establish what we mean by “points that are reached.”

DEFINITION 3.2.3. Let (M;) move by mean curvature in I/ x (¢1,%9), and let zy € Y. We say that the our manifolds
(M;) reach x¢ at time o, or that x is reached by (M;) at time o, if there exist sequences t; " to and z; € My, NU

such that z; — . O
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We establish that our surfaces converge to the points that they reach with at least a “square root” speed.

PROPOSITION 3.2.4. Let (M;) move by mean curvature in B,(x¢) x (to - #Hg{ to), and suppose that z is reached
by (M;) at to. Then:

" (Mt NB (2n+1)(toft)(x0)> >0

for every t € (to - ﬁgato)

PROOF. Suppose, for the sake of contradiction, that there did exist some T, € (to — ﬁgz, to) for which:

" (MTo nB (2n+1)(t07TO)(gj0)) =0 (&)

Define g := \/(2n + 1)(to — Ty), and observe that gy < p. The standard test function ¢, 7)., is a test function on
By (o) x (To, 00) by (3.2.2). By the differentiation formula (3.1.4) and (3.2.1.a) on ¢ (4, +,),,, We Obtain:

d
. < 0
dt /]Mf, Plro.To)e0 =

for every t € (Ty, to). At the same time by (3.2.1.d) we have {¢ (4, 7,),0, (-, T0) 7 0} = By, (20), so:

/ P(z0,T0),00 :/ P(20,T0),00 = 0
M, Mr1yNBgg(z0)

0

in view of (f). Consequently, the established monotonicity yields that

/M P(z0,T0),00 — 0 and hence 7" (Mt n B\/m(xo)) =0

t

for every t € [To,t0), since {@(z,,1y),00 (1) # 0} = B 92_2n(t_T0)(x0) by (3.2.1.c). What’s more, by definition of g
0
we have 0 < to— 1o = Q(% — 2n(t0 — To), SO:

K (M0 Byg=ry(w0)) = #7 (MO B zge—is(wo) ) < 27 (My N B_—gemrs(o) ) = 0

for every t € [Ty, ty). Since the M, are smooth surfaces, this in turn implies that M; N B,(z¢) = 0 for all t € [T}, o),
with r := v/tg — Ty > 0. This contradicts that z is reached at time ¢y, and the result follows. O
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3.3. Area and |H |? Estimates

The standard parabolic test function allows us to prove our first fundamental localization result, which lets us bound

forward-time areas and spacetime |H |? integral estimates by older time areas. In particular, we can prove that:

THEOREM 3.3.1. Let (M;) move by mean curvature in By, (z9) X (to — 508, o). Fix 01,62 > 0 such that 67 +2n63 < 1.

Then there exists a constant C' = C'(61, 6) such that for all 0 < ¢ < gg:

¢
A0 B+ [ f (HI2 < C(n,01,02) " (My, 32 01 By(ao)
tofeggz MTﬁleg(wo)
for every t € [ty — 030%,t0). The constant is, in fact, C(n, 61, 62) := (1 — 67 — 2n63)=3.

PROOF. Let us define Ty := to — 6307, so that to = Tj + 65 0%, and let us write ¢ for ¢4, 1,),,-

From (8:2.2) we know that ¢ is a test function on B,(zq) x (Ty, To + 65 0?), and hence from the general differentiation

identity (3.1.4) and the standard test function’s identity (3.2.1.a)), we know that:

d 0 B 9
el — ~ _ < _
dt/Mﬁ" /M,,(at AMt)w H%p < /M,,'H'“O

for every t € (Tp, Ty + 63 0?). Therefore, by the fundamental theorem of calculus on [Ty, t] we have:

t
/w—/ wS—// |H|*¢
My M, To J M,

and rearranging gives:

/Mtw/; /MT H|%§/MTO¢ )

From (3:2.1.0) and (3:2.1.d) we can estimate the right hand side as follows:

2 3
o —2n(Ty — Ti
/ wS/ 90=/ tpﬁ/ < (20 0)> = A" (M, N By(x0))
M, M, n{e(z,To)#0} Mr,NB,(z0) M1, NB,(z0) 0 +

To estimate the left hand side from below we, let ¢ be as above and 7 € [Ty, t]. Then from (3.2.1.d) we have:
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3
0 — 030% — 2n(r — To)) N ((1 — 0%)0? + 200307
+

3
7 7 > = (1—67 +2n63)3 = (1 — 07 — 2nb3)?
+

nf o) = (

Bg, o(wo)

Therefore, we may estimate the left hand side of (f)) from below by:

t t
/ <p+// IH\QwZ/ s@+// |H |
M, To J M, MNBo, o(z0) To J M-NBo, o (x0)
t
2/ (170572n9§)3+/ / |H|*(1 — 67 — 2n63)3
]\/{tﬂBelg(CEo) To ]\/{-,—ﬁBglg(ZE())

t
> (1 62— 202)° (ﬁf”(Mt 1 By, o(z0)) + / / |H|2>
To MTﬂBglg(ajo)

Combining these two estimates into (f) we see that:

t
A (M, () By, o(0)) + / / HP < (1 62— 2062) "3 " (M, () By(0))
To Mmeglg(Io)

which is the required result upon recalling that Ty = to — 6302 O

3.4. Backwards Heat Kernel

There is a second auxiliary function that will play a fundamental role in our monotonicity formulas, which resembles

a time-reversed heat kernel for n dimensions. It is the non-negative smooth function ® : R"*! x (—o0,0) — R:

_ 1 |z
@(.’L‘,t) = Wexp <4t>

As with the standard parabolic test function, we will also use the translated functions @, ;y(7,t) := ®(z —2x0,t—t0),

for t < tg. Both ® and its translates satisfy the following important equation:

PROPOSITION 3.4.1. Let ® be the backwards heat kernel, or any of its translates. Then

VieP
5 =

D;® + divy DO + 0

where the (tangential) divergence and the (normal) gradient V- are both relative to an n-dimensional manifold M™.
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PROOF. Without loss of generality we may work with the un-translated ®, since the result is translation invariant.

We begin by expanding D, ®:

1 |z[?
D®=D(— LN
=2 (e ()

n 1 1 (—dr)e || n |z|? 1 . ||
= —— — X - _ | —— _ex -
2 —drt (—amt)—n2 P gy 42 ) (Camtyn2 “P\ gy

ne o
2t 442
We now compute the (ambient) spatial derivative. Fori =1,...,n + 1:

1 1 ||?
Db =5 ————exp (ol )z,
ot (—dnt)n/2 P < Af ) *

Combining this for all 7, we get the following four equations for free:

1 1 t 1 1 1 |VL‘I’\2 |9UL|2
D® = E@x and V@ = %qm and V-® = %éx and 3 =g

Let us finally compute the tangential divergence:

1 1
_ t no ol n
Tty Tty
Adding everything up:
: [V-ef? ng = o |z
Dy® +divy D =|l-—=®-—=7 o+ -9 o
+ P+ divyy + D 2% 12 + 12 + T + Te
I o A 1 W
_<4t2+4t2 oz ) ®0
and the result follows. O

Notice that since we have made the effort to compute the derivatives of ®, we get the following for free:

PROPOSITION 3.4.2. Let 2y € R*™! and ¢, € R. Then for ¢t < t, we have:

1
b & = _ 3.4.2.
SUD Dz 10) (1) (dn(ty — 1))/ (3.4.2.2)
If additionally o > 0, then:
inf @, g (1) L e o (3.4.2.b)
111 . = ——— = X _—— 4.2,
Bolao) @t T (e — )2 TP\ T4ty — 1)

1 o?
P, W)= —F——— Ry ——— 3.4.2.c
Rnﬂs\lgi(xo) ( O’to)( ) (47T(t0 — t))n/z exp < 4(t0 — t)) ( )



42 Chapter 3. Integral Estimates
and hence @, ;,y — 0 uniformly away from x¢, as t " to. Additionally, for = € Rt < to:
P (20,t0) (2, 1) < C(n)|x — 20| " (3.4.2.d)

where C(n) = (2n~'m) "2 exp (—2).

PROOF. Without loss of generality, we may work at (zo, %) = (0,0). The first two inequalities are trivial since ®

is decreasing in |z|. Let us prove the last part then.

Fix z € R"*! and view ®(z,t) as a function of ¢ < . It is evidently smooth, and we know that its derivative is:

n ElR
Db=——0- "o
K 2t 442

||

which is positive for ¢ < 5

, zero at that point, and negative afterwards, meaning ¢ — ®(x,t) attains its global

2
maximum at ¢ = % In other words:

1 n
TR —
Sup (1) = ez P (73

which concludes the proof. O

3.5. Huisken’s Monotonicity Formula

The most useful property of the backwards heat kernel is that it is used in proving monotonicity results. The

monotonicity formula below was originally discovered by Huisken [Hui90].

THEOREM 3.5.1 (Huisken’s Monotonicity Formula). Let (M,;) move by mean curvature in & x I. Fix 2y € R"*! and

to € R. For any test function p on i/ x I we have:

2
d o) VA (4010
— D, = Ol ——-A - |H - ——22
dt /Mt (z0,t0) ¥ /Jm <6t Mt) 4 ‘ (I)(Imto)

forallt € I witht < t,.

D (20,t0) P

PROOF. Let us write ® for ®(,, ) for brevity. Evidently ®¢ is also a test function, only on the shrunk domain

U x (IN(—o0,ty))instead of U x I. But this imposes no problems, since we are working at times ¢ < ¢, anyway.

By the differentiation identity (3.1.4) and the (standard) product rule we see that:
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- / 99 . pr0lp |aPOy M)

Of course the divergence theorem tells us that:

M, M

In other words, we may add the term Ay, ® - ¢ — @Ay, @ in the integral in @ without changing the value of the

integral. Consequently:

d 9 P
— | =] Z@ o+ AND o+ P PAyp— |H[D
dt /Mt 4 /Z\/It ot ¥ tom® et GTAd Mo — |H[" Qo

/Mt<(§t+AMt><I>|H|2<I>>QD+<I)<gtAMt>50 )

At this point observe that:

(8815 + AM,) ® — |H]*?® = D;® +divy, DO +2H - DO — |H|?®

because of the intrinsic/extrinsic function relationship results, (2.3.1.a) and (2.3.1.b). But by (3.4.1)) the first two terms

can be collapsed into one term as follows:

L@Q L@Q
:—%+2H-D<I>—|H\2®:_%+2H-VL<I>—|H\2<I>

where in the last step we replaced D® by V! & since we're taking the dot product with H, which is normal to the

tangent space. Completing the square gives:

2

L(I)Q
vt .

= +VBH - =V — |H|?® = — |H — Ve
T NG B )

The result follows by plugging this back into (). O
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An immediate corollary is:

COROLLARY 3.5.2. Let (M;) move by mean curvature in i x I. Fix o € R"™! and to € R. If ¢ is a test function on
U x I such that:

0

v>0 and <8t—AMt>SO<0

then

d
— P <0
dt A{t (wo,to)%p =

forte I, t <ty.

3.6. Density Estimates; Brakke Clearing Out Lemma

In this section we establish bounds on our manifolds’ spacetime density. Our first result is an important result
originally due to Brakke which shows that points that are reached (in spacetime) by our manifolds have sufficiently
high density around them. In other words, it is not possible for a point zy € R"*! to be reached at some time ¢, € R

without there being sufficient overlap between M, t < to, and balls around .

We start with a particularly stated version of Brakke’s clearing out lemma which argues that mass disappears locally
after finite time. We essentially follow Evans and Spruck [ES92b], whose proof requires that n > 2. One way to prove
the one dimensional case is to shrink the ball ever so slightly to exclude all non-closed curves around the edges, and
then argue that all remaining curves are closed and will die sufficiently quickly (by Grayson’s theorem). But in any

case we are only interested in n > 2 in this work:

LEMMA 3.6.1. Let (M;) move by mean curvature in B; (0) x (—ﬁ, O). There exists a constant C'(n) such that if:

A" (M_p 10 Bi(0)) <7

for some 3 € (07 #ﬂ) and 1 > 0, then:

JE" (Mt nB 1—(2n+1)-(t+8) (0)) =0
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forallt € (—ﬁ, 0) such thatt > — 3 + C(n)nﬁ we have:

PROOF. We will use a function similar to the standard parabolic test function, only with a minor modification.

Namely, let us take:

P, t) = (1—|z> = 2n+1)(t+8)), and ¢:=1°

The function ¢ is still smooth as well as a test function on B;(0) x (—f, o), and it satisfies:

Vo = —6y%z! (T1)

and from the chain rule, (A.3.3.b):

0

<8t - AMt> ¢ =—3¢* —24¢ |$t|2 (f2)

For t > —f let us now define the auxiliary function:

ct)= [ K

By the differentiation under the integral sign identity (3.1.4) we see that:

0 f
)= [ (g-au)e- 1o @ [ s mmplatl - ey
M, M
or after rearranging:
/ 302 + 249 |2t + [H[p = —G'(t) ()

t

Lett > —f3 be arbitrary. By Holder’s inequality applied with the conjugate exponents p = 2£2, ¢ = %2 we have:
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2\ "2 iz 42
c) - [ SZJSOS(/ @> (/ ¢>
My My My
n—1 3
. n+2 5\ *2 ne1 e
([ o) T ([ )T = nwita (1)
M, M,

We will estimate .J; (), J(t) independently of each other and then combine our results back into (f4). To study the

left integral we employ the Michael-Simon inequality [Sim83]:

n—

( / f) " <o) [ v+
M M

where f > 0 and dim M = n (assumed to be n > 2). We then have that:

= [ e <o ([ wesie) T @ ([ ot je i)

By the Cauchy-Schwarz inequality 2ab < a? + b? with a = 3¢3/2 and b = ¢'/2 |2?|, and also that 1) < 1 for t > —3 (so
that 13 < 9?) we have:

(1) < C(n) (/M 00% 1 o |2 + |H|so)’” < C(n) (/ 007 1 o |2 + |H<P>M

t

By the same Cauchy-Schwarz inequality on |H |, with a = |H|p/? and b = 1'/2 = L¢*/2, followed by * < 12, we

conclude that:

n
n—1 (

Cln) (=G (1) 7

INET]
s

<ot ([ o sulef+ime + 102)

for a new constant C'(n). As for J,(t), we immediately have:

T B B B T T AU
My M, M,

Combining these two estimates into (f4) gives:
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n—1

(n) (G ()™ 7% (~G'(1))

_n+2

Rearranging yields G'(t)G(t)” =+

for a new constant C(n).

fundamental theorem of calculus, we conclude that:

G(t)™s < G(=B)75 = C(n) - (t+B) =
<A™ (M_g 1 B1(0)™ — C(n) - (t + )
<97 — C(n) - (t+ )

S _C(n)l
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n+3

= ) (€ (1)

for some new constant C(n). By the

And hence G(t) =0 forallt > -8+ C (n)nw+r3 for a new constant C'(n) that we get after rearranging, and the result

follows by noting that {¢(-,t) > 0} = B 17(27”1)‘(%@(0).

O

In combination with the proposition on the speed of convergence to limit points (3.2.4), we obtain Brakke’s clearing

out lemma.

THEOREM 3.6.2 (Brakke Clearing Out Lemma). Let (M;) move by mean curvature in By, (z¢) X <t0 - Tlﬂgg, to),

and suppose that it reaches zg at time ¢¢. Then for any 0 < ¢ < gp and 5 € (O7 ﬁ) we have the lower bound:

A" (Mt07592 n Bg(xo))
Qn

>n(n, B)

n+3

for a fixed n(n, 8) > 0. In fact, we may take n(n, 5) := W?%W where C(n) is as in (3.6.1).

PROOF. Indeed let us choose:

ﬂn+3

n(n, 3)

- 2n+30(n)n+3

and show that it works. We will proceed by contradiction, and assume that:

A" (M, g2 N By(0))

z <n(n,B)
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1

for some 0 < o < gp,and 3 € (0, il

). Rescale parabolically around (zo, ty) with scale g, and observe that:

1
(M§w07t0)x9) moves by mean curvature in By (0) x <_2n+17 0)

and additionally by assumption

Bn+3

A (MU0 By (0) < G e

Then by our preliminary version of Brakke’s clearing out lemma (3.6.1) we have:

m xo,to), —
A (MEA B fses(0)) = 0 (1)
£ B’L+3 n}kd B - 1 . . 1
or every s > —f3 + C(n) (W) =—5in (—m, 0). At the same time, since 3 € (O, m) we have for

all s that:

—2n4+1Ds<1—2n+1)(s+pB) (T2)

Consequently for an arbitrary choice of s € (7 g 0) we have:

02 7 (Ms( oto)en p 1_(2n+1)(s+ﬁ)(0))
(72D
>

S (Ms(mo,to)vﬁ’ N B\/m(())) = Q—n%n (Mt0+g23 N Bw(l‘o))

This, however, contradicts that the point x is reached at time t;, which guarantees by (3.2.4) that the latter set has

positive £ "-measure, and the result follows, i.e.

,6"’+3

%n (Mto—ﬁg2 N Bg(l'()))
> = —_—
gn - 77(7’1, 6) 2n+30(n)n+3

) Intl
lemma, (3.6.1). O

forall g e (0 L_) 0< 0 < pg, and where C(n) is the same constant as in the special case of Brakke’s clearing out
p )
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Let us now establish an upper density bound. Recall that in (3.3.1) we established forward-time local bounds on
the area (#"-measure) of our surfaces in terms of the area of previous surfaces, using rudimentary estimates and
the standard test functions ¢, ¢,),,- The backwards heat kernel @, ;) and Huisken’s monotonicity formula can be
used to help us estimate, additionally, the n-dimensional Hausdorff density of our surfaces from above. Notice that

this bound is similar in spirit to the forward area estimate, (3.3.1).

THEOREM 3.6.3. Let (M;) move by mean curvature in B,, (z0) X (to — 5- 03, t0). Let @ > 0 be such that (1+2n)6% < 1.

Then there exists a constant C' = C'(n, §) such that for all 0 < ¢ < gq:

sup sup T (Mt N Bg—((EO)) < C(n,@) H (Mt070292 n BQ(ZL‘O))

0<o<fp te(to—a2,to) on o"

In fact, C'(n, 0) := 27/2eM/4(1 — (1 + 2n)02) =39

PROOF. Write Ty := to — §20°. Consider the function:

f= ¥ (z0,To),0

which we know to be a test function on B,(x) x (T, 00) and hence also on B,(zg) % (T, o). Furthermore:

f>0 and (;AM)SO

and hence from the monotonicity formula (3.5.2) we know that:

/M D (2o, to+02)f S/ D (o,t0+02).f (1)

MTU

for every t € (Tp, to). Now observe that:
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/ (I)(ro,to+02)f = (b(zmtoJrUz)f
Mr, Moy ({f(-,To)>0}

= / é(wo,to-'roa)f
M, ﬁBQ(Io)

0

< sup (I)(aio,t0+02)('7T0) EBR f(aTO) A" (MTO n BQ(xO))

Rn+1

This we can estimate from above by (8.4.2.a) and (3.2.1.0):

1
o oy f < H" (Mgp, N B
[, BevienS < gy " 0 0 Byt
1
= " (Mp, N B
(47 (02 + 6202))"/? (M, o(%0))

< W A" (M1, 0 By(wo)) (f2)

On the other hand, for t € (to — 02,t9) C (T0, o) we also have:

/ (b(m(),t(r‘ro'?)f > / q)(xo,t0+02)f
M, MNBo (x0)

> inf &, o2yt inf ) A" (M0 By (x
> o) G F0) (MO Bolao)

2 3

_ 1 exo [ — o 0? — % —2n(t — Tp) . N
 (4m(to + 02 —t))n/2 P( 4(t0+02_t)> ( 22 >+ A" (My N By (x0))

where the last step follows from (3.42.b) and (3.2.1.d). Recall that ¢ € (ty — 02,t). Then 0% < ty + 02 —t < 202, and
t—Ty=1t—ty+6%0% < 620% Thus:

1 B 0% — 0202 — 2102 > 3
o nf>— 1/4 " (M, N B,
/Mt (@osto+or)f 2 (8ma2)n/2 ‘ ( 02 " (M (20))
1 f
=——— V' 1-(1+420)6*3 2" (M,N B,(x0)) (t3)
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Combining (f1), (f2), (f3) we conclude that for all ¢ € (to — o2, to):

1

1
et (1= (14 2n)62)° A (M0 Bo(20)) < (g ez

(Bro2)i2 A" (Mr, N By(z0))

Rearranging:

A (My 0 Bo(x0)) 2m/21/4(1 — (1 + 2n)62) 30" A (Mz, 0 By(wo))
O-'I'L - Qn,

which is the required result.

3.7. Gauss Density

51

The backwards heat kernel also lets us define a new kind of (parabolic) density for (local) solutions of mean curvature

flow, which is essentially a condensed form of a spacetime density estimator. This density will let us prove sharp

estimates later on that we will need to have available to study what happens to mean curvature flow at the first

singular time in the next chapter. We will need to establish a sequence of lemmas before being able to give a rigorous

definition of Gauss density.

LEMMA 3.7.1. Let (M;) move by mean curvature in B,,(z0) x (to — 5-03,%0). Then for every ¢ < gy and C? time

independent x, with1p, ,(20) < Xo < 1B,(z) the limit:

lim (0]
tto J M, (w0,to) Xe

exists and is finite.

PROOF. A direct computation using (2.3.1.d) shows that:

0 . .
(57— 2 ) xo = Dixe — divanixy = ~divanxe = ~Aesrxe + De(0) < o) D

for some constant C; depending only on n. Notice that inside B, /»(z¢) and outside B, (z) the left hand side vanishes

identically, since X, is constant in these sets. Taking this into account, we may refine our estimate above as:
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0
<8t - AIV[t) Xe < Cl(n)|D2X9|1§g(m)\3g/2(w0) (1)

Additionally, we know from (3.4.2.d) that we can estimate the backwards heat kernel away from z, so that:

P(20,10) 1B, (2o)\ B, (o) = C2(0)0™ "1 (4 (t2)

for some constant C; depending only on n.

