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Abstract

We study two different geometrically flavored variational problems in mathematical physics: quasi-
local mass in the initial data set approach to the general theory of relativity, and the theory of
phase transitions. In the general relativity setting, we introduce a new moduli space of metrics on
spheres and a new metric invariant on surfaces to help obtain a precise local understanding of the
interaction of ambient scalar curvature and stable minimal surfaces in the context of three-manifolds
with nonnegative scalar curvature; we use these tools to study the Bartnik and Brown-York notions
quasi-local mass in general relativity. In the theory of phase transitions, we study the global behavior

of two-dimensional solutions, and relate their complexity at infinity to their variational instability.
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Chapter 1

Introduction

1.1 Overview

One of the most important geometric functionals is the area (or volume) functional for hypersurfaces
Y7~ ! inside Riemannian manifolds (M™, g). Suppose X carries a unit normal vector field v. The

first variation of area along a normal perturbation fv, f € C°(X), is given by

/ fH dvg;
P

H = divy v is the mean curvature of "~ C (M", g). Critical points for the area functional are

called minimal hypersurfaces.

Not all critical points have the same variational behavior. The Morse index of a critical point
measures the number of linearly independent directions for instability. This is captured by the

second variation of area, which, along the same normal perturbation, is given by
[ 971 = s 212 = Ricas () £7] dos,
b

where V¥ is the tangential gradient on 3, Iy, is the second fundamental form of ¥ with respect to v,
and Ricy, is the ambient Ricci curvature. A minimal hypersurface with nonnegative definite second
variation is called stable. From a physical perspective, unstable critical points are a lot less likely

to be observed than stable ones.

In this thesis we study the critical behavior of certain geometric functionals, including the area

functional, which appear in two different problems in mathematical physics: the initial data set
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approach to the general theory of relativity, and the theory of phase transitions.

Several problems in the initial data set approach to general relativity reduce entirely to variational
problems in Riemannian geometry. Specifically, under certain symmetry assumptions, energy is
modeled by scalar curvature, and boundaries of quasi-local black hole regions (“apparent horizons”)

by stable minimal hypersurfaces.

In Chapter [2] we obtain a precise local understanding of the interaction of ambient scalar curvature
and stable minimal surfaces, in the context of three-dimensional manifolds with nonnegative scalar
curvature. In the process of doing so, we define a new moduli space of metrics on surfaces, .Z, and

introduce a new metric invariant, the A-invariant.

In Chapter [3| we discuss the initial data set approach to the general theory of relativity, and apply
to it the variational tools developed in Chapter [2] regarding the moduli space “.#,” and the “A-
invariant.” Among other results: we compute the exact value of the Bartnik mass of apparent
horizons, a previously uncomputable quantity; we show the static minimization conjecture cannot
hold for apparent horizons; we construct a large class of new examples of apparent horizos; we
disprove G. Gibbons’ formulation of Thorne’s hoop conjecture in relativity; we formulate a geometric
generalization of the Brown-York quasi-local mass; and, we derive a “cut-and-fill” operator for three-
dimensional manifolds of positive scalar curvature, which, with respect to the A-invariant, is a dual

operation to the Schoen-Yau [61] and Gromov-Lawson [28] connect-sum construction.

In Chapter [ we turn our attention to the theory of phase transitions, as modeled by the scalar-
valued Allen-Cahn equation. De Giorgi conjectured that solutions of this equation behave like
minimal hypersurfaces. We discuss 2k-ended solutions of the equation in R? and confirm a conjecture

regarding a lower bound for the Morse index of 2k-ended solutions.