There is one final auxiliary step. Recall that x, < 1p,(,,). Since ¢ < go, there exists a o(¢) such that o0 < o(0) < 0o,
and a 6;(o) € (0,1) such that o < 01(0)o(0). Let 02(0) be such that 6;(0)? + 2n6(0)?> < 1. From the forward area

estimate (3.3.1) we know that:

sup A" (My N By(x0)) < Cs(n, 0) ™ (Myy_g,(0)20(0)2 N Bo(e)(20)) (t3)

te(to—02(0)?a(0)? to0)

where C3(n, ¢) was actually a constant depending on n, 61, 8» in (3.3.1)), but 61, 8, both depend on n and p here, so we
may relabel the constant as such. Notice of course that (tg — 62(0)%0(0)?,t0) C (to — ﬁg%, to), so everything above is

well-defined.

Using Huisken’s monotonicity (3.5.1) we can estimate that for ¢ € (tg — 02(0)?0(0)?, to):

2
d 9 VD (40 10)
E /Mt (D(aio,to)XQ = /Mt ‘I)(g;o,to) <8t — AMf> Xo — ‘H — (I)(T;O)O (I)(Cvo,to)XQ

; )
< P o,to -~ —A e | X
/Mt (z0,to) <8t M 4

< Ci(n)|D?x,| /M L20.t0) 15, (@o)\ B, 2 (w0)
t

< Cl(n)CQ(n)|D2Xg|Qin /M lﬁg(x(,)

< C1(n)Ca(n)Cs(n, 0)| D*Xolo™" ™ (Myy—0, (020 (02 N Bor(g)(20))

where we've used (f1), (f2), and in the last three steps. Label the right hand side as C, knowing that it is
independent of t as long as t € (to — 02(0)%0(0)?, to). Then function:
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t— —Ct +/ q)(zo-,tu)XQ
M,

is non-increasing on (ty — 62(0)?0(0)?, to). It is also bounded from below (by —Cty), so:

li —Ct P ist
tlfr?o < + /Mt (%,to)Xg) exists

and hence:

lim P exists
t o J (wo,to) Xe

also, and the result follows. ]

Notice that a priori the limit above may depend on y,, or at least our choice of g. In fact it turns out that there is no

such dependence, as shown by the following lemma.

LEMMA 3.7.2. Let (M,;) move by mean curvature in U x (t1,ty), and let xo € U. Then for any function h € C2(U) such

that 4 = 1 in a neighborhood of z( the limit:

li P h
t;‘ntlo M, (z0,t0)

exists, is finite, and independent of h.

PROOF. Let us first show that for g € C2(U) such that g = 0 in a neighborhood of z, we have:

li ) =0
Jim " (z0,t0)9 1)

Let the neighborhood where g vanishes be V, and let K denote the support of g. Of course V, K C U.

Recall that from (3.4.2.d) we know that ®(,, ;,) — 0 uniformly away from z(, meaning;:

lim D (40.10)9 §|g\limsup/ [P (20.t0)] =0
t to Mt\u| (@o.to) ’ t o (M NK)\V (roto)
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where |g| denotes the supremum bound of g. The last equality follows from a non-classical dominated convergence

theorem, since @, ;+,y — 0 uniformly on the domain of integration; see (B.2.2). This shows that:

I O, 419 =0
e M \V (z0:t0)9 ()

On the other hand, in the interior of V we know that g = 0, and hence:

( 0 0)9_
@ 0.t O ( 2)
M:NY

which clearly implies that the limit as ¢ ¢, also exists and equals 0. Adding up (1) and (j2) we get ().

Let us now return to the original problem. Choose gy > 0 such that B,,(z9) C U and 03 < 2n(to —t1). Then evidently
(M) also moves by mean curvature in By, (o) x (to — 503, t0). Choose any o < gy and a x, as in (3.7.1). Then:

li [} =:
Jim . (z0,t0)Xo =2 ¢ (*1)

exists. Now let  be as in the problem statement, and observe that g := h — x,, € C2(U) and g = 0 in a neighborhood

of xg, so:

li ) X)) =
t;‘nl;lo M, (10¢t0)(h XQ) 0 (*2)

Therefore, by combining (x1) and (x2) we get that for ¢ < ¢:

/ (I)(:ro,to)h = / q)(Zo,to)XQ + / (I)(zo,to)(h — XQ) —0+0=/¢ as t Tt
My e M

t

In other words the limit exists and equals ¢, and so it is also independent of h. O

It is also important to realize that the domain ¢/ does not play an important role in this computation; indeed, as long

as o is contained in our open set, the limit above exists and is independent of the domain.

COROLLARY 3.7.3. Let (M;) move by mean curvature in both ¢/ x (t1,to) and U’ x (t1, o), with zy € U NU'. Then for

any two functions h € C2(U), ' € C2(U’) such that h, k' = 1 in a neighborhood of = we have:
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li (0] h =1l P !
fI/I?O M, (zo,to) t;‘rf‘lo M, (w07t0)h

PROOF. Choose ¢ > 0 such that B,(z¢) C U NU’ and observe that by (3.7.2) we have:

li (0] h=1 P =1 P 14
t;‘ntlo " (zo,to) t}{%} M, (wo,to) Xe tl}?o M (zo,t0)

which gives the required result. O

We are finally at a position to define (localized) Gauss densities by combining the previous three results, which

guarantee that our quantity is well defined.

DEFINITION 3.7.4 (Gauss Density). Let (M;) move by mean curvature in i/ x (¢1, 1), and let o € U. We define Gauss

density at (zo, o) to be:

@(Mt,x(),t()) = t1>‘n;1 ¢(z07t0)h
o.J M,

for some (and hence any) h € C?(U) such that h = 1 in a neighborhood of z. O

We are free to drop U from our notation because we have shown that it is irrelevant, according to (3.7.3).
Unfortunately, the requirements that i be time independent and identically 1 in an entire neighborhood of x( are

somewhat restrictive. Fortunately, we may remove that restriction:

THEOREM 3.7.5. Let (M;) move by mean curvature inUf x (t1,to), and zg € Y. For any f € C° (U x [t1,to]) such that

support f(-,t) C K forall ¢ € [t1,to] and a fixed compact set K C U, we have:
hm é(zo,to)f = f(x(),t())@(MuJ}O)to)
7 Jar,

PROOF. Let us first show that for g € C° (U x [t1,t0]) such that g(zg,t0) = 0and g(-,t) C K forall t € [t;,to] and
a fixed K C U/ we have:

fh/%lo Mt q)(a?oﬂfo)g = O (:l:)
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Indeed, let € > 0 be arbitrary. The continuity of g lets us choose ¢ > 0, § > 0 such that:

lg(z,t)] < Ce for x € By(xp),t>1t)—9

where C' := is some constant. Without loss of generality, o > 0 is small enough that By, (z) C U.

1
1+O(M¢,z0,t0)

Additionally, by compactness of K x [t1,to] and the fact that support g(-,t) C K for all ¢ € [t1,to], we know that g is

bounded from above in i X [t1, to]. This crude estimate gives us that for ¢ € (¢1,%):

/ ‘(I)(wo7to)g| < |g|/ Qzot) I — 0 as t Tty
M\ B, (z0) M\ B, (o)

where the last step follows from a non-classical dominated convergence theorem since @, +,) — 0 uniformly away

from xg; see (B.2.2). That is, we have established that:

1imsup/ |<I>(m0,t0)g‘ =0 (T1)
t/to JMi\B,(zo)

Now recall that ¢ > 0 was chosen such that |g| < Ce in B,(z0) X (o — 6, %], and also small enough that Bs, () C U.
If 2, is as in (3.7.1), we know that support x2, C Ba,(x¢) C U, and that by construction xs, > 1in B,(x¢). Then for
te (to—0,to):

/ D (10.t0)9] < 06/ D (2, t0)
MtﬂBQ(CEU) MtﬂBQ(IQ)

< Ca/ P (20,t0) X20
M,NB,(x0)

= limsup/ <I>(x07t0)g| < CeO(My, xo, to)
tto M NBy(xo)

1
o 1 + @(Mt, xo,to)

E@(Mt,xo,to) <e€ (T2)

Combining (f1) and (f2) we see that:

limsup/ |<I>(l.07to)g| < limsup/ D(20.t0)9 +limsup/ D0,t0)9| <€
t to M, t o M\By(z0) t o MNBy(z0)

But £ > 0 was arbitrary, so () follows.
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Let us now return to our problem. By definition of Gauss densities we know that:

lim D@ (20,t0)f (T0, to) X20 = f(20,10)O (M}, 20, o) (*1)
t7% J

Also observe that g := f — f(z0,t0)x20 € C°(U X [t1,t0]), g(x0,t0) = 0, and support g(-,t) C K forallt € [t;,to] and a
fixed K C U. Therefore by (f) we have:

lim (I)(fo,to) (f - f(x0>t0)X29) =0 (*2)
t o S,

Combining (1) and (x2) gives:

li @ = li ® li @ —
5, ,, Beod =, f, B oo 00+ iy [ Faao (= o o)1)

f(x07t0)®(Mta'r07tO)

which is the required result. O

Of course, we may apply this result to the standard test function and get the following trivial result which is

important in and of itself, so we label it as a theorem.

THEOREM 3.7.6. Let (M;) move by mean curvature in U x (t1,%), zo € U. For any o > 0 such that o, +,),, is a test

function on U x (t3,00) for some t5 < ¢y, we must have that

lim (I)(xoato)so(ﬂfmto),g = @(Mt, Zo, to) (376a)
tto J p,
and
@(Mt? Zo, to) < / (I)(:ro,to)@(mo,to),g (376b)
M

for every t € (t1,t0) such that ¢t > ¢,.

In particular, this is true for any p < ﬁdist(xo; R\ i) and for ty 1=ty — 0°.
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PROOEF. The last remark is trivial. For ¢ as above:

B /iram,(z0) CU  and 0> —2n ((to — 0°) —to) = (1 +2n)o°

so that by (3.2.2) we know that ¢4, 4,0 is a test function on B j75;,(z0) X (to — ¢° 00), and hence also on

U x (to — 0%, 0), so we can apply the first part of the theorem, to which we now return.

Let 6 > 0 be small enough that support ¢, +,),0(-, ) is a fixed compact subset of ¢ for all ¢ € [ty — J,1]. We can do

this because ¢4, +,),, 1S, by assumption, a test function on U x (2, 00) for ta < to.

Of course ¢z, 15),0 € C*(U % [to — 6, t0]). Hence by applying (3.7.5) on U x (to — 6,t) we have:

lim (b(vato)sO(fO,to),Q = w(Io,to),Q(x()?tO)G(Mt7xO7tO) = G(Mth(%to)
t o J p,

as claimed. Finally, recall that ¢, +,),, also satisfies:

0
P(zo,to)0 = 0 and <8t - AMt) P(zo,to)e < 0

so that by Huisken’s monotonicity (3.5.2) the map:

tH/ q)(mo’tr))‘p(wo,to),g
M,

is decreasing for ¢ € (t2, o), and hence for any one of those times ¢t we have:

/ (b(zo,to)(p(mo,to)ye > th}? ¢(Io,to)@(moyto)19 = G(Mt7x07t0)
M, 0 J M,

which completes our proof. O

A direct corollary shows that Gauss density is actually an upper semicontinuous function of its arguments.

THEOREM 3.7.7. Let (M;) move by mean curvature in U x (t1,ty). For every zy € U, and every pair of sequences

tj € (t1,t0), x; €U, j > 1,such thatt; t; and z; — xo we have:
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O(My, zo,to) > limsup O(My, z;,t;)
Jj—o0
PROOF. Since x; — zo, it follows that inf;>o dist(z;; R"™* \ /) > 0. Choosing ¢ > 0 that does not exceed this
infimum, we know that (3.7.6) applies for all ¢, 1,) 0, 7 > 0.

Fixt € (t1,1o). Since t;  to, we can find a jo such that t; > ¢ for all j > jo. Then for all j > j, we have by (3.7.6) that:

G)(Mtaxjvtj) S /M q)(zj,tj)@(zj,tj),g

t

Let j — oc:

limsup O(My, z;,t;) < limsup/ D0 ,t,)Plats) 0
M,

Jj—o0o j—o0
For any fixed ¢ all the functions ¢(,; 1,),,(+,t), j > 0, have their support contained within a fixed compact set K of

U. Therefore, the classical dominated convergence theorem (B.2.1) applies on the right hand side and tells us that the

lim sup is actually a lim and it can be switched around with the integral sign:

1imsup@(Mt,xj,tj)§/ Bm @, 1 )P (at))00
M, J

j—o0

= / q)(mmto)sp(-to,to),g
M.

t

This is true for all ¢ € (1, o). Notice that the left hand side is independent of ¢, and hence taking ¢t ,* t, we conclude

by using (3.7.6) that:

limsup ©(M;, z;,t;) < lim D (20,t0) P20, to) .0 = O(Ms, o, to)
j—o0 t %0 J M,

which is the required result. U

Another corollary of the previous theorem in combination with Brakke’s clearing out lemma allows us to bound
Gauss density from below for points z that are reached at time ¢y. This allows us to separate points that are reached
from those that are not reached, since the latter will trivially have a vanishing Gauss density. Refer to Chapter [C|of

the appendix for an alternate proof of this, specifically tailored to smooth manifolds.
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PROPOSITION 3.7.8. Let (M;) move by mean curvature in i/ x (1, ), and suppose that the point z¢ € U is reached
by (M;). Then:

@(Mt, Zo, to) 2 C(n)
for a contant C'(n) > 0.

PROOF. Let gy > 0 be any radius such that:

O(My, wo,t9) = lim q)(zo?to)‘p(fﬂoyto)veo

t to M,

according to (3.7.6). Let 8 € (O, ﬁ) be arbitrary for now. Observe that:

O(M;, zg,tg) = lim P Zliminf/ d
(My, o, to) = limy v (z0.t0) P (w0,t0),00 = HILIE My (w0:t0) P(a0.t0). 0

which by the backwards heat kernel and standard test function lower bound inequalities (3.4.2.b), (3.2.1.d) we

estimate:

> liminf inf &, - to — Bo?
2 TR ol Bavan fo = 02)

Bir(lafo) Qp(zovto)ygo(VtO - 592) A" (MtO*ﬁgz N BQ(xO))

2 2 2 9,502
> liminf 2 )~<QO 2 nfe

3
1
—_— — - I (M, _ B
N0 (4#592)"/2 exp< 4802 Q% )+ H ( to—B0> [ Q(xo))

The last term can be estimated from below by Brakke’s clearing out lemma (3.6.2):

- 1 . 0* 0% — 0* — 2nf0?
1minl ————k———- X — .
= TN (dxBe2)n2 P\ T a2 02

minf e (_1) . (H_W) (. B)
N0 (4mp)n/? 48 03 n ’
1 1
=~ {npynz P (‘4/3) (. B)

)i-nm )"

1
’ 2n—+1

Choosing, for example, 8 = m € (O ) gives us a lower bound ©(M;, zo,ty) > C(n), as claimed. O
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In Chapter [2| we studied the evolution of the geometry of our submanifolds, while in Chapter [3| we studied the

evolution of their measure theoretic structure. This chapter combines geometric and measure theoretic techniques

and lays the groundwork for beginning to understand regularity as we approach the first singular time. By the end

of this chapter, we will have shown how estimates on the measure theoretic “flatness” of our surfaces are strong

enough to control all derivatives of the curvature tensor up to the first singular time.

There are four types of flatness we will be interested in:

Geometric Measure Theoretic
1
2 - sup |A(z,t)|? P2 sup ——s / (x — xo)i+1
te(to—02,to) te(to—02,to) € MNB,(xo)

zEMNB,(x0)

1
C>® ~» sup sup |V™A(z,t)|? L sup — (- T0)2 1,
te(to—0” to) M0 te(to—0® to) ©
z€EMNB,(x0) z€EMNB,(x0)

With this notation at hand, the plan of action is easy to describe in this chapter:

P = P> = (2= C® interms of flatness

It is most convenient, however, to work nonlinearly. We begin by showing in section {4.1| that due to the parabolic

nature of our geometric evolution, uniform curvature estimates (C?) propagate to estimates for derivatives of the

curvature tensor of all orders (C*°). In section we take a step into measure theoretic flatness and show that

mean-square flatness (£?) effectively controls uniform flatness (.£>°) in a neighborhood of the center point. We

then conclude with section 4.3 where we link the notions of geometric and measure theoretic flatness and prove that

sufficiently uniformly flat surfaces have bounded curvature. As a corollary, we see that mean-square estimates suffice

for uniform curvature bounds.
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4.1. Curvature Controls all its Derivatives

We can use the localized weak maximum principle to inductively establish bounds on curvature derivatives of every
order given only a bound on | A|?. Most of the work towards this goal is done by the lemma below, which will in turn
give the general case from after a parabolic rescaling and an inductive argument. We do essentially follow [Eck04],

but we tackle all higher dimensional cases simultaneously.

LEMMA 4.1.1. Let (M;) move by mean curvature in B;(0) x (—1,0). Let m > 0 be given, and suppose that:

AP IVAP, ... VAP < Koy

in B1(0) x (—1,0). For a fixed # € (0, 1) we then have:

C(n,m, Kpn)

m+1A2<
v "= 1-0)

in By(0) x (—62,0), and a constant C(n, m, K,,).

PROOF. The curvature evolution equations from (2.3.7) will play a key role in this lemma. For convenience
C(n,m, K,,) will denote any constant depending on n,m, K,,, and will change throughout the proof. For the
evolution of [V 1 A|? 2.3.7b) tells us that:

(57— B ) V7 H1AR < 29 ™ 2AR 4 Clom, Ko )1+ [97414P)

The evolution of [V A%, however, can fall under either (2.3.7.b) or (when m = 0) (2.3.7.a). On the other hand, in view
of the fact that m > 0 and thus |4|? < K,,,, we can conclude that [VA™| evolves similarly to |[VA™"!| independently

of whether or not m = 0 as follows:

0
<8t - Am) VAP < <297 AP 4 Onom, K (1+ [V AP)
for some constant C(n,m, K,,) > 1, where the catch is that K,, depends on |[V™A|? too. Let us, then, consider the

non-negative function:

fi=|V™TAR (A4 [VTAPP), A= 15K,
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defined in the preimage O C M™ x (—1,0) of B1(0). By the parabolic product rule (A.3.3.a) and the evolution

equations for [V™ 1 4|2, |V™A|? described above, we see that:

<§t — AMt) f= ((gt - AMt) |vm+1A|2> (A+|V™A]?)
+ V™t A)2 (gt - AMt> (A+|V™A]?)
—2V (|[V™HAR) -V (A + [V A]P)
< (<2IVTTPAPR 4+ C(n,m, Ky) (1+ [V™THAPR)) (A + [V APP) 69)
+ |V AR (=2|VT AR 4 C(n,m, Koy) (1+ [VTA]P))

— 2V (|[V™HAR) -V (V7 AP)

Let us estimate the very last term by Cauchy-Schwarz:

)\v4 (‘Vm+1A|2) .V (|va|2) S 2) ||vm+1A|2| |‘va|2|
=22V A| [VIVTHA|) 2]V A VIV A

=8|V™A| |V A| [VIV™A|| VIV LA

By Kato’s tensor inequality we have |[V|V™A|| < [V™+!A| and |V|V™HA|| < |[V™H2A[ Substituting into the

equation above, and then using 2ab < a? + b? to break the product up:

=2V (|[V™HTAPR) -V ([VT™AP?) < 8IV™A| [V AP [V 2 4|

=2 VAV AR AR — AmeA'szfu AP

VA2
A+ VAR

<2[VTP2APR (A + |[VTAP) + 8 |Vl

Substituting this into (), we get a cancellation on the [V "2 A4|? term:
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(gt B AM‘) f<Cn,m,Ky) (1 + ‘Vm+1A|2) (A + |va|2)
+ |Vm—&-1A|2 (_2|Vm+1A|2 +C(n,m, K,,) (1 + |va|2>)

VAP

A+ VA2 VAl

+8
— 724’8 |VmA|2 |vm+1A|4 + C(n m Knl) (1 4 |VmA|2) |vm+1A|2
At VA )
+C(n,m, Kp) (1+ [V APP) (A+|V™A]?)

At this point we make the observation that

t

by ——
A+t

is increasing, so in view of that |[V™ A|> < K,,, and A = 15K,,,, we have:

0 K
v <[ _ m m+1 414 m A|2 m+1 412
((’)t AMt)f_ ( 2+8A+Km)|v Al +C(n,m,Km)(1+|V Al )|V Al

+C(n,m, Kp) (14 [V A]P) (A + [V APP)
— _g|vm+1A|4 =+ C(n,m,Km) (1 + |va|2) |vm+1A|2

+C(n,m, Ky) (1+ [V AP) (15K, + |V A]?)