1.2 Notation and conventions

Table 1.1: Summary of notation

Notation Explanation

~ diffeomorphism, diffeomorphic manifolds

= isometry, isometric manifolds

£ definition of variable, function, etc.

vM.9 Levi-civita connection, gradient on Riemannian manifold (M, g)
Vﬁ/L 9 k-th covariant derivative on Riemannian manifold (M, g)

Laplace-Beltrami operator, Tr V2, on Riemannian manifold (M, g)
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Table 1.1: Summary of notation

Notation Explanation

I'(E) smooth sections of a vector bundle E over a smooth manifold

A%k 2k-tuple of oriented rays in R? (Section

Az ) A-invariant of Riemannian 2-manifold (X, ) (Section

Cc* Banach space of k-times continuously differentiable functions

C’{fm vector space of locally C* functions

ck vector space of compactly supported C* functions

Cchke Banach space of C* functions with a-Hoélder k-th derivatives

e vector space of locally C** functions

Hs, Hy mean curvature scalar and vector of a hypersurface ¥ (Section
Iy second fundamental form of a hypersurface ¥ (Section

ind(+) Morse index for a critical point of a variational problem (Section
r Banach space of functions with [ |f]? < oo

Lt vector space of locally LP functions in

Met (M) bundle of metrics on a smooth manifold M

Moy, moduli space of 2k-ended Allen-Cahn solutions in R? (Section
My moduli space of special metrics on S? (Section

Rm, Ric, R, K Riemann, Ricci, scalar, Gauss curvature (Section

Wk Banach space of functions with f, V£,..., V¥ f € LP (“Sobolev space”)
W{Z’Cp locally WP functions

wyP WHP-closure of C°

X, Y, e, f, etc. vectors, vector fields

v, dv, o, do, £, dl volume, surface, length forms or measures

Additionally:

e we simplify notation by dropping subscripts and superscripts, if those are clear from the
context; e.g., the Levi-Civita connection VM9 of a Riemannian manifold (M, g) can be VM if
the metric is clear but the manifold isn’t, V¢ if the manifold is clear but the metric isn’t, or

V if everything is clear from the context;

e completeness and compactness for Riemannian manifolds will always refer to metric complete-
ness and compactness; i.e., complete and compact Riemannian manifolds may have boundary;

closed Riemannian manifolds are compact and without boundary.
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Scalar Curvature 3-manifold

Geometry

2.1 Introduction

One of the most fundamental questions in differential geometry is:

Question. Which closed manifolds M™, n > 2, can carry Riemannian metrics with (everywhere)

positive scalar curvature?

We briefly recall the various curvature tensors of an n-dimensional Riemannian manifold (M™, g).
Appendix [A]lists basic facts about Riemannian geometry—including some about curvature tensors—

that are needed in this thesis. For a more thorough treatment, see [55] [4§].

The Riemann curvature 4-tensor is:
Rm(X,Y,Z, W) 2 (VxVyZ — VyVxZ — Vix,v1Z, W), (2.1.1)
the Ricci curvature 2-tensor is:
Ric(X,Y) £ TrRic(X, -, -,Y), (2.1.2)
and the scalar curvature function is:

R = TrRic(-, ). (2.1.3)
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When n = 2, the situation is completely understood via elementary considerations. First, the Ricci
and scalar curvature are given, respectively, by Kg and 2K, where K denotes the Gauss curvature
of the two-dimensional Riemannian manifold (M?2,g). Therefore, from the Gauss-Bonnet theorem
we know that for every metric ¢ on M2, the scalar curvature integrates to a topological invariant,
namely,

Rdo = 4mx (M),
M

where x(M) is the Euler-characteristic of M. In particular, if M carries a metric with R > 0, then
M will have x(M) > 0. By the classification of two-dimensional surfaces, we know that, up to
diffeomorphism, the only closed ones with positive Euler characteristic are S2 and RP?. Conversely,
it is obviously true that 8% and RP? carry metrics of positive scalar curvature; e.g., the round metric

on S? and its corresponding quotient on RP?2. In other words:

Fact. A closed two-dimensional manifold carries a metric of positive scalar curvature if and only if
it is diffeomorphic to S? or RP2.

When n = 3, the situation is now also completely understood, but the methods involved are far from
elementary; this case was settled given the combined work of Schoen-Yau [61, [59], Gromov-Lawson

[28], and Perelman’s proof of the geometrization theorem [52], 54} 53].

Fact. A closed three-dimensional manifold carries a metric of positive scalar curvature if and only if
it is diffeomorphic to a connected sum of finitely many S? x S's together with finitely many spherical

three-dimensional manifolds S®/G (G a finite subgroup of SO(4), acting freely by rotations).

The methods in this chapter are in the spirit of those in the Schoen-Yau approach to the classification
of three-dimensional manifolds with positive scalar curvature. Namely, we make extensive use of the
theory of minimal surfaces. Appendix contains a brief summary of minimal surface results we

are going need.

2.2 Moduli space .#, of metrics on S?

2.2.1 Definitions

We start this section with a lemma that motivates the moduli space of metrics that we will study.

Lemma 2.2.1 (M.). Let (32,7) be a closed two-dimensional Riemannian manifold. The following

are equivalent:
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(1) For every f € C=(X?), f £0,
[0V 11P + Ko p?] do > 0,
s

where Ky, is the Gauss curvature;
(2) There exists u € C*(X?), u > 0, such that (32 x S, v+ u?d0?) has positive scalar curvature;
(3) (X2,7) occurs as a two-sided stable minimal surface in a three-dimensional Riemannian man-

ifold with positive scalar curvature.

Proof. (1) = (2). From Propositions [B.2.2] the first eigenfunction u € C°°(X?) of the
operator —Ay, + Ky on (X2, 7) satisfies u > 0 and

Al(Lv)/ u2da:/ [IVZu|? + Kxu?] do >0,
) )

where A1 (L) € R is the first eigenvalue of L.; i.e., A\;(L,) > 0. Then, we simply take M £ 2 x S!
with the metric g £ v + u?d#?. From Lemma we see that the scalar curvature of (M3, g) is

2
Ry = = (~Asu+ Ksu) = 2X(L,) > 0.

(2) = (3). We claim that we can simply take M3 £ 2 x S endowed with g £ « 4 u2d6?, which
we already know has positive scalar curvature. We need to show that ¥2 x {#} C M3, 6y € S, is
stable. Recall that, by Lemma [A.T.6]

2 A
Ry = - (-Asu+ Ksu) <= Ry — 2Ky = -2 su = —2Ayxlogu — 2| V¥ logul?. (2.2.1)

Moreover, from the same lemma, $? x {#g} is totally geodesic in M3. Therefore, for every f €
C>(¥2), f #0, we have

w202 - S = s 4 s 212 ao
_ / [||v2f||2 — 5 (Rag — 2Ks) f2] do
b))
= [ 05712 + (Axlogu) £ + 7= ogul* 7] do
b

- / (IVEF12 — 27 (v logu, VE) + [V log ul®f] do,
P

which is nonnegative after using Cauchy-Schwarz to estimate 2f(V=logu, VEf) > —||[VEf|? —
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[V*logul|?f2. In particular, X2 is stable due to Proposition
(3) = (1). Since %2 is a two-sided stable minimal surface in (M3, g), by Proposition we
know that, for every f € C*°(%?),
1
LIV 0P = 5 (Ras = 2K+ s |P) £2do > 0
3

The result follows because Ry > 0, || Is |2 > 0. O

In particular, we see that the intrinsic operator —A 4+ K on two-dimensional Riemannian man-
ifolds captures the ability of this manifold to occur as a two-sided stable minimal surface in a
three-dimensional Riemannian manifold with positive scalar curvature. This naturally leads to the

following moduli space of two-dimensional Riemannian manifolds.

Definition 2.2.2 (M.-Schoen [40]). Let
My = {(8%7) M (=Ay + Ky) > 0}

be the moduli space of Riemannian 2-spheres (S%,7) on which the second order elliptic operator
L, =—-A, + K, is positive definite. Endow .# with the subspace topology of Met(S?). Here \;(-)

represents the first eigenvalue of an elliptic operator.