3

= 75|Vm+1A|4 + C(n,m, Km)|VmA|2 +C(n,m, K,,)

where parenthetical expression of the second term and entire last term were absorbed into a new constant

C(n,m, K,,), since [V™ A2 < K,,,. We now use 2ab < a? + b? to break off [V™ ! A|? from the middle term:

1
V2
< 7|Vm+1A\4 +2C(n,m, Km)2 +C(n,m,K,,) < —|Vm+1A|4 +C(n,m, K,,)

d 3
( — AMt> f= —§\VW+1A|4 +2-V2C0(n,m, Ky, - —=|V™ T A2 + C(n,m, Kp)

ot

for a newer yet constant C'(n, m, K,,). But f = |Vt A]2(15K,, + |[V™A|?) < 16K,,|V™ 1 A]2, and hence:
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0 1
(at - AMt) f S _me + C(namaKm)

in the subset O C M™ x (—1,0) at which motion by mean curvature occurs. We are in a position to apply the localized

weak maximum principle, 2.5.2). Let o € (0,1), tp € (—1,0) be arbitrary, and choose:

Poto(,1) 1= (t — to) (02 — [2[?)")

which has ¢, < Co, independently of o, to. Observe that support ¢, , (-,t) € B,(0), so that M; N support @ 1, (-, t)
is a compact subset of B (0) for all t € (¢9,0). The localized weak maximum principle (2.5.2) gives:

H]}?X f@o,to S %axf@U,to + C(n)CO (1 + O(n7m7Km)) (1 + (16Km)2> = C(TL, m, Km)
t to

for every ¢ € (to,0), where we've dropped the maximum over M,, since ¢, ¢, vanishes identically at at time ¢,, and

we’ve absorbed all constants into a new C(n, m, K,,). Rearranging and recalling the definitions of f, v, +,:

> m+1 4|2 m 4|2 _ 2 1,.2)3
C(n,m, K,,) > n%%x|v AP (A+ [V™APP) (t —to) (0 — |=] )+
> m+1 41204 _ 2 ,.2)3
> An}v?tﬂv AP (t —to) (0 — |=| )+

>A sup  |VTTAP(E—to) (0? — 9)3
MtﬂBe(O)

Rearranging once again and absorbing A = 15K, into C(n,m, K,,):

C(n,m, Ky,)
sup |[V™TIAPZ < L ]
A | "< (t —to)(0? — 02)?

forallty € (—1,0),¢ € (t0,0),0 € (0,1),0 < § < 0. Letting tc \y —1and o 1, we get:

C(n,m, K,)
sup |[VmHAP < —— o™
o, VAR S gy

and result now follows by restricting our attention to t € (—62,0), and recalling that 62 < 6. O
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THEOREM 4.1.2. Let (M;) move by mean curvature in B,(z¢) x (to — 0%, t0), and suppose that:

Co
A < 2

in B,y(zo) x (to — 0%, t0). For a fixed 6 € (0, 1) we can then estimate all higher curvature derivatives according to:

C(n,m,0,co)

m 2
|v LA' S 92(m+1)

in ng((E()) X (t() — 92Q27t0).

PROOF. Most of the work has been done in the previous lemma. Let us rescale our family (M) parabolically

fbo,to)ye)

around (zo, tg) with a factor of g, to obtain a new family (M { moving by mean curvature in B;(0) x (—1,0),

which satisfies |A|?> < ¢y in By (0) x (—1,0). Here A is the curvature of the rescaled family of submanifolds.

Fix some 6 € (0,1) and m > 1. By inductively using the previous lemma (4.1.1) in the domains:

Bi(0) x (—1,0) ~ Bgl/mx<—(91/m)2,o) . B02/nzx<—<02/m>2,0> e e By(0) x (—62,0)

we obtain the corresponding estimates:

Cm(n7 07 CO)
(1—gum)*™

|V214|2§62("’9’C;)2‘2 - e [VMAR <

- - 0
AR <cp  ~ \VAFSM -~
(1 _ gl/m) (1 —f1/m
Let us expand on the constant dependence mechanism. Per lemma (4.1.1), each upper bound ¢;, depends on n, &, the
shrinking factor 6!/™, and the maximum of previous derivatives’ upper bounds cy, ..., cj_; effective in a domain

slightly larger (by the inverse shrinking factor) than the one we wish to establish bounds in. Inductively, then, each

constant ¢;, depends merely on n, k, #'/™ and the base case bound ¢, which explains our notation above.

After absorbing all §, m dependence into a new constant, the last estimate reads:

|va|2< Cm(nagac())

= T T 4Am = Cm(na 07 CO)
(1—o1/m)*

This yields the required estimate upon undoing the parabolic rescaling and returning to (/). O
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4.2. Mean-Square Flatness Implies Uniform Flatness

In this section we establish a relationship between two kinds of measure theoretic flatness of a manifold. Namely, we
guarantee that a manifold that is mean-squared (.£?) close to being flat will actually also be uniformly close to being
flat (i.e. almost .Z*° flat on an entire neighborhood). In the next section we see how that translates into a curvature

bound.
We need the following mean value inequality lemma before proceeding any further:

LEMMA 4.2.1. Let (M;) be move by mean curvature in B,,(zg) x (to — 03,t0), and let f € C? (B,,(z0) X (t1,t0)) N
CY (By, (wo) N (t1,t0]) be such that:

f>0 and ((‘?t — AM,,) f <0 or alternatively just ((’?t — AMt> f=0

in B, (z0) X (to — 03,t0). If M, reaches x at time ¢, then for any 0 < ¢ < gy we have:

C(n to
f($0;t0)2@(Mt5$07t0) S Qn(+2) / / f2
to—o02 J MNB,(x0)

for some constant C(n).

PROOF. By the product rule (A.3.3.a) we have:

0 0
(82& - AMt) fF=2f (81,‘ - AMt> f—=2|Vf]? < -2|Vf|?

where the last inequality follows by our assumptions on f. By the product rule once again, and for any test function

© we have:

9 2 0v_ (0 2 2 2 [ O 2 2 2
(at AMt) (f¢™) = (at AMt) oo+ f 5 )¢ 2Vf© - Vo
< 2|VfP* + f? (gt - AM,,) ©? —2V 2. V?

0
= 2AVIPR + 1 (- A ) P -8V T

Estimating the last term by 2z - y < 1|z|* + 2|y|* we get:
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9] 0
(5 - 2w ) (29 < 2951+ 12 (5~ Bur ) & + 2V I + 87210

ot
=f? Q—AM ©* + 8|Vl
ot ¢

Denote the term inside the parentheses by g. Then by Huisken’s monotonicity (3.5.1) we have for ¢ € (ty — 03, t0):

2
d 0 VE® . )
a o, 22:/ o, Y _A 2,2y _ | — (wo,to
dt /Mt ( O,to)f 90 M, ( O,to) (6t Mt) (f 90 ) (p(w07t0)

< /Mt B a1 /29 ()

@(.’L‘(),to)f2<102

At this point let us define C, := B,(z¢) x (to — 0%, t9). Choose ¢ to be a test function such that 1c,, <9 <1c, and

lo| + ol Dl + 0* (|D*¢| + |Dyp]) < Co(n) (2)

From our differential identities (2.3.1)) and (A.3.1) we have:

Ci(n),
Q2 CQ\CQ/2

0
9= (at - AMt> ¢ + Vol = Dip® — Apniip® + D20 (v,v) <

where the last inequality follows from (f2)). Finally, from backwards heat kernel estimate (3.4.2.d) we know that:

(I)(moyto)lcig\cg/z < Cz(n)o™" (T3)

Summarizing, from (f1) we get:

d
E/ (I)($0at0)f2<p2 < / (I)@OvtO)ng :/ (I)(ﬂﬁoxto)f2g :/ (I)(ﬂﬂoﬂfo)fzg
M; M; M N{e#0} M:NB,(xo)

0
= / (b(woyto)f2 <<at - A]\/jt) 902 + V<p|2>
MtﬁBQ(CD())

Combining with (f2), (f3), and setting C(n) := C1(n)Ca(n):
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d / 2 2 Ol(”)/ 2 C(n) 2
L @ 267 < Panin P cn < i | f
at S, (w0,t0) 0*  JaMnB,(w0) (F0.10) ] TC\Cyr2 = gnt2 M:NB,(z0)

Integrating over ¢ € [tg — 0%, 1o — 6], § > 0 small, and keeping in mind that ¢ vanishes at ¢ = ¢, — ¢®, we have:

to—6 to
/ q’(mo,to)fzSOQ = %/ / I’ < C"(:'LQ) _/ / 4
Miy—s 0 to—o0% J M NB,y(zo) 0 to—e? J MiNBo (o)

Letting 6 \, 0, we conclude by the extraction theorem (3.7.5) that:

C to
f(@o,t0)?p(x0,t0)>O(My, 0, to) < (n) f?

n+2

0 to—0% J MiNB,(z0)

which is the required result, in view of our lower bound result on densities at points that are reached, (3.7.8). |

The following lemma shows how £ estimates translate into .2 flatness at our center point.

LEMMA 4.2.2. Let (M;) move by mean curvature in By, (x0) X (to — 08, t0). Forany 0 < ¢ < go and 6 € (0,1):

C

to
2 (n) 2
sup sup (T —20)n1 < 53 / / (x —20)0 11
te(to—020%,t0) €My Mgy (wo) T (1= 0)" 20" e Jann, (wo) nr

where C(n) is the same constant as in .2.1), and (-),,11 denotes the (n + 1)-st component of an element of R"+1.

PROOF. Consider the function f(x,t) := (z — zo)n4+1 Which evidently satisfies:

<§t—AMt> f=0

Fixt; € (t0—92Q2, t()) and z; € Mt1 ﬂBQQ(l'()). Notice that B(l—f))gg (.’El) - BQO (.’Eo), and (tl—(1—0)2g2, tl) - (to—g2, to),
because 62 + (1 — 0)? < 1. Since (M;) reaches z; at time t; and f satisfies the conditions of the theorem, applying the
mean value inequality @2.I) to B(1_g),, (#1) X (t1 — (1 — 0)?0§, 1) we get:

C(n) /261 / C(n) fo

2 2 2
T1=20)pt1 < 7 avte s (T=20)pt1 < e s / / (=05,

( s (1= 0)t2on+2 Ji 1 g)2,2 MiNB(1_g)o(x1) LT (1 - g)nt2gnt? to—0? J MyNB,(z0) i

But our choice of t; € (tg — 6%02,t0) and x; € M,, N By, (o) was arbitrary, so the result follows. O
1 o y
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We actually don’t even need to center both estimates at zo! If the manifolds are #?-flat near (o, o), then they will

actually also be .Z*>°-flat around (y, 7) for (y, 7) sufficiently close to (z¢, to). The result is proved below.

LEMMA 4.2.3. Let (M;) move by mean curvature in B,, (o) X (to — 03, %), and suppose additionally that 0 < ¢ < go
is such that:

1

2
sup  —— / (x =) <K
te(to—02,t0) @ MNB,(x0)

for some K < oo. Letn,0 € (0, 1) be such that n + 6 < 1. Then for all 7 € (to — 6%0?,to) and all y € M, N By,(z) we

have:

2C(n)K )
sup sup (;(; — y)i < e
te(r—n?e?m)  TEMNBos(y) =1 —n -2

where C(n) is the same constant as in (.2.1).

PROOF. Notice that since 7 € (to — 620, t9) and y € M, N By, (o), (2.2) gives:

C(n) fo
- % < V5 / / z—x ,2L A" (z
(y 0) +1 = (1 0)n+2gn+2 to—0? n g(ro)( 0) +1 ( )

C(n) / 2
<t sup z—x0)s1q AH" (2
(1 =0)" 20" 1 (1o—02 t0) MtﬁBQ(zo)( Ot (2)
C(n)Ko?
= (1= )2

Now choose t € (1 — n?0?,7) and © € M; N B,,(y). Notice that since 6% + n? < (n + 0)?, we have (7 — n?0%,7) C
(to — 020% — n?0?,to) C (to — (n+ 60)%0? to). Additionally, we have z € M; N B,,(y) € B,+0),(0). Therefore, by
applying (4.2.2) with n + 0 in place of §, we get:

C(n) fo
r—x Z < / / zZ—x 721 A" (z
( 0) +1 = (1 n 9)n+2gn+2 to—? n Q(wo)( 0) +1 ( )

C(n) / 2
< sup z—x0)5 ., A" (2
(1=n—0)" 20" 1c(t9—02 t0) MmBQ(zO)( Ot (2)

C(n)K ¢?
o R
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forallt € (1 —n?0% 7) and x € M; N By, (y).

Summarizing, we know from basic algebra that (z — y)2 ,; < 2(z — x0)2,1 + 2(y — 20)21, and hence combining our

two previous estimates gives:

sup sup (@ =9)n1 <20y —z0)h4r +2  sup sup (@ = z0)ni1
te(t—n20%,m) €M, NBy,(y) te(t—n20%,7) €M, NBy,(y)
C(n)K ¢? C(n)K ¢?
A=t (L - o)
2C(n)K 5
= =y —0)
which is the required estimate. O

4.3. Measure Theoretic Flatness Controls Curvature

In this final section we will establish a relationship between geometric flatness (section and measure theoretic
flatness (section . In particular, we will guarantee that we can control the curvature norm (C?) inside
neighborhoods within which our manifold is close to being uniformly flat (#">°). This requires a blow up argument
similar in nature to Allard’s regularity theorem, only this is substantially weaker because it requires a closeness
assumption for arbitrarily small radii, rather than for a fixed small radius. The section will be concluded by noticing
that we have enough tools to interrelate all types of flatness and get uniform curvature bounds to all orders of

differentiation from just mean-squared flatness estimates.
We begin with a special case lemma requiring that we work away from the first singular time.

LEMMA 4.3.1. There exist constants £9,co > 0 such that if (M;) moves by mean curvature in B3(0) x (—3%,4), for

some ¢ > 0, and satisfies:

2 2
sup sup (x —y)ny1 < €00
te(r—o2,7) xEMNBs(y)

forevery o € (0,1), 7 € (—1,0), and y € M, N B;(0), then:

Q-0 swp s |A@OP <c
te(o2,0) zEM;NB,
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forall o € (0,1), where |A|? denotes the squared norm of the second fundamental form.

PROOF. We argue by contradiction. If the claim were false then for every j > 1 we would be able to find a (M})

moving by mean curvature in Bs(0) x (—32,4;) such that:

2

2 (o2
sup s (-pia <l
te(r—02,7)  zeM{NB,(y) J

forevery o € [0,1], 7 € (—1,0),and y € M7 N B1(0), but at the same time:

sup | (1 —0)? sup sup |AT (2, t)|> | = 00 asj— oo
o€l0,1] te(—02,0)  zeM{nNB,(0)

Notice that since we have assumed that our solutions exist (and are smooth) past time ¢ = 0 the operator |A7(z, t)]| is

continuous up to ¢t = 0, and hence the expressions above can be equivalently rewritten as:

2

(o
sup sup (x—y)2, < — (1)
te[r—02,7]  weMINB,(y) J
and
’yjz = sup [(1-0)2 sup sup |AT (2, t)* | = 00 asj— oo
o€(0,1] t€[-02,0]  geMINB,(0)
Notice that by replacing ¢ with 1 — g, we may further rewrite
2 _ 2 j 2
7 = sup (o sup Sup A7 (2, 1)] (f2)
o€[0,1] te[-(1-0)%,0]  zeM!/NB;_,(0)

By continuity of |A7(z,t)|* and since 77 < oo in view of smoothness up to time ¢ = 0, we can choose o; € [0,1],

7 € [-(1 = 0)?,0], and y; € M., N B1_,,(0) at which maximization occurs in (f2), i.e.:

oA (y;, i) =7

= 3

Let us also define \; := |A7(y;, 7;)|~". Notice that by the maximality of 77 over o € [0, 1] in (f2), setting o = % gives:



Chapter 4. Assessing Curvature 73

sup sup | A (,8)|* <77 = 02| Ay, )|

2

95

4 73 zEMINB. <, (0)
te |:—<1— t 1777

NN
N———
o,

or equivalently:

sup | sup A (@, )] < A|A(y;, 7)) P
te [— (1—%) ,0} xEMf”BFg} (0)

2 2
Elementary computations show that [Tj - %, TJ} - [— (1 - %) ,O] and By, (y;) € B;_22(0), and hence for every
Jj=>1L

sup sup | A7 (z,1)]? < 4|Aj(yj,7'j)|2
7 ] a:E]\/[gﬂB%i(yj)

o<

te |:Tj -7

Let us make a parabolic change of coordinates. For every j > 1 the family:

M = )\j_l (Mj — yj)

2 )
s )\j 54T,

2
moves by mean curvature in B, -1+, (0) x ()\]72% — 47, 53) for some ¢} > 0, and satisfies:
J 2

|A7(0,0)> =1and 0 € M? (t3)

2
forevery s € [—/\;2 %, 0} , and it also satisfies the estimate:

up swp By <4
s€ [—Af%ﬁz,o] yeMgmBAj—l% (0)

Recall that v; — oo and A; = % < % — 0. Therefore, for every R > 0 there is a jo(R) > 1 such that:

sup sup |A(y, )] <4
s€E[-R2,0]  yeNINBgr(0)
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for every j > jo(R). As a matter of fact, we get uniform bounds on all derivatives |V A7|2 on slightly smaller balls
by the curvature estimate propagation theorem (4.1.2) from an earlier section. Consequently, for fixed s < 0 we know
by Arzela-Ascoli (E:3.1) that after possibly passing to a subsequence M7 converges in C*° on compact sets to some

smooth limiting surface M2°. Notice that by taking j — oo and s = 0 in (f3)), C> convergence gives:

|A%(0,0)> = 1and 0 € Mg® (ta)

Now fix R > 0, let j > jo(R), and return to (f1). For 7 = 7, y = y;, and ¢ in place of o, the inequality reads:

2

2 g
sup sup (@ =Yj)ni1 < 2
te[rj—%n—j] mEM{ﬂB%(yj) J
In parabolic coordinates this reads:
2
sup sup Yni1 <A 247;’

se[-A;75 0]  weMInB, Q)
J

195

5, we see that for j > jo(R):

Letting o = A,

2
sup sup Y1 <
s€[-R2,0]  yeMINBr(0)

.| 5

Letting j — oo we conclude that M2 N Bz(0) € R™ x {0} for every s € [—R?,0], but this contradicts the curvature

statement in (f4). Consequently, the required result follows. O

In combination with the previously established result relating £ to £ flatness, we are now in a position to use

£? estimates to get curvature bounds.

PROPOSITION 4.3.2. There exist constants g,co > 0 such that if (M;) moves by mean curvature in B,,(zg) X

(to — 0. t0), and for some 0 < ¢ < gy satisfies:

1 / 2 €0
sup — (x—y)o  dA(2) < —————
t€(to—o2,to) ont? MNBg(z0) ) 1 (@) 2-37C(n)

forall 0 < o < g, where C'(n) is as in the 2nd mean value inequality (4.2.1), then:
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Co

\A(x,t)|2 < m

forall 0 € (0,3),t € (to — 6%0%,t9), and @ € M, N By,(xo), where |A[*> denotes the squared norm of the second

fundamental form.

PROOF. Choose any 7 € (ty — 02 + 0%, to), which is possible since ¢ < go. Then (M;) moves by mean curvature

in B,(zo) x (1 — 0% 7+ ), for some & > 0. If we rescale according to:

3
r._ 2 _
M, = ; <M3 s :co>

then (M) moves by mean curvature in B3(0) x (—32,4’) for some ¢’ > 0. Rescaling the given inequality (which is

actually scale-invariant), and writing o’ in place of ¢ to be notationally compatible with (4.3.1), gives:

1 / 2 €0
sup — 22 A () < —0
ve-m(z 3202 Jaas,,. 0 " )= 3500
for all o/ € (0,1). Employ #2.3) on B3,/ (0) x (—3%*(¢’)?,0) with § = = £ to turn the .#? estimate into an £

estimate:

20(%) €o

1-1 17 2.3C(n) (0')? = &o(0")?

2
sup sup (=9 )ni <
Ve(r—32(c)2,7)  2E€M!,NByy (y) (

forevery o’ € (0,1),7" € (—1,0),and y' € M, N B, (0). In view of the previous lemma, and since M], exists smoothly

past 0 by our choice of 7, we conclude that:

|A (2, )]* < A=y

forallo’ € (0,1),¢ € (—(07)?,0), and x € M; N B, (0). Rescaling to our original size, and writing 6 rather than ¢/, we

conclude that:

Co

|A(z, 1)* < =02

®

foralld € (0,1),¢t € (T — 9;—32,7'>, x € B%Q(xo).
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Notice that the right hand side is independent of 7 € (to — 0§ + 0%, t0), so we may let 7 " t; and write § in place of
g, to conclude that (f) is thus true when § € (0, 3), t € (to — 6%0%,t9), and = € By, (0). O

The following result is now a combination of all results in this Chapter. Its proof is now a trivial matter, but we label

it a theorem nonetheless because it is of paramount importance.

THEOREM 4.3.3. There exist constants ¢¢, ¢g > 0 such that if (M;) moves by mean curvature in B,,(zo) X (to — 03, to),

and for some 0 < ¢ < g satisfies:

1 / 2 €o
sup (x—y)p1 A" (2) < ———~
te(to—o2to) 0" JarnB, (2o) s ) 2-37C(n)

forall 0 < o < g, where C'(n) is as in the 2nd mean value inequality (4.2.1), then:

C(n,m,0)

[V Az, )] < 2

foralld € (0,%), m >0,t € (tg — 620% 1), and x € M, N By, (o).

PROOF. This is a straightforward result if we glue our pieces together carefully. The assumptions of the theorem

allow us to use (4.3.2) and obtain a curvature estimate, which in turn translates into an estimate to derivatives of all

orders by (4.1.2). O
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CHAPTER 5

The First Singular Time

This chapter is devoted to the proof of the main regularity theorem for mean curvature flow, which asserts that under
certain conditions on the family (1/;) of submanifolds moving by mean curvature inif x (¢1, to), the set of singularities
that forms at ¢y cannot be “too big,” in the sense that it has J#"-measure zero. We will require that the reader has
some knowledge of geometric measure theory and is comfortable with concepts such as Hausdorff densities and

approximate tangent spaces; if not, refer to [Sim83] as needed.

Our assumptions throughout the chapter are:

(1) (rectifiability at time to) there exists a set M, which is countably n-rectifiable, and that

(2) (unit density and area continuity at time to) the surfaces M, converge to M, in the sense of measures, i.e.

lim / = / %)
tto S, My,

for every time independent ¢ € CO (U).

Under these hypotheses we will show that s#"-a.e. point in U constitutes a regular point of the flow at the first

singular time. Our adopted definition is:

A point o € U will be said to be regular at time ¢y provided there exists a sufficiently small neighborhood of z( in
which connected components of the flow approaching z, at time ¢y converge to a smooth n-dimensional submanifold

around z¢. These points are often also referred to as being non-singular.

Our approach to Brakke’s regularity theorem in this chapter is laid out as follows. We commence with section
which proves crude but consequential Hausdorff density and |H|? bounds that we capitalize on in section [5.2 where
we prove a result that allows us to approximate integrals on the limiting surface by integrals on nearby smooth
surfaces, at least around a large class of points. Finally, we conclude with section 5.3/ that proves near .#*-flatness of
our manifolds around 7#"-a.e. point of the limiting surface, which in view of Chapter f{and an Arzela-Ascoli type

compactness theorem from Chapter [E|of the appendix yields Brakke’s regularity theorem.



78 Chapter 5. The First Singular Time

5.1. Density Bounds and |H|? Finiteness

It is possible to obtain time independent bounds on the area of our manifolds within a domain slightly smaller than
our original one without assuming any sort of regularity at time ¢¢. This is a simple application of the forward area

estimate (3.3.1), and it’s a rather weak result but it is needed in what follows.

LEMMA 5.1.1. Let (M;) move by mean curvature in I/ X (¢1,t9). For any point in ¢/ we can find a dy such that

(to — d3,to) C (t1,t0), the ball By, centered at the given point is compactly contained in ¢/, and

0" (My N B
(t dO)<OO

sup
te(to—d2,to) dg
In particular, for any center point in &/ we may take dy := 2\}%5 where § is the smaller of 1/t; — ¢; and the distance

from the center of the ball to R"™! \ ¢/, and n € (0, 1) is arbitrary.

PROOF. Evidently, it is sufficient to show that that 7" (M; N Bg,) is bounded from above independently of ¢,

rather than deal with the ratio. Choose some ball B(;_,s; C U with § as above. Let f := 5 \/ﬁ and observe that

14 2n)62 < 1. Then by the forward area estimate (3.3.1) on B(_,; and dy := 0y(1 — )5 we have:
0 y (1-n)

%H(Mt n Bdo) < C(n, 90)%“(]\4%_[13 n B(l*’l])é)
forallt € [to — d3,to). The right hand side is independent of ¢, and the result follows. O

Let us introduce some notation in order to facilitate brevity in the future. We say that (M) has single center/single

radius density ratios bounded by Ag in By, x (to — d3,to) provided:

" (M, N B
sup —%( t 0 d")<A0

n =
te(to—d3,to) do

What we just showed, then, is that any family of submanifolds moving by mean curvature in a domain must have

bounded single center/single radius density ratios in a domain slightly smaller than the original one.

LEMMA 5.1.2. Let (M;) move by mean curvature in By, x (to — d3, o), where its single center/single radius density

ratios are bounded by Ag. Then there exists a constant co(n) > 2 such that for d := % we have:
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to
/ / |H|? < o0 (5.1.2.a)
to—d? J M;NBq
and also:

SO (M, N By(zo))
Qn

<A (5.1.2.b)

for some constant A = C(n)Ag and all zg € By, 0 < 9o < d, and t € (o — 0% tp). In particular, we may choose

co := 4y/1+ 2n in which case C(n) = 2°%/2e'/4(3/4)~3(1 + 2n)"/2.

If (M,) additionally satisfies the unit density and area continuity hypotheses in By, x (to — d3, to), then the density

bound above extends to ¢ty as well.

1

PROOF. Define 6 := T

. Since (1 + 2n)63 < 1, the |H|? spacetime estimate (8.3.1) on By, x (to — d3, o) tells

us that:

t
/ / ‘H|2 < C(nﬁo)ﬁf” (Mt0702d2 n Bdo)
to—egdg M‘rﬂBeng oo

for every t € [tg — 63d3,to). Since the right hand side is independent of ¢, we may let ¢ ,* ¢ and conclude, by the

monotone convergence theorem, that for d := 6ydo:

to
/ / |H‘2 < C(n,@o)%” (Mto—d2 n Bdo) < 0 ('i'l)
to—d? J M;NBy

Now choose zg € B, and observe that since 0y < %, we have By(zo) C By, /2(z0) € Bg,- Then by the density upper
bound theorem (3.6.3) on the domain By, /»(20) we have, for 6 := 26, which still satisfies (1 + 2n)67 < 1:

H™(My N By(xo)) < C(n,é)l)% (Mto—ef(do/2)2 n Bd0/2<330))
o (do/2)"

forevery 0 < o < 0y - do/2 = (200)(do/2) = 0pdp = d and every t € (ty — 0%, to). We may estimate the right hand side

from above using given our Ay bound on single center/single radius density ratios, and conclude that:

%n (Mto—d2 ﬂ Bdo)

%n(Mt n BQ(xO)) < C(n,el)e%gn (]\4150*d2 N Bdo/?(-rO)) (d /2)71
0

o" (do/2)™

< C(n,6y)

< 2"AgC(n,b;)
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The density upper bound theorem had C/(n, §) = 2"/2e'/4(1 — (1 4 2n)62)36~", so with 0, = 26, = ﬁ:

H" (M N By(x0)) < 9pn/2,1/4

- (3/0)73(1 +20)"/? 4 = A

fort € (top —d* tg)and 0 < o < dand x € B,.

To extend to t = ¢y we need a different argument, because our manifolds may decompose into something as bad as a
countably .7#"-rectifiable set. We need to use the unit density and area continuity hypothesis at ¢y. Fix t = ¢y, and p.

Let € > 0 be small, and let x be a continuous function such that 15, _ () < X < 1p,(4,)- Then:

H(MyN B
=0 " lim x < limsup (M, o(%0))
t o J v, t Mo o"

<A

Ao 0 Byelot)) ¢ pon |
0 M

to

Now ¢ > 0 was arbitrary, so let us choose ¢,, \, 0 and observe that U,, (M, N B,—_., (z0)) = My, N By(xo) so taking

the limit n — oo in the estimate above we get the required extension to . O

Let us introduce some more notation for future brevity. We will say that the family of submanifolds (M) satisfies

|H|? finiteness in By x (to — d?,ty) provided (5.1.2.a) holds, i.e.
to
/ / |H|? < oo
to—d? J M;NBy
We will also say density ratios are uniformly bounded by A in By x (to — d?, o) for radii up to d provided (5.1.2.b):

SO (M, N By(zo))
Qn

<A

forallzg € By, 0 < 0 < d, t € (to — d?,to). In summary, lemma (5.1.2) says that single center/single radius density

bounds guarantee |H|? finiteness and uniform density bounds in a slightly smaller domain.

Notice that in talking about bounded density ratios for radii up to d in the domain By x (to — d?,to), we will be
looking at balls By(z¢), zo € Ba, which may very well stretch outside of the domain By x (ty — d?,to) we started
with. This will be a non-issue for us, because in our applications we will always arrange for there to be movement

by mean curvature in a large enough surrounding domain, e.g. a By, x (to — d3,to) as in the lemma.
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5.2. a-Good Points and Integral Approximations

In this section we aim to show that local integrals over the limiting surface M, can be approximated well by integrals
over nearby surfaces M,. Clearly we cannot expect this to be true everywhere, but rather only around sufficiently

“good” points of the limiting surface. The following set of points will prove to suffice:

DEFINITION 5.2.1. For any a > 0 and family of submanifolds (M;) we define the set G :

to
Gy =< mg e R™ limsupafn/ / |H|? < o?
o\,0 to—o? J MiNBs(x0)

and we refer to it as the set of “a-good” points at time %,. O

In other words, near “good” points z the spacetime integral of |H|? over a domain B, (zg) x (to — 02, o) decays at
least as fast as ¢”. Most remarkably, |H|? finiteness over By x (ty — d?,ty) guarantees that almost every point in By

is a-good. This does not even require motion by mean curvature!

LEMMA 5.2.2. Let (M,;) be a family of submanifolds satisfying | H |? finiteness in By x (to —d?, t). Then for any a > 0,
H"-a.e. xg € By is an a-good point. In other words, 72" (B4 \ G§,) = 0.

PROOF. We proceed by a covering argument. Let 0 < 0 < d be arbitrary. For 2 € By \ G¢, by definition of

(non-)good points we can choose o(z) > 0 such that o(z) < &, By()(z) € By, and:

to
ooy [T Pz ()
to—o(x)? J M NB,(x)

Evidently, the collection { B,(,)(z) : # € Bq\ G } covers the domain By \ G so by the 5-lemma (see, e.g. [Sim83])

we can choose a sequence {x;} such that the balls B,,)(x;) are pairwise disjoint, and:

Ba\ G, C U;jBsy(a;) ()

But 59(x;) < 6/2, and hence {Bs,(,,)(z;)} is an admissible covering of B, \ G with diameters below 4, and hence

we can bound the §-diameter Hausdorff outer measure as follows:
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A5 (Ba\ G,) < Z 5" 0(x;)" wn < 5wy Z o(z;)"

<1 " 72 / / |H‘2
to— Q(IJ ]V[tﬁBQ(T )(IJ

But by definition ¢(z;) < 9, so:

B\ GF) <5t D / / NG
to—62 JMNB

o(z;)

§5n n —2/ / |H‘2
to— 62 M:NBy

By assumption the latter integral is finite (since § < d), so letting 6 \, 0 makes the right hand side vanish, and the

result follows. O

Recall that we did not define a-good points just to study the growth of |H|? integrals. The following result motivates
our interest in a-good points: near them we can approximate integrals over the limiting surface M,, by integrals over

nearby surfaces M.

PROPOSITION 5.2.3. Let (M;) move by mean curvature in B, x (to — d?, 1), where it satisfies the unit density and
area continuity hypothesis at t, | H|? finiteness, and has density ratios for radii up to d bounded by A. Then for any

a-good point z at time ¢, there exists a 0 < gy < d such that:

I

sup
€(to—02,t0)

4a2|<,0| +20VA - Q|Dgp\)

for every 0 < o < gp and ¢ € C}(B,(0))

PROOF. Choose an a-good point z( at time ¢y, and let g9 > 0 be small enough that B, (z¢) C Bg and:

to
[ H? < 40%" (i)
t07Q2 ]\/[tﬂBQ(IQ)

for every 0 < ¢ < go. This is certainly possible, due to our definition of “«-good points.”

Let p € CL(B,(z0)). Now let T € (tg — 0%, t9) and § > 0 be small. By the fundamental theorem of calculus we have:
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Jo o7
My —s M,

<

to—4
/ H- Dy —|H|*p
T My

t
to
<[ [ 1mIDel+ Pl
to—o? J My

We let 7\ to — 0® as well as 6 \, 0 and employ area continuity at ¢, to get:
ploy y g

to
/ o / ol < / / H|| Dol + [H|?|] (t2)
My, M; to—e* J M;

It remains to bound the right hand side as appropriate. Since z( is an a-good point and ¢ < gp we evidently have:

sup
te(to—02,to)

to to to
2 2
[ [ = [ mpel= [ Pl
to—o02 J M, to—o? J MiN{p>0} to—o02% J MiNBy(x0)

to
< Iso\/ / [HI* < 4a®[p|o" (Fs)
to—02 J MiNBy(xo)

We estimate the remaining part of the right hand side as follows:

to to to
/ / H||Dg| = / / H|| Dyl < Dyl / / =1
to—o02 J M; to—02 Mtf_‘lBg(I()) to—o02 MtﬁBQ(ZL’Q)

1/2

to to 1/2
<wel ([ m) (] 1
t()fg2 MtﬂBQ(CEo) to*QZ MtﬂBg(I(])

where the last step follows by Cauchy-Schwarz. By the spacetime integral bound on |H|?:

‘o 1/2
< |Dg| - 2a0™? - (/ / 1)
to—e? J MiNBy(xo)

Our density ratio bounds assumption gives 2™ (M, N B,y(x)) < Ao", so:

< |Dyl| - 2002 - (g% - Ag")""* = 20/ Ag| D] - 0 (ta)

The result follows directly by combining (f2), (f3), and (f4). O
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We can trivially extend this estimate to good points in a parabolically rescaled context.

COROLLARY 5.24. Let (M;) move by mean curvature in By x (to — d?,to), where it satisfies the unit density and
area continuity hypothesis at t, | H|? finiteness, and has density ratios for radii up to d bounded by A. Then for any

a-good point z at time ¢, there exists a 0 < gy < d such that:

/Ms(:co,to),k /l/} o /Mézg,to),k w

forevery 0 < R < A !gyand ¢ € C!(Bg(0))

< (40%[y| +20VA- RIDY]|) R"

sup
s€(—R2,0)

PROOF. We choose the same radius cutoff gy as in (5.2.3), and let ¢ := AR, which evidently satisfies ¢ < go.
We define (z) := ¢ (A~ (x — x)), observe that ¢ € C}(B,(x0)), |¢| = ||, and [Dy| = A~!|Dy|. Therefore we may
apply the previously established integral comparison theorem (5.2.3) and change into parabolic coordinates, at which

point the result follows. g

5.3. Brakke Regularity Theorem

In this section we will complete the proof of the main regularity theorem, which has been the main focus of this work.
We will essentially prove that .7°"-a.e. point is either not reached by our manifolds, or if it is then the manifolds are

sufficiently #?-flat around it to apply our uniform curvature estimates from Chapter

We begin by proving it in the special case of domains of the form By x (to — d?,t) under the additional assumption
of density ratio bounds and |H|? finiteness, and then we conclude with some clean-up work and extend to general

domains.

For notational simplification, let us introduce the following definition. We say that zy € U/ is e-regular at ¢y in

the .#? sense if z( has an approximate tangent space T,,M;, and there exists a o > 0 such that B,(z¢) C U,
(to — 0%, to) C (t1,t0), and:

1 / 9
sup — (x —mg)| A" (x) <e
te(to—o2,to) ont2? MNBg (z0) +

forall 0 < o < o. Here () denotes the (scalar) orthogonal component of a vector in R**! with respect to T,,, M, .
g p p 0to
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Notice that this is not a new definition; although we did not give them a name, in Chapter 4 we considered e-regular
points in the case T, M;, = R"! x {0} and showed that for ¢ > 0 sufficiently small, we can obtain curvature bounds

(for all orders of differentiation) around e-regular points.

PROPOSITION 5.3.1. Let (M;) move by mean curvature in By x (to — d?, o) under the rectifiability, unit density, and
area continuity hypotheses at ¢, satisfy |H|? finiteness and have density ratios bounded by A for radii up to d. Then

there exists a constant 1 (n, A) > 0 such that:

x¢ is not reached by (M,) at time t, for ' "-a.e. x € (Bd N Gfo) \ M,

for all 0 < @ < a. Furthermore, for any € > 0 there exists a constant as(n, A, &) > 0 such that:

x¢ is e-regular at time ¢, for #"-a.e. z € My, N (Ba N Gy,)
forall0 < a < ap.

PROOF. The proofs for both cases employ versions of the integral comparison theorems (5.2.3), (5.2.4). In the first
case we wish to show that a certain point cannot be reached by contradicting Brakke’s clearing out lemma (3.6.2). In

the second case we wish to show directly that the .#2-flatness integral can be bounded from above by ¢ > 0.
Case 1: Points that cannot be reached.

In this part we will work on By \ M.

We know that there exists a constant C'(n) such that for any ¢ > 0 we can constructa C} cutoff 1z, < ¢ < 15, with
o|Dp| < C(n). Let M(n, A) := 2" (4 + 2\/20(71)) and By = m € (O7 ﬁ) For n(n, By) as in Brakke’s clearing
out lemma (3.6.2) define:

ar(n, 4) = min{lvm}

Choose any o > 0 such that oo < a1 (n, A).

Then for each ¢ < d we can construct a C} cutoff function 15, < ¢ < 1p, such that:
2
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2" <4a2|<p| + 20(\/ZQ|D<p|> <2n (4a 14 2aVA- C’(n)) < n(néﬁo) (ts)

We know from geometric measure theory (see, e.g. [Sim83]) that 7#"-a.e. point in By \ M;, has n-dimensional
Hausdorff density zero, and from (5.2.2) that .7#"-a.e. point in By is in G . Then 7#"-a.e. 29 € Bq \ My, is such that
@n(MtO,l‘Q) =0and zg € G%

We claim that all such zy cannot be reached by (M) at to.

Indeed, fix such an . Let gy < d be as in the integral comparison theorem (5.2.3). Since ©™ (M, zo) = 0, we may

choose a ¢ > 0 small enough that ¢ < gy and:

%n(MtogQ BQ(SCO)) < ng:ﬁ()) (t1)

For our cut-off function 1p, (4,) < ¢ < 1p,(4,) We see that:
2

jf"(”@mﬁoérTB%@hD on (

M 1 02 ﬂBg (x0)>
27‘L

to—qn T

2”/
o" MO_lénQZ By (z0)

t

27L
— sup / ®
o te(to—02,to) M:NB,(wo)

IA
|

A
|

which by the integral approximation theorem (5.2.3) around a-good points gets bounded by:

2n
<n<Wﬂw+M%wDWM+/ a
0 My, NB (o)

2n
= 2"(402|¢| 4+ 20/ Ag| D)) + 7/
0" JMyyNB,(x0)

n(néﬂo) 4 on 77(27:+510) = n(n, Bo)

Consequently x is not reached by (M), because Brakke’s clearing out lemma (3.6.2) states that if xy were reached
then the area ratio would actually be bounded from below by 1(n, 5).
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Case 2: Points that can be reached.

In this part we will work on M, N By.

Fix y € C}(R"*!) such that 15, ) < x < 1p,(0) and define ¢ := 42, x. Let M (n, A) := 2" <4|’(/J| + 4\/Z|Dw|). Define:

. €
ag(n, A, €) == min {1, W}

Choose any o > 0 such that o < as(n, A, €). Then:

(40201 +20vA -2 |Dy]) 2" < - (1)

From basic geometric measure theory (see, e.g. [Sim83]) we know that .7#™-a.e. point in M;, N B4 has an approximate
tangent space to M;,, and from (5.2.2) that 7#"-a.e. point in My, N By is in Gf . Then J#"-a.e. x9 € My, N B4 has an

approximate tangent space T, My, and is such that zy € G§;.
We claim that all such ¢ are e-regular.

Fix such an zy. Without loss of generality, T,, M;, = R™ x {0}. Notice that Mém"’t”)’A converges locally uniformly to
Ty My, = R™ x {0}, as A \, 0, so by the classical dominated convergence theorem (B.2.1) there exists a ¢ > 0 such
that:

3 3 3
[ont<st [ w=ta [ k=3 (12
MSroto) Ty My, R x {0}

for every A < p. Without loss of generality, we may take ¢ < & where g is as in the parabolically rescaled integral
comparison theorem (5.2.4). Notice then for all A < p we have 2 < A~1g, and hence by the same theorem for a choice

of radius R = 2 we have:

, €
sup / w—/ Y| < (40P|Y| +2a- 2+ DY) 2" < =
s€(—1,0) ]uéx(),to),/\ A{éfﬂovfu),% 2

where we have restricted the supremum to the left to (—1,0) instead of (—22,0), without affecting the direction of

the inequality of course. Rearranging, we see that:
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/ w < / vt € l' € n €
su = = - =¢£
sE(—Il),O) MEFotA T T Jpp(wo.to)A 2 2 2

for every A < p. Recalling that ¢ = yy2,, with 1 B, (0) < ¥ <1p,(0), we conclude that:

2 n
aup [ ada" )< s [ e
s€(—1,0) Msgwo’tO)'AﬂBl(o) n+ s€(~1,0) Mgmo,to),x

for every A < g. Scaling back to normal coordinates, writing ¢t = A\?s + t(, and using o in place of \:

1 / 9
sup — (x — )5, A" (x) < e
te(to—o2,to) ont? MM By (x0) mt
for every 0 < o < p, which concludes our check that z is e-regular at ¢. O

We can now prove the final theorem.

THEOREM 5.3.2. Let (M;) move by mean curvature in U X (t1,to) under the rectifiability, unit density, and
area continuity hypotheses at to. If reg, (M;) denotes the set of regular points of the flow at time #o, then

S (L[ \reg, (Mt)> =0.

PROOF. Let V be an arbitrary open set that is compactly contained in /. Let § be the smaller among /¢y — t; and

dist(V; R\ i), and define d; := ﬁé as in (5.1.1) with n = 1. Then for any z € V we may apply that lemma

and conclude bounded single center/single radius density ratios:

"(MyN B
wp QLN Ba(@)
te(to—d3,to) do

Cover the open set V with a (finite) collection of balls Bg(z;), j > 1, where d = do__ js as in (5.1.2). Then by (5.1.2)

co(n)

we see that |H|? finiteness and bounded density ratios for radii up to d, i.e. (5.1.2.a) and (5.1.2.b), are both true on
Ba(z;) x (to — d?,tp), forall j > 1.

Let ¢ > 0 be arbitrary. Denote the set of points that are either not reached by (1/;) at time ¢, or that are e-regular
at time to by reg_, (M;). By the special case of Brakke’s regularity theorem (5.3.1) just established, we see that
T (Bd(xj) \reg, . (Mt)> =0, for all j > 1. Adding up:
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J" (V \ reg. + (Mf)) < Z%n (Bd(zj) \ reg. to (Mt)) =0

j
Since we can exhaust U by a countable family of V, we have J#" (Z/I \reg, (Mt)) =0foralle > 0.

Let us now proceed to relate the sets reg_, (M) and reg, (M;) for sufficiently small choices of . In particular, we

will show that for ¢ as in the curvature estimation theorem (4.3.3) and ¢ > 0 small enough that

f<w S0
2-37C(n)
it will necessarily follow that reg_, (M;) C reg, (M;). By definition there are two reasons for which a z can belong

toreg_, (M), so it suffices to check that in both cases the point z is regular.

If x( is not reached by (M) then there exists an open neighborhood around z, that is not breached by the (1) near

time to. Therefore there is no flow at all around x, so zg is vacuously a regular point.

The more interesting case is that of z that are reached by (M;) and are e-regular at time #y. Since € < 5 3fg(n) ,and
after rotating so that T, M,, = R™ x {0}, (£3.3) guarantees (e.g. with § = 1) that we can control the norms of all

curvature derivatives |V A|? in some domain of the form B,(z¢) x (to — ¢, to) by:

sup sup VT A|? < for all m

m
2 1
te(to—03,to) tEMNBy(x0) 0 (m+1)

By our version of Arzela-Ascoli discussed in Chapter [E| of the appendix, our manifolds converge in C* to a smooth

limiting surface consisting of points that are reached by the flow, so z is regular.

In any case, for sufficiently small € > 0 we have established that reg_, (M) C reg, (M), so:

H" (U Nsing, (Mt)) <" (U \reg,_ (Mt)) =0
and Brakke’s regularity theorem follows. O

Remark: Let us identify M,, with the set of limit points of the flow, since we have concluded that they are identical
up to sets of #"-measure zero. With a slightly more delicate argument it is possible to show that for /#"-a.e. point

xo € My, there exists an open set I/ containing z( such that M;, N U is a smooth n-dimensional manifold: a stronger
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regularity theorem than in [Eck04], that is more in line with [Bra78] and [Whi05]. One may work towards this
direction as follows. We begin by showing that for sufficiently small neighborhoods of =y and ¢ sufficiently close to
to, all disjoint connected components of M; must be nearly parallel; if they were not, then they would intersect near
xo and hence not be disjoint. Then for a sufficiently small neighborhood of zy and ¢ sufficiently close to t¢, there
would only be one component of M; near z,; otherwise, we could obtain two distinct sequences of nearly parallel
components approaching z,, contradicting ©"(M,,, ) = 1 and area continuity. Since we are working close to zg,
there would exist a neighborhood of z inside which M, has a unique component for ¢ near ¢,. By the same Arzela-
Ascoli argument as above, these M; would converge to a smooth manifold around z, but we now know that there

are no other limiting points near .
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Afterword

We are now finished with our proof of Brakke’s regularity theorem. What’s more, with the exception of the
appendices which complement the earlier discussion, we are also essentially finished with this thesis. That is not to
say, however, that we are finished with our study of regularity. This afterword serves as an introduction to possible
next steps one may wish to take to carry Brakke’s results one step further and possibly generalize them. We will

briefly discuss the following:

(1) Is Brakke’s dimension of the singular set optimal?
(2) How restrictive are Brakke’s hypotheses?

(3) How do we even pin our limiting surface down?

We will also try to motivate possible techniques (as conceived by the author) that may prove to be fruitful in getting
a better understanding of the questions above. There has not been significant progress on the author’s behalf, but

one wishes that future researchers will find these motivations useful.

Hausdorff Dimesion of Singular Set

The first question that comes up is that of the dimensionality of the singular set. Can we not do better than say that

the singular set has .7#"*-measure zero, and hence Hausdorff dimension at most n?

In the special case of mean convex initial data White [Whi00] was able to improve Brakke’s regularity theorem both
by discarding the unit density and area continuity hypotheses and by establishing a better Hausdorff dimension
bound. He showed that at each time ¢ the singular set has .#""~!-measure zero, that at almost every time it actually
has ##"~3-measure zero, and that in the two dimensional case the surfaces are smooth manifolds for almost all times.

Observe that in view of the shrinking torus T?, the n — 1 Hausdorff dimension bound is optimal.

In fact, all examples that have been constructed to date end up with a singular set of dimension at most n — 1, so it
is conjectured (but not known) that the optimal dimensionality bound in the general case is also n — 1. Nevertheless,

Brakke’s dimension n bound is still the best that can be obtained in the general case.
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Unit Density and Area Continuity Hypotheses

It is essential for the proof of Brakke’s theorem to work that the limiting surface be countably n-rectifiable, have unit
density, and for there to be no jump in area as we get to the first singular time; these were our rectifiability, unit
density, and area continuity hypotheses. The regularity result will not hold if it turns out that we can somehow get

certain very pathological limiting surfaces where the density exceeds one on sets of positive measure.

A strong maximum principle argument such as the one given in the preservation of embeddedness result of Chapter
2| guarantees that we cannot have sheets merging to form double density on entire open sets. However, it is very
well conceivable that sets of positive s#"-measure (but no interior points) may form where density exceeds one. The

following example was even discussed by Brakke himself in [Bra78].

Fix a radius R > 0 and bound C > 0. We aim to construct a surface whose mean curvature is bounded by C that
is simply a double density plane away from a ball of radius R and a catenoid within R/2 of the center. This can
easily be done by shrinking the central neck of the catenoid enough (depending on R, C) to get the catenoid’s sheets
to almost merge together within R/2 of the center, and then interpolate a smooth two valued function between the

double density plane and the catenoid’s sheets. (See figure below.) Let us call this a catenoid patch.

double interpolation catenoid interpolation double
density density
plane plane
D S < > 1 s >

FIGURE 1. A catenoid patch such as the one described above.

On to our pathological construction. Start with the plane R? x {0} and assign to it a density of two. Inductively
remove small disks from the double density plane and replace them with catenoid patches so that no two catenoid
patches overlap, the disks have a union that is dense in R? x {0}, but a set of positive .#?-measure has been left
untouched and continues to have double density. This can be done by appropriately choosing center points and radii
within the field of rational numbers. Now this surface has no graph components because it has a dense set of holes.

In particular then, Brakke’s conclusion will fail if we somehow end up with a limiting surface like this.
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Nonetheless, no examples of surfaces moving by mean curvature flow have been constructed to this date where
the unit density and area continuity requirements are not satisfied automatically at the first singular time! One is
left wondering, then, if the requirements are simply there for technical reasons or perhaps are necessary because of

possible pathologies (such as the one described) might occur.

What is most off-putting about Brakke’s hypotheses is that, in a sense, they are the best case scenario for a limiting
surface and let us disregard possible bad singularities right away. The fact that we cannot (and have not yet been

able to) construct such bad singularities does not mean they might not be out there.

The reader must observe that the unit density and area continuity hypotheses are very much interrelated. If we were

to discard the unit density hypothesis, for example, then we would have to study the area continuity variant

/Mt 7 M 1o

for a density function 6 that is not necessarily equal to one at .7#"-a.e. point of M,,. This raises the question of what

a likely candidate for the density function 6 is.

Our conjecture is that (under no unit density assumptions) the limit above is true with 6y = O(M,, - , %), the Gauss
density function. The intuition behind this is that Gauss density is a parabolic density function and takes averages of

densities from sufficiently nearby points and times. Unfortunately, checking

/ fo [ e, )
M, My,

in the general case appears to be rather tricky, despite its apparent likelihood from specific examples.

Notice that if this conjecture were to be true, then Brakke’s unit density hypothesis would be exactly that Gauss
density is #"-a.e. equal to one on the limiting surface, in which case Brakke’s theorem follows directly from (and is

even generalized by) White’s local regularity theorem [Whi05].

Limiting Surface Candidates

As the reader might recall, we began Chapter by assuming that there is some set M;, C R"*! to which our surfaces
converge in a particular way, but we never actually explicitly discussed how such a set may be obtained in the first
place; it has to be given to us on silver platter. Only as a side-consequence of our proof of Brakke’s theorem do we get

enough intuition about this elusive M,, to say that .#"-a.e. point in it is reached by (M;) and vice versa. The catch



94 Chapter 5. Afterword

is that we merely established that if there exists a particularly nice (rectifiable, with unit density, and area continuity)
limiting set candidate, then this limiting set is going to consist of precisely points that we would like it to contain (i.e.

points reached by our surfaces).

But who is to guarantee the existence of such a candidate, and how might one go about constructing it in the first
place? This question is of fundamental importance; if approached carefully it might allow one to get a good enough

understanding of limiting surfaces to do away with Brakke’s unit density and/or area continuity assumptions.

Let us leave the question of density to the side for a minute. Since we know a posteriori that up to .7"-null sets the

limiting surface is going to consist of points that are reached by our flow, an obvious set candidate is:

My, := {zo € R""! that is reached by (M;) ast "ty }

Recall that there is a lower bound on the Gauss density of all points that are reached by our flow; in the case of
smooth surfaces we even know from the appendix that this lower bound is 1. Combined with the fact that points

that are not reached by the flow have Gauss density zero, an equivalent formulation of our candidate surface is:

My, = {zg € R : O(My, w0, t0) > 1}

The advantage of this definition is that our candidate A/;, is immediately seen to be a closed set and hence #"-

measurable, since Gauss density is upper semicontinuous.

We can even bound its s#"-measure from above in the compact case. Let us restrict our attention to global solutions
for simplicity. Denote by N (o) to be the largest number of non—overlapping balls of radius o that one can center on
My, and let these balls be { B,(x;)} for 1 < j < N. For 8 = ;-, and with repeated use of our standard test function

and backwards heat kernel upper and lower bound estimates, we have:

N N
A" (MtO*ﬁ.lf) 2 Z‘%n (‘]Wtofﬁg2 n BQ(xj)) (473) n/2 Z/ (I)(ijto)
j=1 j=1 MtofﬁgszQ(xj)
1 1 y/2 g 1 n/2
> 5 (4np)"? "Z/M Doy to) Pl to) 2y = 5 (47B)" 20 Z@ Myjito) = 5 (2) 7 e"N(e)
tog—pBe? Jj=1

And since the left hand side is decreasing in g in view of the fact that surface areas decrease by mean curvature flow,

we realize that we have bounded N(p)o" from above as ¢ ~\, 0. From basic measure theory, we know this implies
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that the .7#"-measure is also finite. Ostensibly we could perhaps work harder and deduce a stronger result: that

H™ (M, ) is bounded from above by the " (M,).

What is more impending, however, is checking that this candidate M, is indeed a limiting set and deciding what
density to assign to it. This is where one starts to question the leniency of the unit density assumption; under such

an assumption we would have to have:

Lo /
M, {6(My, - ;to)>1}

which may seem absurd given that Gauss density assesses exactly the concentration of mass around a point in
spacetime. It is far more likely that we will have to endow M,, with its own not-identically-one density function

6o, which we conjectured in the previous section would have to be (M, -, o).

Bear in mind that we are not questioning the degree to which Brakke’s assumptions may hold true in general, but we
are simply trying to provide tools to check for their validity. In particular, we postulate that checking for unit density
possibly amounts to having Gauss density equal to one /#"-a.e., and checking for area continuity possibly amounts

to having M, converge as a Radon measure to the (closed) set of points that are reached by the flow.
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APPENDIX A

Function Representation

In our study of surface evolution in this work we start with a fixed n-dimensional (abstract) manifold M™ which we
embed in R"*! with a family of embeddings varying smoothly on some time interval I C R. In other words, we will

have a smooth map

F:M"xI— R

such that F(-,¢) : M™ — R™"! is an embedding for each ¢ € I. We denote the image submanifolds by:

M; = F(M",t) c R"*!

Naturally, we are going to want to study functions on the A;. There are two ways to do this: we can either have
functions defined strictly on (open subsets of) our manifolds, or we can have functions defined on (an open subset
of) the ambient space R"*! and restrict them to our manifolds when necessary. We devote this chapter to introducing
notation and studying basic properties of these two different but interrelated approaches to defining functions. This

chapter does not require that the A/; move by mean curvature.

A.1. Intrinsic Functions

These are functions that pertain only to the manifolds we are studying and not their neighboring points within the
ambient space. In other words, they are functions whose extensions to the ambient space not only don’t interest us

but are also likely not to even exist, especially when our manifolds are not properly embedded in R"**.

There is no simple way to go about having functions defined on just M; for each ¢t € I, so we instead think of intrinsic
functions as being defined on the background manifold M"™ and also having time dependence. In other words,

intrinsic functions are of the form:
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f:O—=R™ forsomem >1

where O C M™ x I is open. We will use these types of functions to study geometric quantities (and their evolution)
related to the submanifolds M; such as the metric itself, the second fundamental form, the normal vector field, and

SO on.

We can consider tangential derivatives of the form

Xf:0—=R™ fora choice of a vector field X on M"

or even

0
Ox?

f: O —=R™ fora choice of local coordinates on M™

where differentiation is performed component-wise when f is vector-valued (m > 2).

Time derivatives are just derivatives in the ¢-direction in the product manifold M™ x I, and are essentially the same

as the coordinate derivatives above. They will be denoted by:

0
Now for each t € I, we can endow M" by pulling back the metric induced on M; from R"*!. This turns M™ into a

Riemannian manifold (with a time dependent metric).

When f is scalar valued we may want to study the (spatial) tangential gradient

Vi:0— <UTMt> C Rt

tel

where we are thinking of all the tangent spaces as subspaces of R"*! for the last inclusion to be true. Of course the
time component is especially crucial here, because the induced metric on M™ changes in time. If ¢ is unclear from the

context we may label the tangential gradient V f for extra emphasis.

We can also study the Laplace-Beltrami operator
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Ahftf 0 = R™

where differentiation is performed component-wise when f is a vector-valued function.

Finally, when X is an R"*!-valued function or some vector field on O, we define the tangential divergence operator

in the standard way, and denote it:

divy, X : O - R

Summarizing, intrinsically defined functions f : O — R™ (or vector fields), for some open O C M™ x I, are equipped

with the following differential symbols:

TABLE 1. Manifold differential symbols

57 local coordinate differential in i-th direction

51 time differential

V, VM | tangential gradient (M; metric)

A, Laplace-Beltrami operator (}; metric)

divyy, divergence operator (M; metric)

A.2. Extrinsic Functions

Another class of functions we will tend to work with are functions that pertain only to the ambient space and are
virtually unrelated to our manifolds M;. We will not always be interested in behavior in all of R"!, but rather in

some open subset thereof. In other words these will be functions of the form:

f:UxI—R™ forsomem >1

where U4 C R™*! is open. We will use these functions to study exogenous quantities (and their evolution) such as the
area and the density of the AM; within some small neighborhood of the ambient space. These functions will be used

primarily in chapters having to do with integral estimates.

Notice that as functions on the flat space i x I, we may differentiate f in the classical sense of multivariable calculus.

Spatial partial derivatives will be denoted by:
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Dif :UxIT—R™ forl<i<n+1

and the time derivative will be denoted by:

Dif :UxT—R™

The spatial Jacobian will be denoted by D f. If f is scalar valued, D f will also be used to denote the gradient:

Df U x I — R

Higher order derivatives will be denoted accordingly; for instance, the classical (spatial) Hessian will be denoted by

D?f. The Laplace operator will be denoted by:

Agnirf U x T — R™

where differentiation is performed component-wise on vector-valued functions.

We will also use the divergence operator for vector fields X : U x I — R™™!, which we will denote by:

diVRn+1X UXT =R

Notice that we have taken care to introduce separate differentiation symbols for extrinsic functions. The D-symbols
(D, D;, Dy, etc.) will be referred to as the classical calculus differential symbols and are to be separated from the
symbols used in the previous section on intrinsic functions such as V, 2;, £ which will be referred to as the manifold

differential symbols. We will explain the connection shortly, in section

Summarizing, extrinsically defined functions f : & x I — R™ (or vector fields) are equipped with the following

differential symbols:

As a final side note, it was mentioned earlier that extrinsic functions will be used primarily in integral estimates.

Most of the time we will be integrating against the .7"*-measure, so we will abbreviate
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TABLE 2. Classical calculus differential symbols

D; partial (spatial) derivative in the i-th direction

D spatial Jacobian matrix, or gradient vector if m = 1
D, partial time derivative

D? Hessian operator in ambient space

Apgn+1 | Laplace operator in the ambient space

divgn+1 | divergence operator in the ambient space

f instead of the more cumbersome f(x,t) dH#" (x)
M M,

unless otherwise stated.

A.3. Differential Identities

Both intrinsic and extrinsic functions are in a sense flawed. Intrinsic functions depend on the background manifold
too much. With the exception of well known geometric quantities (e.g. metric, second fundamental form), intrinsic
functions are difficult to construct since it is hard to explicitly define a function on a background manifold M"™ whose
structure is oftentimes unknown. Extrinsic functions on the other hand do not depend on the background manifold
M™ at all. Despite being easy to construct, they hold no regard whatsoever about our family of submanifolds (1)

moving in R"*!, because their calculus differential symbols miss the (1/;) entirely.

What does strike a perfect balance, however, is defining an extrinsic function, restricting it to our submanifolds A,
and finally pulling back to M™ to obtain an intrinsic function. This way we gain the option of having an explicit
formula in R**! at hand, being able to work with the simple calculus differentiation symbols (D, D;, Dy, etc.), but
also being able study differential properties with respect to the manifolds through the pullback function. So given an

extrinsic

fiUxT—R™

for an open U C R"™!, we can define the intrinsic

h:0—R™
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via h(p,t) := f(F(p,t),t), where O = {(p,t) € M" x I : F(p,t) € U}. We may now write things like

0 0 .
@fa E‘f’ vfa leMtf’ Afwt.ﬂ

on the subset M, N U of the ambient space to refer exactly to the intrinsic quantities

0 0 .
@h, ah, Vh, leMth,, AMth,,

pushed forward to M; C R"*! after precomposing with the inverse map F(-,t)~* : M; — M™. These intrinsic
differentiation operators will of course differ from the classical D-differentiation operators (as they should). For one,
VM f is tangential to M; while Df is not (and has no reason to be). Most importantly, % f takes into account the

evolution of the M,, through the precomposition with F(-,t), while D; f most certainly does not.

Fortunately, we can relate the intrinsic differentiation symbols to the extrinsic ones as the following results show.

PROPOSITION A.3.1. Let/ C R"*! be open, and f : U x I — R be differentiable in the spatial variables. Then:

VM f(a,t) = 7,4 (Df(2,1)) (A.3.1.a)
divay, D f(z,t) = Agnss f(x,t) — D*f| (@) 57 (A.3.1.b)
A, f(z,t) =diva, Df(z,t) + H(x,t) - Df(z,t) (A3.1.0)

forevery t € I, x € My NU. Here 7, is the projection operator from Rt to the tangent space T, M;, v is a unit

vector normal to this space, and H(z, t) is the mean curvature vector at z € M.

PROOF. We will drop the (z,t) in our computations below for notational brevity. The first identity is very well
known (see, e.g. [Sim83]). To prove the second identity, let {7;}"_, be a (local) basis of T'M; that is orthonormal at z,

and let v be a unit normal to the tangent space. Then by the definition of Ag»+: and tangential divergence we have:

Apieif =Y _7i-D;,Df +v-D,Df

i=1

=divy, Df + D*f(v,v)
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which is the required result, upon rearranging. Finally, to obtain the third identity we perform the following

computation:

AMtf = leM,Vf = diVMt (Df — (Df . V) I/)
= diV]thf — diVMt ((Df . V) 1/)
=divy, Df — (Df - v)div,v

=divy, Df + H-Df

where we've used the well known fact that H = — (divyy, v) v (see, e.g. [Sim83]), as well as the identity divyy, (fX) =

Vf-X + fdivy, X, where in our case the dot product term vanishes as X = v is normal to the tangent space. O

Notice that the previous proposition applies to time independent functions as much as it does to time dependent
ones, since we are not interested in the evolution of our manifolds. The following proposition deals with the case in

which we are interested in the evolution of our surfaces. It is not specific to mean curvature flow.

PROPOSITION A.3.2. Let Y C R""! be open, and f : U x I — R be (jointly) differentiable in the product space.

Assume, further, that our surfaces (M;) evolve according to F': M™ x I — R" ! ie. M; = F(M™,t). Then:
O (0,t) = Dof(wt) + 2 F(p,t)- Df(a,)
ot ) - t ) ot b, )

foreveryt € I, x € M, NU. Here p € M™ is the unique point such that F'(p,t) = x.

PROOF. Recall that to get an intrinsic derivative we define h : O — R according to h(p,t) := f(F(p,t),t), where
O :={(p,t) € M™ x I : F(p,t) € U}. By the chain rule on the right hand side and for (p,t) € O we have:

(0.1) = Duf(x.t) + L F(p.1)- DI(FE(p.1), 1)

Eh ot

Writing this back in terms of f and z, the result follows. O

The following result introduces versions of the product rule and the chain rule that we will come across several times

in the course of this work. It works for both intrinsic and extrinsic functions.



104 Chapter A. Function Representation

PROPOSITION A.3.3. Let (M;) be a family of surfaces evolving according to F' : M™ x I — R"*1. Let O C M" x [
be open. Let f,g : O — R be differentiable spatially and in time (not necessarily jointly). Also let n be a twice

differentiable function on R (or an open superset of the range of f). Then:

<aat - AM,:) (fg) = ((,?t - AMt) f-9+f ((;)t — AMt) g—2Vf-Vg (A.3.3.a)
and
9 d
(& - AMt) n(f) =n'(f) <5hf - AMt> f=n"(NIVF? (A3.3Db)

In particular, this result also holds if f, g : & x I — R are extrinsic functions which are jointly differentiable and twice

spatially differentiable.

PROOF. The proof is trivial, simply the result of straightforward differentiations. O
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APPENDIX B

Integration Tools

We have occasionally had the need to use various theorems on exchanging limits with integrals throughout the course
of the text. The purpose of this appendix chapter is to justify all the theorems that have been used. In particular,
we prove the first variation formula on which all of Chapter 3| built, and finally go over variants of dominated

convergence theorems that have been used.

B.1. First Variation Formula

Our first variation formula depends strongly on our assumption that our manifolds are compact. We do not actually
know whether or not it breaks for non-compact manifolds-refer to Chapter D] of the appendix for a discussion of this

issue.

THEOREM B.1.1 (First Variation Formula). Let (M;) move by mean curvature in i x I, and let ¢ € C! (U). For any

t € I we have the first variation formula:

d
E/ ¢=[ H-Dp—I|H[*
My My

Part of the conclusion here is that the derivative above exists.

PROOF. Fix a time instant ¢ty € I at which we want to show the identity above. Since this is a local result, we may

restrict our attention to compact subset of I containing ¢, which we may assume to be I itself.

For (p,t) e M™ x I

5 A0 Va0.0) = (DA (R0 - 5 F0.0)) V1) + (P 0. 0) 100
= (H(p. 1) o(F,0)) Va0, 1) ~ H(p, O V0, )
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This is obviously true when F'(p, t) € U in view of mean curvature motion and the area element evolution function

(2.3.2.d). For all other (p, t) both ¢ and Dy happen to vanish, which means the formula is still true.

The set of points (p,t) € M™ x I mapping to support ¢ C U is compact, as a closed subset of the compact space
M™ x I. Since all our functions are continuous, there exists a Cy < co bounding the right hand side at all points (p, ¢)
in this compact subset. Of course Cj is also an effective upper bound at all other (p,t) € M™ x I, since both ¢ and
Dy vanish at those points. Consequently, for every (p,t) € M™ x I and a positive lower bound of /g(-, o) on M™ we

have:

PP, 0)VE, 1) < CoCiValp. 1)

This is a time independent majorizing function of our time derivative. Note that it is #:

CoCy g(p, to) = CoCTr ™ (My,) < o0
Mn

The standard differentiation under the integral sign theorem tells us that:

gl [e=4l [ ertavaes
=[5 wreovee)
= /Mn (H(p.to) - o(F(p,t0))) Va(p. to) — [H(p. t0)|* /3 (p, to)
= [ H-Do-HP
as claimed. -

B.2. Dominated Convergence Theorems

We have used various versions of the dominated convergence theorem in our text, which we set to prove in this
section. We do not need compactness from our manifolds for our results here, so we will not assume it. The reader is

assumed to be familiar with the standard dominated convergence theorem (see, e.g. [Coh94]).
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LEMMA B.2.1. Let (X, i) be a measure space, and let f,, : X — R be a sequence of measurable functions converging

pointwise to a function f : X — R. If |f,| < g for all n and a fixed g € .Z*, then:

li}gl/xfndu:/xfdu

In particular, the conclusion also holds on locally finite spaces (X, ), when our measurable f, converge uniformly

to some f, and all have supports within a fixed compact set.

PROOF. This is verbatim the standard version of dominated convergence, and can be found in any textbook on

Lebesgue Integration (see, e.g. [[Coh94]). O

The more interesting variant of dominated convergence is when we let our domains vary in time. We do not require
that they vary by mean curvature per se, but we do require that they vary in such a way that the first variation
formula (3.1.3) holds. As a consequence, it does apply for compact manifolds moving by mean curvature since we

have established the first variation formula in this case.

LEMMA B.2.2. Let (M,) be possibly non-compact, but locally s#"-finite, manifolds moving in I/ x (¢1,t¢) in such a
way that the first variation formula (3.1.3) holds. Let f : U x (¢1,t9) — R be continuous, with support f(-,t) C K for
allt € (t1,t0), where K C U is a fixed compact set. If f(-,¢) — 0 uniformly in i/ as t " ty, then:

lim =0
tto /Mt f

PROOF. If § > 0 denotes the smaller between /ty — ¢; and the distance between K and the boundary of ¢/ and

Oy := let us cover the compact set K with finitely many balls By s5/2(z;), 1 < j < N. Then for all t € (t1,o):

1
2/1+2n”

/ |f\=/ |f|s/ ]
M, MO {f(-,t)#0} MNK

<Z/ /]

MfﬂBgO(;/g

N
< sup [f( )] D™ (My 0 Byys a(z))) )

j=1
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We now employ the forward area estimate (3.3.1) which holds even in the noncompact case provided we have the
first variation formula (3.1.3), as with every other result in Chapter (3| Since (1 + 2n)05 < 1 and Bs/s(z;) C U, the

forward area estimate guarantees that:

A" (My 0 Boysjo(z5)) < C(n) A" (Mto—9352/4 n Bm(%))

forallt € [to — 036%/4,tp) and all j = 1,..., N. The constant above should have been C(n, ), but 6, depends on n
so we have absorbed this into a new constant C(n). In any case, restricting ourselves to ¢ € [to — 036%/4, o) in (f), we

have:

N
[ < 70101 322 (Mg 0 Bya(s)

The last sum is finite and independent of ¢, so we the result follows by letting t ¢, in view of which the supremum

vanishes, and the result follows. O
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APPENDIX C

Computing Gauss Density

Although we have defined the notion of Gauss density and we have proved a number of results that are directly
linked to it, we don’t have a concrete understanding of it yet. We have seen how to bound (M, z¢, ty) from below
for points reached by (M;) in (3.7.8), but we don’t have a closed form expression for the lower bound. Our goal in
this chapter is to show that for smooth solutions of mean curvature, Gauss density equals 1 at all points prior to the
first singular time. In view of the density function’s established upper semicontinuity, it is also at least one at the first
singular time. As a direct corollary, we prove another variant of a mean value inequality satisfied by mean curvature

flows.

Unlike in the main text, this bound is now established independently of Brakke’s clearing out lemma, primarily
because we wish to have a dimension-independent bound. With this bound at hand, we can actually get a different
proof of Brakke’s clearing out lemma and obtain a closed form expression for the density lower bound postulated by
it. In other words, if we know that our solutions are smooth then we can first compute Gauss densities and bound

them explicitly from below, and then come up with a cleaner version of Brakke’s clearing out lemma.

C.1. Gauss density equals one

We will need the two following auxiliary lemmas from measure theory:

LEMMA C.1.1. Let it be a Radon measure on a metric space X such that:

W(Br(wo)) < Ao RP

for every R > Ry, where xg € X, Ry, p > 0 are fixed. Then for every v > 0 we have:

/ e VNe—xol? du(xz) < C(Ap,p, v, R) (< 00)
X\Br(zo)

where C(Ap,p,v,R) — 0as R — oc.



110 Chapter C. Computing Gauss Density

PROOF. Without loss of generality we may take r > max{1, Ry }. Then:

/ —lo—zol? du(x) :/ o= Vlz=0l? du(x)JrZ/ o~ |e—a0|? dyu(z)
RN B, (zo) j=1 B, j+1(20)\B,.; (zo0)

2. . .
Now ¢ — e 7" is a decreasing function of ¢ > 0, and hence:

< u(Br(wo)) + e W(Brssi (o) \ Byi(20)) < p(By(x0)) + > e (B (20))

Employing the polynomial measure growth assumption, we conclude:

oo
25 .
<Ay | P+ E e pPUtD | < oo
Jj=1

and hence z s e~ 712=20" s an 2! (1) function. Therefore, its integral over X \ Bg(zo) decays to 0 as R — oo, i.e.

/ e le=mol® du(z) < C(Ag,p,7,R) -0 asR— oo
X\BR(aZo)

|
LEMMA C.1.2. If P is any n-dimensional subspace of R"*! then:
/ O(-,5)dH" =1
P
for any s < 0, where @ is the backwards heat kernel.
PROOF. This is a straightforward integration result. O

At this point we can proceed to compute the Gauss density at points where our flow is still smooth.

PROPOSITION C.1.3. Let (M;) move by mean curvature in i/ x (t1,to + J). Then for any zy € My, NU we have:

@(Mt7x07t0) =1
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PROOF. The computation is remarkably tricky and employs the density upper bound estimate (3.6.3), so we will

split the proof into a sequence of steps.
Step 0: Implications of Smoothness.

A significant part of this proof actually does not need smoothness at time ¢(. In fact, only one step in the proof (step
3.v) requires that we know something structural about time ¢; and in fact we don’t actually even need smoothness
per se but rather convergence, in some sense, of M, 2 to Ty, My, as A\, 0. But smoothness will do, since the purpose
of this result is to compute densities prior to the first singular time anyway. Since our result is rotation invariant, we

may suppose without loss of generality that T, M;, = R™ x {0}.

Step 1: Shrinking the Domain.

Let g9 > 0 be such that B, (x¢) C U and (ty — 03,t0) C (t1,t0) and (M;) can be written as a graph of a function

u: By (m(20)) x (to — 08, to) — R within a cylinder C,, 5 (z0) C U centered at z with radius gy and height 2h > 2¢.
The latter can be arranged by (E.1.3). Here m denotes projection onto R™.

Now choose ¢ > 0 such that:

1
0< m@o (1)

In particular, o < \/ﬁgo so (3.7.6) is applicable with the test function ¢, +,),, on the time interval (¢ — 0%, t). In

other words:

G(Mt7x0)t0) = hm (p(xo,to)(x,t)@(xg,to),g(xvt) d%n(x)

t o Jar,
1 — zo[? — 2o|? + 2n(t —to)\°
= lim T XD (x Zol > <1 — |2 = 2ol +2 n 0)) dst" (x)
25 S, o — )7 1o~ 1) . X

Step 2: Rewriting in Parabolic Coordinates.
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We now aim to make a parabolic change of coordinates, only we wish to let the scaling A vary rather than the parabolic
time s. Fix s = —1/2 and write t = A(¢)?s + to. Change our integration variable to y given by z = Ay + z, so that:

O(My, wo,t0) = lim/ S —
(Meoo.to) = Iy a0, A(t)"(27)

2A(t)? 0 +
. 1 P Coly? -0\’ .
B ;1{‘% M, (2m)n/2 eXP( 2 A N )
= lim (I)(ya _1/2) (p)\’lg(ya _1/2) d%n(y) (10)

AN0
~ Mi1/2

where the second identity follows from the first by a change of variables in the limit, and the third identity follows
by observing that the expressions we got are the standard heat kernel and the standard parabolic test function,

respectively. Notice that in studying the limit we have to restrict our attention to

A< oV2 (2)
sothatt = \2s + ¢y € (to — 0%, to).
Step 3: Approximation Argument Setup.

Let ¢ > 0 be given. We will employ an € — § approximation argument to show that the quantity below is arbitrarily
close to zero. We will explain everything, including our choice of A, R, x g, in the sequel. For now we just write this

down as a guideline.

+ (/ (PXR — 1)
T My,

We wish to show that for a choice of R, x g, all the four expressions in the parentheses above (say Ei, ..., E4) can be

made arbitrarily small in terms of just A.
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Step 3.i: Estimating E,

We know that y — ®(y, —1/2) is an £ function with respect to the measure j‘f”mo M,,, SO there exists an R; > 0

such that:

€
/ By, ~1/2) dX" ()| < (i)
zq Mto\BR(O)
forevery R > R;.
Step 3.ii: Estimating £
Let us apply the density upper bound result (3.6.3) to get:
n W A o a :NB (SL‘())
sup sup H (Mt rlBg(l‘O)) < C’(n) ( to 4(1+2:L) Q5 €o ) —.C (t3)
0<o<slomo0  tE(to—0?,to) g 0)

Consider the Radon measure ;2 on R"*! given by:

A= ox1p(,=1/2) Lip, | dA™

We wish to establish a polynomial growth bound on y that is independent of A. Without loss of generality we need
only show this for R > %, because small values of R are irrelevant. In the case of R > % we have s = —1/2
belonging to (—R?,0), in which case the bound A\?s > —\?R? comes in handy. We will consider two different cases

for R > %, that of AR < o and that of AR >

1 1
2vitan Y 2v/it2n 20

If \R < 2\/ﬁgo, then we want to employ with o ;= ARand t = \?s + ty € (to — 0%, t9). In fact:

FL(BR(O)) = /]\/[)\ (p)\_lg(yv _1/2) d%n(y) < sup 50/\—19('; _1/2) H" (Mil/g N BR(0)>

B21h) a2\ 2
< 1+92) H" (Mil/QmBR(O)>

/2ﬂBR(0)

< (1+20)° 27 (M2, )50 Br(0))

= (L42n)° X" " (M_x2944, N Bar(zo)) < (142n)°A""CA"R" = (14 2n)*CR"
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If AR > \/HT 0o then the radius is too big for the previous argument to work verbatim. In this case we make use of
the fact that the support of ¢5-1, is small enough to compensate for AR being large. Indeed from (3.2.1.c) we know

that py-1,(-, —1/2) is identically zero outside:

SyCy———
A (Byrgzmg (o) — o)

(zo) - 500)

B fmara(0)

=)
o |

=
=

Al (B .
2vit2n 20

Consequently for AR > mgo we estimate:

W(Br(0) = / orogly,—1/2) A" (y)
M*, ,NBR(0)
- / oxoy—1/2) A" (y)
M2, ,NBR(0)NB /5=y—7(0)

(3.2.1.b) 3 A
<1 +2n)p°" (M71/2 N Br(0)N B\/m(o))

= (14 203\~ (M_,\z jasto N Bar(@0) N B_1_, (xo))

= (1 + 271)3)\_”%” (M,)\2/2+t0 n B2 11+2n 00 (.’L‘Q))

where the last equality follows simply because AR > 2\/ﬁgo. We can now employ as before with o :=

ﬁ@o and t = A\?s + to. Notice that t = —\?/2 4+ tg > —p* + o =ty — 02, so we can indeed employ this step to

obtain:

1 n
Br(0)) < (1+42n)°A7"C | ——= < (1+2n)°A7"CA"R™ = (1+ 2n)°CR"
WBR(0) < 1+ 20°07C () < (0 (1+20)

In any case, then, for all R > f we have the polynomial growth bound:

w(Br(0)) < (14 2n)3CR"
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which is independent of A\. By employing the measure growth lemma (C.1.1) for v = 1/2 we conclude that there
exists a Ry > 0 such that for every R > Ry, and all A:

(i2)

] ™

/ Dy —1/2) pr oy —1/2) dH"(y)| <
MA, \Br(0)

Step 3.iii: Choosing R, xg.
Define R := max{R1, Ry} from steps and (f2), and let x  be a continuous function such that 15, < xg < 1p,,.
Step 3.iv: Estimating F;

Of course we know that there exists a A\; > 0 such that:

(13)

W1 m

O(My, o, to) — / Dy, —1/2) o ly—1/2) dA(y)| <

A
M,

for every A < Ay, directly by the definition of limits and ().
Step 3.v: Estimating £

We finally make use of our smoothness assumption by writing the (1/;) as graphs locally near (z¢,%y). Recall by
step 1 that within a cylinder C,, 5 (z¢), h > 0o, we can write each M, t € (ty — 03,10), as the graph of a function
u(-,t) : By, (m(zg)) — R.

We will be working with the integral:

[ 201D o1 xel) d ) (1)
M2,
The support of ¢y-1,(-,—1/2) we recall from step 3.ii falls within A1 (B2 1o (o) — a:o> because of our

assumptions on \, g at ({1), ({2). Recall that

M_32 /214, N Coq,n(0)

can be viewed as the graph of u(-,t) att = —\?/2 + t,, and hence



116 Chapter C. Computing Gauss Density

M 00t (o w(@o) o)

1
2vitan 20:

can be viewed as the graph of @*(-, s) at s = —1/2, where:

u( Ay + 7(20), A28 + to) — u(m(z0), to)
A

11’\(y7s) =

and 7 is the projection onto R". Notice |D@*| = |Du|, and that by Taylor’s theorem @*(y,s) — Du(w(zo), o)

uniformly on compact sets as A ™\, 0.

Unfortunately the domain of 4*(-, s) is expanding as A \, 0. But the presence of x r in the integrand dictates that we
need only pay attention to the pre-compact set B2 (0) in the domain, since xr = 0 identically outside of Byr(0). If

Bj(m(z0)) € R™ is the open set on which the graph function u(-, ) is defined, then we proceed as follows:

| 001D i1/ xnl) )

—1/2

-/ O gy, Xaly @y -1/2) 1+ Didy,—1/2)P ()
A= ( By (m(z0))—m(x0))NB2r(0)

with ®,¢,-1, both evaluated at ((y,a*(y,—1/2)),—1/2). Taking A \, 0 we know that a*(y, —1/2) converges
uniformly on compact subsets to Du (7 (), t)-y. In other words, the coordinates (y, @* (y, —1/2)) converge uniformly
on compact subsets to (y, Du(m(x¢), to)-y), which represent T, M;,NBsr(0). Since By (0) is precompact, convergence

is uniform. Also:

9 3
yl? —n
oa-1(y, —1/2) = (1_>‘2| | 2 )
0 +

converges uniformly to 1 for y € B2r(0), as A \, 0. Therefore, since Bor(0) is pre-compact we may employ classical

dominated convergence-see (B.2.1)-and conclude that the integral in converges to:

/ Pxr = / Pxr
o MegNB2r o Mty

as A \, 0. Therefore, there exists a A\, > 0 such that:
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n n €
[ 0012 ennlom1/) @) dmw) - [ w12 ) AW <] G
A{il/2 avojw’fo
for every A < Xo.
Step 4: Conclusion.
Choose X := min{\;, A2}, where A, A, are as in (i3) and (f4). Then, from (1), (f2), (Es), and (f4) we have:
|@(Mt,xo,t0)—l‘ = ‘@(Mt,xo,to) - / @@A—lg
M2,
+ / (I)@)\*lg - / (I)(p)\*l,gXR
M2, M2,
+ / Ppr-1pXR / Pxr
Mi1/2 Tog Mg
€ € € €
+/ Oxr - 1lI<-+-+-+-=¢
Tuo Meg 4 4 4 4
Since € > 0 was arbitrary, the result follows. O

Notice that it is required that the solution be smooth up to the time ¢y at which we are evaluating. Can we extend our

result to points on the limiting surface without imposing any kind of regularity?

C.2. Another Mean Value Inequality

Thankfully, it turns out that the upper semicontinuity we had previously established is just what we need. It requires
us to assume no extra regularity on our manifolds, and lets us conclude that even in the limiting case Gauss density

is at least 1, and prove an interesting mean value inequality for mean curvature flow.

COROLLARY C.2.1. Let (M;) move by mean curvature in U x (t1,%y). If x¢ is reached by (M) at time ty, then
Q(Mt,ito,to) Z 1.

LEMMA C.2.2 (Mean Value Inequality). Let (A/;) move by mean curvature in U/ x (t1,), and let f be a test function
onU x (t1,tp] such that:
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f>0 and <;—AMt>f<0

If M, reaches x( at time ¢, then:

Fl@osto) < / o i f

M,y

for every t € (t1, o).

PROOF. Since M; reaches ¢ at time ty, from (C.2.I) we know that ©(M,, zo,tp) > 1. Combining this with the
extraction theorem (3.7.5) we obtain that:

f(zo,t0) < f(zo,t0)O(My, 20,t0) = lim / D@ (o,t0) f
t to M,

and by our assumption on f and Huisken’s monotonicity (3.5.2) we know:

t— (I)(zo,to)f
M

that f is a decreasing function on f, and the result follows. (]

C.3. Alternative proof of Brakke Clearing Out

We can actually use the fact that Gauss density is at least one up to the first singular time to establish a sharper
version of Brakke’s clearing out lemma, where all constants used are explicit and our time domain stretches up to a
factor of ;- rather than the smaller ﬁ postulated in (3.6.2). The second version of Brakke’s clearing out lemma is

as follows.

THEOREM C.3.1. Let (M;) move by mean curvature in B,,(zo) x (to — 5= 03, t0). Let B € (0, 5-), and suppose that

) 2n

xo is reached by (M;) at time ty. Then there exists a positive constant 7(n, 3) such that for all 0 < ¢ < gy:

%n(Mto—BLﬁ M BQ(.’,E()))
Qn

> n(n, B)

The constant is, in fact, 7(n, 3) := (1 — 2n83)(47[)"/2.
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PROOF. Let 0 < ¢ < 9o, as above. Observe that for any 0 < o < p we are guaranteed by (3.2.2) that ¢, +,),s iS5 a
test function on By, (o) x (to — 303 + 502, t0), and so by (3.7.6) we know that for every t € (to — 5- 0% + 5502, t0)

we have:

G)(MtaxOvtO) < / q)(:co,to)(p(mg,to),cr

t

In particular, we may specialize to t = t, — ao? for some choice of o > 0 such that ao? < 5~ 03 — 5-02. Then:

G(thOvtO) < / (b(ro,to)gp(zo,to),o

tg—ao?

- / Q(Io,to)w(lo,to)ﬁ
M, _ o2 P(2g,t9).0 (to—ac?)>0}

- / (b(wo,to)(p(mo,to),a
Mto—aaz nB\/1+2naU(zO)

We can estimate the integral from above by (3.4.2.a) and (3.2.1.5) and obtain:

@(Mt; antO) < SuR (I)(:rg,to)('7t0 - aUQ) SuR @(a:o,to),a('atO - aUQ) %n(Mto—ao'Q n B‘/1+2nag(x0))
RrR™ RrR™

1 n
= W(l + 271»0()3% (Mto—oz0'2 N B\/mg(xo))

Rearranging:

" (Mtofaof" N B\/md(l‘o)) > (47Ta)n/2
on ~ (14 2na)3

@(Mta Zo, t(])

Now choose o := % > 0 and o := /1 — 2nBy, observe that this choice of parameters does satisfy:

2n

and conclude that:

A" (Mto—ﬁg2 N BQ(xO))
Qn

> (1—2n8)%(4npB)"?  O(My,xz0,t0) > (1 — 2np3)>(4n )"/
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as claimed. The last inequality follows since O (M, zg,ty) > 1, according to (C.2.I) since the point z; is reached at

time to. |
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APPENDIX D

Non-Compact Manifolds

Throughout the thesis we have assumed that our background manifold M™, whose embeddings into R" ™! we flow
by mean curvature, is compact. This was a decision made near the completion of the thesis, with the purpose of
simplifying our arguments and working around complications that can occur a priori in the non-compact case. The
purpose of this chapter is to give the reader some insight as to what sorts of issues can occur, and motivate one’s
choice of adopting a compactness hypothesis. We also extend Huisken’s monotonicity formula to the non-compact

case and prove a non-compact maximum principle.

D.1. Geometric Issues: Non-existence, Improperness

One issue that is almost always encountered by PDE in non-compact settings is that of non-existence of global
solutions. In chapter 2| we showed that for any initial embedding Fj there exists an ¢ > 0 such that F{ can be

extended to a smooth family of embeddings on [0, ¢).

FIGURE 1. Local nature of € in non-compact case. The circles’ radius represents the magnitude of ¢

around each point.

This result, however, depends very strongly on our surface’s compactness. It is not an issue of the argument we

are using, but rather an inherent issue of our inability to control things from decaying in non-compact scenarios.
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The same short-time existence argument does show that around any given point = we can extend the flow locally,
but the catch is that € would depend on the center point x. In the compact case this is a non-issue because we can
find a uniform lower bound for our (), but in the non-compact case this is not at all true, as the previous diagram

suggests.

Another issue that usually pops up in the non-compact case is the annoyance of having to distinguish between
injective immersions and embeddings, as well as having to ask oneself questions regarding properness. This is not at
all a big issue and is usually dealt with by stating explicitly which results hold for what types of morphisms, but this
clutters the presentation and stains readability. In the compact case all these terms essentially coincide, which makes

one’s presentation an easier yet task.

FIGURE 2. Prototypical example of a non-compact immersed submanifold that is not embedded.

D.2. Measure Theoretic Issues: First Variation Discontinuity

Non-existence and improperness are nuances one can easily put up with, and indeed the original goal of the thesis
was to be generic enough to work around these issues and treat the non-compact case. That is indeed what had
happened, until it suddenly became evident that the first variation formula, on which most of this work is built, may

break in the non-compact case!

It is not a matter of it being an inequality rather than an equality: one can check we never actually needed equality for
our results. The problem is that even with compactly supported smooth cutoff functions, the first variation integral
may conceivably fail to be differentiable, or even continuous, when our background manifold M™ is not compact!
What is most unfortunate is that even though we have examples of smooth families of properly embedded manifolds
moving in time where the integral is discontinuous, we have not actually been able to come up with a counterexample

that moves by mean curvature flow.
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Having been unable to either prove or disprove this concern, we decided to restrict the entire thesis to the compact
case where the first variation formula works flawlessly. Another possibility would have been to adopt the first
variation formula as our definition of mean curvature motion, but that would not have boded well with the non-

measure-theoretic results, especially the geometric ones in Chapter

Consider a smooth family of properly embedded curves (-, ¢) : R — R? moving as suggested by the diagram below:

................

(a) The base of the fold shifts out as ¢ \, 0, but (b) The fold disappears at t = 0.
the tip of the fold is fixed.

FIGURE 3. A smooth family of curves with a fold that slides out as ¢t ~\, 0 and disappears at ¢t = 0.
The vertical dotted line represents the y-axis, x = 0, which the tip of the folds always touches at the

same intercept.

Evidently, then, for a cutoff function x around the gray-shaded disk the function:

t— x At
v(+5t)

is discontinuous at ¢t = 0 because an entire chunk of the curve vanishes suddenly.

Let ¢ : R — R be a smooth function that vanishes identically outside of [1,2], increases on [1,1.75], reaches
©(1.75) = 1, and then decreases on [1.75,2]. Let ¢ : R — R be a smooth function that is just the identity on (—o0, 0.5],
increases on [0.5, 1], reaches ¢ (1) = 1, decreases on [1,1.5], reaches ¥(1.5) = 0, and increases on [1.5,00) by also

passing through ¢(1.75) = 1. One goes about constructing such smooth functions with simple tricks from analysis.
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0.5 fceeennnns

1 1.75 2

@ ¢:R—=R b)v:R—=R

FIGURE 4. Two auxiliary functions we need to construct the sliding fold.

At this point it is a matter of calculations to check that:

Y(tz)
y(x,t) = t fort >0 and 7(z,0):=

sin wh(tx)

is a smooth family of properly embedded curves (-, t) that look essentially like our sliding fold diagram above. The
fact that v is differentiable may seem surprising but it’s really a consequence of h(tx) being precisely tx for ¢ small

(depending on x).

D.3. Non-Compact Huisken Monotonicity Formula

Ecker [Eck04] often makes strong differentiability claims which only turn out to hold weakly. For instance, he claimed
that the distance function between two non-intersecting compact solutions to mean curvature has non-negative
derivative, while it is only sensible to expect for this distance to be merely a non-decreasing function-something

we have shown in Chapter

The original goal behind this section was to substantiate remarks made in [Eck04] about Huisken’s monotonicity
formula (3.5.1) and its extension to non-compact cases. We wish to understand the extent to which his claims on

Huisken monotonicity are true.
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There is an obvious objection that is voiced by just the previous section: it is conceivable that the first variation
formula will not hold for our non-compact surfaces, in which case there is nothing to study. We could just restrict our
attention to non-compact families of surfaces moving by mean curvature for which the first variation formula
works. In our attempt to mimic Brakke flow theory, we will simply adopt the first variation formula as our definition
of mean curvature flow. Notice then that all results of Chapter [3| are available for use, because they do not require

compactness but merely the first variation formula.

We prove that Ecker’s differentiability claims are indeed true weakly. For an introduction to weak differentiability
and Sobolev spaces we refer the reader to any standard text in PDE (see, e.g. [Fol95], [Tay96a]). Ostensibly, strong
differentiability could break for isolated time instances when there is significant curvature contribution in (3.5.1).

This is discussed later in this section.

PROPOSITION D.3.1. Let (M;) move by the first variation formula 3.1.3) for t € [t1,t0), and let zq € R"*! be arbitrary.

Then the weighted mass function:

= | Pag )
M

is a non-increasing (but not necessarily finite) function of ¢ € [t1, ).

PROOF. Fix Ty € [t1,10), and let R > 0, # € (0,1) be arbitrary. Consider the standard test function (4, 1,),z-
Then by (3.5.2) we know that:

tH/ (I)(fﬂoyto)@(rmTl)vR
My

is a decreasing function of ¢, and consequently for every ¢ € (771, t):

/ (I)(wmto)@(mel%R < / (I)(ﬂt’mto)‘p(wo,Tﬂ,R (1)
M, It

1

Let us estimate both sides of the inequality. Starting with the right hand side of (i), we get:

/ ¢(Ig,t0)@(I0,T1),R S Sup %D(I(),Tl),R(.7T1) / (b(:bo,to) S / (b(fo,to) (T2)
T Rnt+1 ]\47*1 M

1 1

Let us look at the left hand side of (f4):
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/ (I)($07t0)<p($07T1)7R 2 / (I)($07t0)<p($07T1)7R
M, M:NBor(xo)

Z inf @(zo,Tl),R(Ut) / (b(i?o,to)
Bor(zo) M:NBor(wo)

mt —T)\°
= <1 -7 - (R21)> / D (29,t0) (fs)
+ MNBgr(xo)

Combining (f1), (f2), and (f3), we see that for every Ty € [t1,t0), t € (T1,ty), R > 0,and 6 € (0,1) we have:

oan(t—T1)\°
<1 -9 - R2> / (I)(:vmto) < / (I)(ﬂﬂoﬂfo)
+ M:NByr(xo) M,

Letting R — oo and applying the monotone convergence theorem on the left (while keeping ¢ fixed):

(1 - 6‘2)3 / (I)(onto) < / (I)(rmto)
M, M,

for every Th € [t1,t0),t € (Th,10), 6 € (0,1). Since 6 € (0, 1) was arbitrary, we conclude by letting 6 ~\, 0 that:

/ ¢(7«'07t0) < / (I)(woﬂfo)
M, M

1

for every Ty € [t1,t0),t € (T1,10), and the result follows. O

If we now additionally impose a finiteness constraint on the weighted mass of the first manifold, then we can establish

uniform finiteness and weak differentiability of the weighted mass function.

PROPOSITION D.3.2. Let (M;) move by the first variation formula 3.1.3) for ¢ € [t1,t0), and let zy € R"*! be arbitrary.
If:

/ D (39,t9) < 00
M.

t1

then the weighted mass function is real valued, non-increasing, in Wli’cl (t1,1t0), and satisfies

d o _ = Vl(b(zo,m) 2 o
dt /Mt ($07t0) B /J\/[t a B @(mg,to) (ZO’tO)
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weakly in .2} (t1, o).

PROOF. By the function’s monotonicity established (D.3.1)), the finiteness condition carries over to all later times

and hence our weighted mass function is finite at all times and non-increasing.

Once again, let R > 1 be arbitrary, and let xz be a smooth function in R"*! such that 15,y < xr < 1p,,(0) and

R|Dxr| + R?|D?*xr| < C(n). Observe that this implies:

0
‘ ((’% - AMt) XR

Then x g is a test function, and hence by (3.5.1) we have for every t € (t1,%o):

: / o 7/ H VJ_(I)(IOﬂfo) ’
dt M (ro-to) X1t = My (b(foyto)

Let 7 : R — R be smooth and with compact support within (¢1, t). Multiplying both sides of the equation above by

<4 (1)

0
D(10,00)XR T P(ao,t0) <8t - AM,,) XR

1, integrating on (t1,to), and integrating the left hand side by parts, we get:

2
to to VL@ zo,t 0
—/t Y'(t) /M D (20,t0)XR :/t P(t) /M - ’H - ﬁ D@ (20.,t0) XR + P(ag.20) ((% — AM,,) XR (f2)
1 t 1 t Zo,lo
Rearranging:
2
to VJ_(I)
/ %W)/ H— % P (wo.10) XR
ty M, (zo0,to)

|| [t to
< [Tl tephal + [ RO B
t1 M, t1 M,
to C(n to
[ won] eww + G2 w0l [ e
ty M, t M,

D3]7) to C(n) [t
=l A B T Ay
t My, t My,

| C(n
< =W [ P+ Tl [ B
Mtl Mfl

0
(625 - AMt) XR

IAE]

We now let R — oo above and apply Fatou’s lemma:
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[iw,

2

vV+o
_ Y _T(zoto) D (14,10) < (to — tl)W”|/ L ag,t0)
My,

H
q)(IO ;o)

In other words:

2
VD00

(I)(%ﬂff))

H D (ro.t0) | € Lineltisto) (13)

=
M,

Let us return to (o). We let R — oo. The left hand side and the right-most term are handled by the classical
dominated convergence theorem, (B.2.1). But tells us that the middle term can also be handled by classical

dominated convergence, and thus:

/ v [ L / b(t) /Mﬁ

Since 1) was an arbitrary smooth function with compact support within (¢4, to), we conclude:

d Vi ?
— o = g — Y "(zoito)
d (zo,to) — - - P

t Ju, M; (2o,to)

&L -weakly in (t1,1p), so the result follows. O

loc

2
V)

H
(I)(zmto)

D (20,t0) (f4)

o

xo,to)

Let us now begin to consider incorporating other integrands in our weighted mass function. The following result

generalizes Huisken’s monotonicity formula (3.5.1) in the non-compact case.

PROPOSITION D.3.3. Let (M;) move by the first variation formula (3.1.3) in (¢1,%), and let zo € R""! be arbitrary.
Suppose, additionally, that f : R" ! x (t1,ty) — R is C! in the product space, and each f(-,t) is C2. Let us additionally

impose the growth constraint:

(t o [ @i (1 1051+ 10751+ th|)) € L1 (tn to)

Then the weighted mass function integrated against f:

t— / (I)(Io,to)f
My
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is b

(1), t9) and satisfies:

2
d (ﬂco to)
2 s, o) | g
dt / (o) = / ‘ D (20,t0)

weakly in 4} (t1,10).

0
(zo,to)f T P(ao,to) (875 - AJm) f

PROOF. Once again, let R > 1 be arbitrary, and let xz be a smooth function on R"™! which satisfies the

inequalities 15,0y < xr < 1p,,(0) and R|Dxr|+ R*|D*xg| < C(n). Observe that this implies:

Cn)

R (1)

0
(§-ou)e

Then xr is a test function, and hence by (3.5.1) we have for every ¢ € (¢1,%):

2
d VA1) B,
E /Mt q)(xo,to)fXR = /Mt — 'H — (I)(TZ(;)O (I)(;co,tu)fXR + (I)(x(hto) <8t — AM:,) (fXR)

Let ) be smooth and with compact support [p, q] C (t1,%). Using the product rule (A.3.3.a), then multiplying both
sides of the equation above by v, then integrating on (¢1,%), then integrating the left hand side by parts, finally

rearranging we get:

2
VL(I)(IQ,to)

to
vlt) [
/t1 M P (20.10)
to to a
= [0 [ twwmie [0 [ 0 (G- au)
t1 Mt ty Mt

to b to
b o0 [ e (o) s = 2[00 [ @unTr T
ty M, t1 My

H - ®($o,t0)fXR (ié)

We may estimate this from above as follows:
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IN

to , to 8
[ o[ s+ [T 001 [ Seunlnl|(5 - ) xa
t1 M, t1 My

to b to
o [0l [ sl (5-an) ]+ 2[00 [ 099w
t1 M t1 My

@ Cn) [
< [Twen ] e+ G [0l el

o 2 2C(n) [
s [ [ e (D10t) o+ ZGE [Tl [ eegnins

2C(n fo
< (W1 (125 1) [ Uy [ @ (110514102514 1017)

Therefore by letting R — oo and employing Fatou’s lemma we get:

/t jow(ﬂ /Mt

or in other words we get that:

2
Vi)
D (20, t0)

to
1 B d < (614 10) [Ty [ eou) (514 1DS+ 101+ D2

t1 t

2
V(4 10)
D (2,10

H —

(-1,

Now we can finally let R — oo in (f}), because (f5) guarantees that we can handle the left hand side by dominated

(I)(ﬂﬁo,to)f> € ”%})c(tlv tO) (if})

convergence, (B.2.1):

_ VLQ(w07tO)

H
P

/:) P(t) /Mt 2 D@ (zo,t0)f = /: Y'(t) /Mt Do) + /: P(t) /Mt D (,t0) (; - AM,,) f

Since ¥ was an arbitrary smooth function with compact support within (¢, ¢9), we conclude that indeed

xo,to)

d vl(b(zo,to) i
E/ R A
My My (zo,to0)

weakly in .2} (t1,10), as claimed. O

0
(I)(onto)f + (b(wo,to) ((1% - AMt> f



Chapter D. Non-Compact Manifolds 131

Notice that we can’t say a lot about strong differentiability on (1, tg). Our weak differentiability together with basic
Sobolev space theory (see, e.g. [Fol95], [Tay96a]) guarantees strong differentiability a.e. on (1, %), but there is no
working around the fact that there is an elusive set of measure zero on which strong differentiability might break.

Strong differentiability will break if either:

2

VED (40 10) . . 0
_@(7 ®(44,10)f oOr parabolic evolution: @, ) E_AMt f

curvature: |H
xo,to)

are too large. Despite efforts by the author, everywhere-existence of the strong derivative remains unsolved. The
main obstacle in coming up with a counterexample, at least where the curvature term blows up, is that non-
compact manifolds with high curvature contribution are hard to visualize statically, and even harder to flow by
mean curvature. Fortunately, we have no need for accurate pointwise strong differentiability claims so we can leave

the matter at rest.

Consider, however, the case of

fZO and <§tAAL)f§0

where the weak differentiation formula tells us that, up to redefinition on a set of measure zero, the function:

t— / q)(ﬂﬁo,to)f
M

is (weakly) decreasing. Once again, we have an elusive set of times of measure zero, when ideally we would like to
understand classical monotonicity for all time instants. Luckily, with a slight modification of our previous arguments

we can do exactly that, with even weaker hypotheses!

PROPOSITION D.3.4. Let (M;) move by the first variation formula (3.1.3) in (t1,), and let zo € R"*! be arbitrary.
Suppose, additionally, that f : R"*! x (¢1,t9) — R is C! in the product space, that each f(-, ) is C?, and that:

f>0 and <;—AMt>f§0

Let us additionally impose the growth constraint:
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(17 [ B 111+ 101D ) € Zilr,10)

Then the weighted mass function integrated against f is a real-valued (except possibly at ¢;, were it might be infinite),

non-increasing function of ¢ € [t1, to).

PROOF. Fix Ty € [t1,t9). Let R > 1 be arbitrary, and let xz be a smooth function in R™*! such that

15,0) < xr < 1B,,00) and R|Dxg| + R*|D?*xg| < C(n). Once again, this implies:

0
’ (at - Am) XR

Then working as before and employing (A.3.3.a) and (3.5.1) for the function of compact support fxr we get, at
t e (Tl, to):

)
- R

d
2 s
7 /Mt (wosto) FXR

2
B P PR TR
M,

0
Do) fXR + / D (10.t0)XR <8t - AAL) f
M,

(z0,t0)
0
+ / ¢(m07t0)f (at - AMt) XR - 2/ (P(Io,to)vf : VXR
M, M,
0
< / Drot0)f (815 —AMt> XR — 2/ D (20,t0) VS VXRr
My My

Therefore by the fundamental theorem of calculus on [17,¢], t € (11, ), we have:

t t
0 :
| tcuwtn < [ e [ e (5o su)e-2 [ [ 8,095 a6
M M, Ty J M- T1 J M,

The left hand side we may estimate from below as follows:

/ (I)(:L’o,t())fXR Z / (I)(Io,tg)f (ig)
My M;NBr(0)

because f, xg > 0 and xg = 1 on Bg(0). The right hand side of we estimate from above by:
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t t
0
/ Dyt fXR + / / Do o) (mAMt> XR — 2/ / @ (20.t0) VS VXRr
]\4711 T, J M, Ty J M,

t a t
< / (I)(mo,to).ﬂxR‘ + / / (I)(xo,to)f ' <8t - A]\/It> XR + 2/ / (I)($0,t0)|vf||vxpc‘
M, T J M, T J M,
C(n) [* 2C(n) [*
S / (I)(wo,to)f + T/ / q)(ivo,to)f + R / / (I)(wo,to)|vf| (ig)
AlemBgR(O) T, J M, Ty J M,

Combining ({7}, ({7), and yields:

C(n) [* 2C(n) [*
/ (I)(-’ﬂo,to)f S/ (I)(ﬂcoyf/o)f + %/ / (I)(-ro,ffo)f + ]:E{ )/ / q)($07t0)|vf|
MNBg(0) Mz, NBsr(0) T J M, T JM

T

1
o

Letting R — oo and recalling our .%}, . growth conditions gives:

/ (I)(’quﬂfo)f < / (I)(’Jfoﬂfo)f
My Mr.

1

for every Ty € [t1,t0) and ¢ € (T1,tp). In other words:

(t — / D@ (20.t0) f) is non-increasing on  [t1, o)
M,

Notice that a priori the values of the function above are not necessarily finite. But since we know that this function is
also #/ ! (t1,%0), then we know that it is finite a.e. on (¢1,¢9) and hence by monotonicity it is constrained to be finite

loc

everywhere on [t1, %), except possibly at 1. O

D.4. Non-Compact Weak Maximum Principle

This last monotonicity result has a very interesting application from the PDE point of view. We can use (D.3.4) to
prove a weak maximum principle satisfied by non-compact solutions of our mean curvature flow problem which

obey mild growth assumptions.

PROPOSITION D.4.1. Let (M) move by the first variation formula (3.1.3) in [t1,#o). Let f : R"™! x [t;,t9) — R be C!
in the product space and f(-,t) € C? for every t € [t1,to). Suppose additionally that:
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0
f >0 and <8t - AM{) f <0 and (t — /M (b(l?o,to) (|f| + |Df|)> € %})c[tlato)

Then:

t — sup f(-,1)
M,

is a non-increasing (possibly infinite) function of ¢ € [t1, ).

PROOF. Let us write sup,,, f for sup,,, f(:,t). Let T € [t1,t0) be such that supy,, f < oo. Let ¥ :=supy, [ <
oc. Define a non-negative, non-decreasing, convex C? function v : R — R that vanishes identically on (—oc, Y], is
strictly positive on (3, 00), and y(z) = « — M for all z > ¥ + 1. In other words + is a non-negative convex function

that vanishes up to ¥, and grows (essentially) linearly thereafter.

With such a v and g(z) := v(f(z)) we evidently have g > 0, |g| + |Dg| < C(|f| + |Df|) for some constant C' > 0, and
since 7 is non-decreasing and convex we may employ the chain rule (A.3.3.b) and get:

0
— — <
<8t AMt>go

Therefore g satisfies the hypotheses of (D.3.4), so that for every ¢ € (17, tg) we have:

/ CI)(Uﬁoﬂfo)g < / q)(xo,to)g
M, M.

1
But f < ¥ on Mr,, so g = 0 on My, so the right hand side is zero. But the left hand side is non-negative, so g = 0 on
M;. Since y(x) > 0 when 2 > ¥, we conclude that sup,,, f < X = sup,,, fforallt € (T1,t9) when the latter quantity

is finite. But the same is also obviously true when that quantity is infinite, so the result follows. O



135

APPENDIX E

Representation by Graphs

In this chapter of the appendix we tackle the issue of representing n-dimensional manifolds (or smoothly moving
families thereof) as graphs over a given affine space 7" C R""!. In the last section we prove an Arzela-Ascoli type

compactness theorem for submanifolds which is used by our regularity theory.

The geometric results here have nothing to do with mean curvature flow, so we will not assume any such specific
motion. We will also not require compactness or that our manifolds be embedded, unless otherwise stated. In
particular, we will assume that we are working with possibly non-compact immersed n-dimensional submanifolds

in R+,

E.1. Very Local Representations

We begin with a result which lets us write families F' : M™ x I — R"*! of immersed submanifolds locally in the

intrinsic topology as graphs over a fixed affine space 7" C R"*1.

LEMMA E.1.1. Let M™ be a smooth n-dimensional manifold, I C R be an open set of times, and F' : M" x [ — R"*!
be a smooth family of immersions F(-,t) : M™ — R™*!. Fix a point py € M", a time t;, € I, and an n-dimensional

affine space 7" C R"*! whose normal space N = span {7} is such that:

N N T py o) F(M", t0) = {0}

Denote by &, the projection of F(py, to) onto T". Then there exists a ¢ > 0, a connected open set J C I containing ¢,

an open set O C M" x I containing (po, t9), and a smooth function u : By (&) x J — R such that:

{F(p,t) - pe M"N{(-,1) € O}} = graph g, u(-,t) = {{ +u(&, t)n : € € By(éo)}

for all fixed ¢ € J.
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PROOF. Let 7 : R"*! — T™ denote the projection operation onto 7. Consider the smooth map G : M™ x [ —

T™ x I acting by:

G(pt) := (n(F(p, 1)), 1)

Observe that its differential satisfies:

dG =

Recall that N N Tp(p, 1) F(M™, tg) = {0}, which implies that at (po, to) the submatrix 7(d, F') has full rank, and hence
dG is of full rank at (po,to). Consequently, by the inverse function theorem there exist open sets Oy C M"™ x I,
Wy C T™ x I, such that (pg, to) € Oy, G : Oy — W) is a smooth bijection, and its inverse H : W, — Oy is also smooth.
By the openness of W, there exists a ¢ > 0 and a connected open .J C I containing t, such that B (§o) x J C Wj. Let

O be the open subset of O that is the preimage of By (&) x J.

Define our potential graph function u : By (&) x J — R by:

It is obvious that u is smooth. Since G, H are inverses, we have ({,t) = G(H(¢,t)) = (n (F(H(&,t))),t) for all
(§,t) € B, (o) x J. Reading off the first component gives:
T (F(H(, 1) =¢ (1)

for all (¢,t) € By (&). If (-)* is the (vector) orthogonal component with respect to 7™, gives:

F(H(E )" = (FHE )" -n)n=((FH(E 1) —m (F(H(E 1)) -m)1

= ((F(H(& 1) =& -n)n=mu(t)n (t2)
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We now have the tools to check that u is the required graph representation. We will do this by showing that
graph ,.,u(-,t) € {F(p,t) : pe M"N{(-,t) € O}} and also {F(p,t) : pc M" N{(-,t) € O}} C graph ,,u(-,t) for
allt € J. Solett € J be arbitrary.

For all £ € By(&) we have:

¢+ u(e, tn@e + p(H(E )"

1

T (F(H(E 1))+ F(H(E )"

F(H(E,t) € {F(p,t) : pe M"N{(-,t) € O}}

and consequently, since { was arbitrary, we have graph ., u(-,t) C {F(p,t) : p€ M" N{(-,t) € O}}.

For the reverse inclusion let p € {(-,t) € O} be arbitrary. Define £ from the relation (¢,t) := G(p,t) € By (&) x J.

Working essentially backwards, we observe that:

F(p,t) = F(H(&, ) = 7 (F(H(E 1)) + F(H(E, 1)
Qe pae,n)*

€ +u(&, t)n € graph ., u(-, 1)
and the result follows, in view of the arbitrariness of p. O

Notice that in the absence of motion, this result reads:

COROLLARY E.1.2. Let M™ be a smooth n-dimensional manifold immersed into R*t! via F : M"™ — R"*t!. Fix a

point py € M"™ and an n-dimensional affine space 7" C R"*! whose normal space N = span {n} is such that:
NN TF(pO)F(Mn) = {0}

Denote by &, the projection of F'(py) onto T". Then there exists a ¢ > 0, an open set «f C M"™ containing py, and a

smooth function u : B} (£y) — R such that:

F(U) = graph ,u = {&{+u(&)n : £ € By (&)}
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The drawback of the results above is that they depend on the intrinsic geometry of M™. In certain cases, however,
we want to be able to check that we get a graph representation within a small neighborhood in the ambient
space. Fortunately, with compactness and embeddedness this can be arranged to happen in small cylindrical

neighborhoods. Denote:

Conrn (o) := open cylinder normal to T™ centered at zy with radius ¢ and height 2h

THEOREM E.1.3. Let M"™ be a smooth n-dimensional compact manifold, / C R be an open set of times, and
F: M" x I — R"*! be a smooth family of embeddings F(-,¢) : M™ — R"*!. Fix a point py € M™, a time ¢, € I, and

an n-dimensional affine space 7™ C R""! whose normal space N = span {n} is such that:

N n TF(po,to)F(Mn7tO) = {O}

Let z be F'(po, to) and & be its projection onto 7. Then there exist 0 < g < h, a connected open set J C I containing

to, and a smooth function u : By (o) x J — R such that for every t € J:

M; 0 Co e (w0) = graph p,u(-,t) = {{ +u(&, )y« € € By(¢o)}

PROOF. By applying the previous lemma, (E.1.I), we know there exists a connected open set Jy containing to, a

radius gy, a smooth function u : B} (o) x Jo — R, and an open O C M™ x J such that:

{F(p,t) : pe M" N0 {(-,t) € O}} = graph g, u(-,t) = {+ul&t)n : £ € By ()} (f1)

for all t € Jy. We will need the following topological property: there exists an € > 0 such that for every

t € (to —e,to + ) we have:

{F(-,t) € Ceerm (o)} C{( 1) € O} (t2)

Intuitively, this says that only points within O map to a sufficiently small cylindrical neighborhood of F'(py, ¢) in the
ambient space. Suppose, for the sake of contradiction, that this were false. Take a sequence ¢,, \, 0 for which this

fails. That is, for every n there exists a p, € M™ and a ¢, € (to — €n,t0 + €5) such that F(p,,t,) € Ce, ., r» and
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Since M™ is compact, we may assume that p, — po, € M™ after possibly passing to a subsequence. Since €,, \, 0, we

also have t,, — tg and F(pso, to) = xo.

Since F(-,tp) : M™ — R"*! is injective and F(ps,to) = zo = F(po,to), we have po, = po. On the other hand
(P, tn) & O for all n, and hence the limit point (po, to) is also outside O, and in particular it cannot be that po, = po.

This is a contradiction, and our e-claim follows.

Now let 6 > 0 be small enough that § < ¢, d < oo, (to — 0,t0 + &) C Jo, and graph ., u (B} (§) x (to — d,t0 +9)) C
C: (o). The latter can be arranged because u is continuous and graph ., u(o,%0) = 2. In fact, since the graph of

u(-,t) on B (&) cannot map outside the cylinder of radius §, the last inclusion can be revised to:

graph ., u (Bj (§o) % (to — d,t0 +0)) € Cs.c(x0) (f3)

Notice that we're abusing notation here and using graph .., u to denote the function mapping into R"*!. We now

claim that the result follows with J := (tg — d,to + 0), 0 := 6, and h := ¢. Indeed, let t € (ty — J,t( + 0) be arbitrary.

By we know that u maps within the cylinder Cs . 7». By construction, though, it also maps within M;. Thus:

C My N Cs.ern (o)

graph Tnu(-,t)|BgL(£0)
= {F(-,t) . Mn} n Cé,s,T" ($0)

= {F(,t) : M"N{F(-,t) € Csern(z0)}}

Now Cjs. rn(x0) € Ce e rn (o). But we also intersect again from the outside the brackets by Cs . 1~ (o) to keep the

cylinder radius at 4:

g1aph 1,11 1) gy e € {F(1) + M1 {F(,) € Ceirn(@)}} N Cocirn (o)

CEC) © MO {(1) € 0} N Cs oo (1)

il
= graph pnu( )| gy () N Coern(@0) = graph puul )] gy e,

and the result follows. g
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E.2. Controlling the Representation Radii

In this section we will not concern ourselves with any motion on behalf of our manifolds. Our no-movement result
(E.1.2) from the previous section established that around any center point we can write a fixed immersed manifold
locally as as the graph of a function. The catch is that the radius of representation may get arbitrarily small. In this

section we show that we can always bound the radius of representation from below in terms of the curvature tensor.
We begin with a uniqueness lemma that will let us patch graph representations together.

LEMMA E.2.1. Let M™ be a smooth n-dimensional manifold injectively immersed into Rn+1 by FF : M™ — R7HL,
Let 7" Cc R"*! be any affine space. Suppose that for ¢ = 1,2 the sets &; C M™, V; C T™ are open, and there exist

differentiable functions u; : V; — R such that:

F(U;) = graph ., u;
If ui (&) = ua(&o) for some & € Vi N Vs, then uy = uy on the entire connected component of &, within V3 N V5.

PROOF. Consider theset X :={{ € Vi NV, : u1(§) = u2(€)}. By assumption & € ¥ and by continuity the set

is relatively closed in Vi N Va. It remains, then, to check that it is relatively open.

Let £ € X be arbitrary, i.e. such that u;(§) = uz(€). Then graph ., u1(§) = graph ,.,u2(§), and thus both are equal to
F(p) for some p € Uy NU, since F is injective. Since F is locally the graph of the differentiable u; and/or us around
p, we know that its tangent space T,y F'(M™) cannot intersect 7™ orthogonally. Consequently, we may now apply
the previous local graph representation result to conclude that there exists an open set &/ C M" containing p,

aradius ¢ > 0, and a smooth function u : B (§) — R such that:

FU) = graph ,,u

Shrink ¢ > 0 to arrange for & C Uy NUy and By (&) € Vi N V; to occur. For any ' € By (§) and i = 1,2

graph ;. u(¢') € F(U) C F(Uy NUs) C F(U;) = graph ,,ui(V;)

which implies that u(¢') = u;({’) for i = 1,2, and thus by transitivity u; ({') = u2(¢’), so £’ € X. Since ' € B,(§) was

arbitrary we get that ¥ is relatively open, and the result follows. O



Chapter E. Representation by Graphs 141
From this point onward let us associate M" with its image F(M™) that is immersed into R"*?, to avoid making any

references to F' : M™ — R™!. Points on (what is now) the submanifold M™ C R"! will be denoted by z variables.

DEFINITION E.2.2. Let M" be an immersed submanifold of R"*!. We say that a given ¢ > 0 is a representation radius
around z¢ € M" relative to an affine space 7" C R""! if there exists a smooth function v : B} (£,) — R and an open

set{ C M"™ containing x such that:
U = graph T"U‘Bg(go)

Here &, denotes the projection of =y onto 7. At this point we define:

Ry = {0} U {p > 01is a representation radius around z relative to 7"}

to be the set of representation radii around our center point. We have included 0 for convenience to ensure that

%;co,T" is always non-empty. |

LEMMA E.2.3. Let M™ be an immersed submanifold of R"*!, and let zp € M"™ and T" C R""! be given. The set

Ry, Of representation radii is of the form:

%I(),T" = [03 Q::O,T”]

for a (possibly infinite) ¢} . > 0. If the tangent space at z( intersects the normal space to 7™ trivially, then o} . > 0.

PROOF. The set of radii is of course connected, since any representation radius ¢ with associated graph function
u can be shrunk to give any smaller representation radius 0 < ¢’ < p. In other words, %, - is of the form [0, o*) for

0* >0, or [0, ¢o*] for p* > 0. We claim that the former form is impossible.

Indeed, suppose for the sake of contradiction that #,, v~ = [0, 0*), o* > 0. Choose a sequence 0 < g,  o*.
By the uniqueness lemma (E.2.1), all the associated graph representation functions u,, must agree on their common
domains. Therefore, we may define a joint graph representation function u : Bj. — R by patching the u,, together.

Thus ¢o* € %, r~, a contradiction. It follows that %, 1= is of the form [0, o*].

The last claim follows straight from the local existence theorem (E.1.2) which guarantees that there exists a ¢ > 0 in

Ry, 17, 50 by maximality o* > o > 0. 0
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The following theorem now lets us estimate representation radii from below in cylindrical neighborhoods where M™

has no boundary and where we have uniform curvature, i.e. |A|?, bounds.

THEOREM E.2.4. Let M™ be an immersed submanifold of R**!, zy € M", and 7" C R"*! an affine space whose
orthogonal complement is spanned by the unit vector 7. Suppose that Cr 5,1~ (z0) is a cylinder around z( in which

M™ has no boundary;, i.e.

(M \ M™) N Crprn =0

Suppose, further, that for some constant C' > 0 we have the uniform estimate:

|A(z)|> < C?  forx € M"™ N Cprprn(w0)

and also |v(zg) - 7| > + at the center point, for a constant K < %. As always, v is a local choice of unit normals

around z( (which choice we make is immaterial). Then

g:min{R,2 h— KR

NLES NP

and there exists a smooth u : B2 (&) — R such that |Du| < % and:

Goo (M™ N Cy prn (20)) = graph ., u
where ¢, (-) is short for z¢’s connected component within the set in question.

PROOF. The fact that v(z¢) -  is non-zero guarantees that T,,, M™ intersects the orthogonal complement of 7"
trivially, since the latter is spanned by 7. In other words, the local graph representation theorem applies so (E.2.3)
guarantees that ¢* := ¢} 7. > 0. Denote the maximal representation function around z by u : By. (§0) — R, with &,

the projection of zy onto 7™ as always.

Let us first show that if p* < R then we have the escape condition:

(1)

vl i~y

sup |Du| >
B, (£0)
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We proceed by contradiction. Suppose that the inequality above were false, i.e. that there exists a 6 € (0,1) such that
|Du| < 8- % on B2 (&). Thenu : B2 (&) — R has a bounded derivative on its domain and can therefore be extended

to a continuous function v : B}. (§o) that agrees with u automatically at all interior points.

For convenience, let us denote the boundary points B7. (&) \ Bj- (§0) of the n-dimensional ball by B (&). Then for
all boundary points § € 9Bj. (§) we have:

h
[v(€) —u(o)| < sup [Du| [£—E&l <0 50" <0
B7. () R

so that £ + v(€)n € Crp,1n (o). Since by assumption M™ has no boundary within this cylinder, we conclude:

£+ ’U(f)T] eM™nN CR,h,T" (1’0)

Since |Dv| is bounded in the interior points Bj. (&), by taking limits we see that the tangent space T¢ ), M"
intersects the normal space to 7™ (spanned by 7) trivially, and hence the local graph representation lemma (E.1.2)
applies in combination with the representation radius lemma (E.2.3) and tell us that %Z¢_,,(¢),,r» is nontrivial.

This process can be repeated for all £ € 9B}.(&). Since the latter set is compact, there exists a § > 0 and a finite
number of points §; € dBj.(£y) such that the n-balls of radius ¢ around the {; cover the boundary, and hence in

particular:

By (&) € By (S0) U (U;B§ (&) € BR(&)

By the uniqueness lemma the various graph representatives around the new ¢; all agree on their common domains,
and furthermore they all agree with u in each of their common domains with Bj.(£y). We may thus patch them all
together to get a graph representative on a ball of radius slightly larger than ¢*, which contradicts the latter quantity’s
maximality. Therefore, the escape condition (f;) holds.

Let us return to the main problem. Our gradient assumption gives us:

1

0
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point construct:
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Recall that K < %. Make an arbitrary choice of § € (0, 1) such that K < 6%, and call the latter quantity M. At this

o:=sup{0 <o <o" : [Dul <MonBj(&)}

This quantity is well defined since the set in question is bounded and non-empty, as | Du(&y)| < K < M by our choice
of . We now claim that o must satisfy this interesting a priori estimate:

M- K
oZmin{R }

120 (14 M?)'/?

(f2)
recovered from the graph function according to:

Once again we proceed by contradiction and suppose that o is less than the quantity above. It is now that the
curvature |A|? estimates come into play. Recalling the geometric fact that the second fundamental form can be

o Diju
ij —

v/ 1+ |Dul?
we see that on B} (¢p), in combination with our gradient assumption |Du| < M:

|D%u| < [AV/1 + [Du? < C (1+ M2)'/?
By the fundamental theorem of calculus we thus see that on B (&):

|Dul < [Du(&o)| +o sup |D*ul

B2 (£o)
< K+0C(1+M2)"?
M-K
<K+

1/2
-C (14 M?
20 (1 +M2)1/2 ( )
M-K 1
<K+ _ ot
2 2

K
M

The rightmost fraction is smaller than 1, which implies that |Du| < M on B2 (&). The only way in which this does
imply that:

not contradict the maximality of ¢ is when we cannot increase o any further, i.e. when o = ¢*. But then this would
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1+ &
sup |Du|< M- —2
B, (¢)

<M=0=<

vl i~y
=vli=s

which violates our escape condition, (fi). In any case, then, we reach a contradiction and thus the a priori estimate

must hold. Rewriting it in terms of just h, R, K, C, 6, we proved that:

h
0L — K

o > min ¢ R, -
20 (14 6%%)

1/2

Recall that 6 € (0, 1) was an arbitrary number such that K < 4. Taking 6 /" 1, we may revise our estimate to:

h
LK

: . h—KR
o > min ¢ R, L Lan (T min < R, PN V]
2C (1+ 23) 2C (R? + h?)

In particular, if we let the expression to the right above be denoted by ¢ > 0 then we observe that o* > o > o, so
0 € Hqy,,r» which completes the first part of the theorem. For the second part, recall that by definition of the set of

representation radii there must exist an open set /f C M" containing ¢ such that:

U = graph

T““‘Bg(@)

Of course by our choice of ¢ we have |Du| < % on By (&), and hence by the fundamental theorem of calculus
lu —u(&o)| < o|Du| < R|Du| < h. In other words, the graph of v within B} () never escapes C, 5 7= (7o) so the

graph representation above can be refined to:

graph T”“|Bg(go) =UNCyprn(x0) CM"NCyprn(z0)

But graph ., u

B (60) is certainly both relatively open and relatively closed in M™"NC,, 5, 7, and the result follows. [

E.3. Arzela-Ascoli on Submanifolds

It is time we applied our graph representation theory to prove an Arzela-Ascoli type result for sequences of immersed
n-dimensional submanifolds of R"*!. This theorem is used by our mean curvature flow approach to provide

sufficient conditions for regularity. Our generic approach to graph representation theory allows us to proceed without
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requiring the compactness and embeddedness assumptions we had made for mean curvature flow. Without further

ado:

THEOREM E.3.1 (Arzela-Ascoli for Immersed Submanifolds). Let {);}52,; denote a sequence of n-dimensional
immersed submanifolds in R**!. Consider a sequence of points z; € M; with z; — z, € R"*'. Suppose that

we are given a radius ¢ > 0 within which no M; has a boundary, i.e.

(M; \ M;) N By(z,) =0 forall j

and the following uniform curvature estimate applies:

C
sup |A]2 < —g forall j
TEM;NB,(z4) o

Then there exists a constant (g, Cy) > 0 and an affine space 7™ containing z. such that, after possibly passing to a

subsequence, the submanifolds representing the connected component around «; of M; within a given cylinder, or

oy (M 0C, 2 0 (22)

converge in Ch*, a € [0, 1), as graphs to an n-dimensional C!*! submanifold M, containing z, and tangent to 7" at

that point. If we additionally have the higher order curvature estimates:

Cm
02(m+1)

sup VT A2 <
2€M;NBy(z4)

for allm > 0 and all j

then the convergence is in C* to a smooth submanifold. The constant (g, Cy) above is:

o -amin{ b o)

PROOF. Consider the sequence of normal vectors {v(z;)} C S™ to our submanifolds M. Since S™ is compact, we
may pass to a subsequence and assume that v(x;) — 1. € S™. Let T" denote the affine space, centered at z.,, that is
orthogonal to 7,. Denote by o = o(h, R, K, C) the constant from the previous theorem, (E.2.4), where in this case we
areusingh=R=¢,K=3and C = @. This will amount to being twice the o postulated in the statement of the

theorem.
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Since v(z;) — 1, and x; — z,, without loss of generality we may assume that:

1
v(zj) ny > 3 and |z; — x| < g and |z; —z.] < % for all j

Let us now work at each submanifold }/; independently. Observe that C¢ ¢ 7 (z;) C Bo(wo), so all three conditions
of (E.2.4)-no boundary, curvature estimate, gradient estimate-apply on this cylindrical domain. If £; denotes the
projection of x; onto 7™, then the theorem guarantees that there exists a smooth function u; : B}(¢;) — R for which
|Duj| <1 and:

G, (M]- NCog1n (xj)) = graph Tn“j|Bg(f,->

Let us denote the vertical component of z; over " by v, so that C, ¢ 1 (z;) = By (§;) x Blg (). Since |z; — 2. < §

and z, has no vertical component with respect to 7, the triangle inequality gives B 1% (v;) € B1,(0). Now:
3

Co, 2 1n(z5) € By (&) % B%(O)

isbut a vertically enlarged cylinder. Since we're only interested in the connected component of x;, we can accordingly

enlarge our cylinder vertically in our graph representation result:

%o, (M50 (B2(&) < BL(0))) = graph |

Since |z; — .| < §, we also have that By (x+) C BZ(&;) so we can horizontally shrink our cylinder per:

Shrinking our cylindrical domain horizontally obviously does not affect our graph representation, so in conclusion

we see that:

Cr, (Mj N C%%g’Tn (m)) = graph T"“J'|Bg (22
2
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for every j, with u; a smooth function on B (x.) satisfying |Duj| < 1. Our curvature estimate lets us extend this
to a second order derivative estimate according to |D?u;| < /1 + |Du;|?|A| < %. We have constructed, then, a

sequence u; : By (xz+) = R such that:

V20,

uj(§;) >0 and |Du;| <1 and \D2uj\ < 5 for every j
0

By the classical Arzela-Ascoli theorem, and after possibly passing to a subsequence, we see that there exists a C1+!
function u. : By (z.) = R to which our u; converge in the Holder spaces C*®, o € [0,1). Furthermore we have
us(zy) = lim; u;(§;) = 0, so this is a graph function passing through z. and hence represents an n-dimensional

submanifold M. containing x.. The corresponding constant % is, then:

o

g R S/ 0 min{g S — }
2 2 2 3’2@(ﬁ+92)1/2 6’ 2v/2/Cy
9

If we also had uniform bounds on |[V™A|?, then of course they would inductively translate to uniform bounds on

|D™u,| for every m and j and hence our Arzela-Ascoli convergence would actually be in C*°. O
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