Remark 2.2.3. Note that, by Proposition[A.2.7 and Lemma S? is the only closed orientable

surface that can carry metrics whose associated operator —A + K is positive definite.

2.2.2 Results

The following proposition guarantees that .Z, is nontrivial.
Proposition 2.2.4 (M.). .#, contains all (S*,v) with K, > 0.

Proof. Applying Proposition let f € C>(S?), f > 0, be a first eigenfunction of L., normalized

to have unit L? norm. Then
_ \val 2 2
A1(L"/) - /52 || IifH'y + K’yf ] dg’y 2 Oa

and this is a strict inequality unless K, = 0, which is impossible in view of the Gauss-Bonnet
theorem on 2-spheres:

K., do, = 27x(S?) = 4.
S2
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The result follows. O

Proposition 2.2.5 (M.). ., is closed under dilations and diffeomorphisms.
Proof. This follows from A1 (Ls2,) = t"?A1(L,), t > 0, and A (Ly+y) = A1 (L), ¢ € Diff(S?). O
In fact, # is a much larger moduli space than Propositionsuggests. According to the theorem
below, it contains elements with arbitrarily large negative integral curvature.

Theorem 2.2.6 (M.-Schoen [40l Theorem 3.1]). .#, is relatively open in every pointwise conformal
class of metrics on S?, with respect to the (weaker) C* topology on Met(S?). Furthermore, for every

c > 0, the subset
{(SZ,’Y) €M : / (Ky)—doy > c} C My
S2
is C dense in M ; here, (K,)_ = max{0, —K,}.

This theorem requires that we gain further insight on .#,. We will use the following auxiliary
differential operator
Qupd = —Asop — [V (¢ —w)| + K.,

where A,, V*, K., || - ||+, are computed with respect to some round metric v, on S?. The following
proposition relates .Z, with Q,, -, and strengthens Proposition above.

Lemma 2.2.7 (M.-Schoen [40, Proposition 3.2]). Suppose w € C*°(S?) and 7. is a round metric
on S?. Then

(S?,e*",) € My <= there ezists ¢ € C™(S?) with Q. ¢ > 0.
Proof. We first claim that
(S?,7) € My <= there exists f € C*(S?) with f > 0 and L. f > 0. (2.2.2)

The ( =) direction of (2.2.2)) follows by choosing f to be the first eigenfunction of L., by Propo-
sition and the definition of .Z .

The ( < ) direction of goes by contradiction. Suppose f > 0 and L,f > 0, but that
(S2,7) & My ; ie., N & A (L,) <0. Choose h > 0 to be the first eigenfunction of L., by Proposition
B.2.4 so that L,h = Ah with A < 0. Since S? is compact and neither one of f, h vanishes, there
must exist a constant ¢ > 0 and a point p € S? such that f > th and f(p) = th(p). The auxiliary
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map f — th attains a global minimum, zero, at p, so

Ly(f = th)(p) = =&y (f = th)(p) + K5 (f — th)(p) = —A4(f — th)(p) <0
< L, f(p) < tL,h(p).

This contradicts that L, f > 0 and L,h = Ah < 0 on S%. The claim follows.

Next, since every f > 0 can be written as e¢, and L,e¢ = e¢( — A, ¢ — |[V7¢||2 4+ K,), the previous

claim can be restated as:
(S%,7) € M, <= there exists ( € C°(S?) with — A,( — ||V7C||3 + K, >0. (2.2.3)

Finally, take v = e?*~, as in the statement. Using Lemma to conformally change the metric

from y = e2%~, to v, we have

= AV + K,
= 72 (= A [V + Ko~ Avw)
=2 (= A(CHw) — VPG + KL = Quia. (¢ +w).

The conclusion follows with ¢ = ¢ + w. O

Proof of Theorem [2.2.6. First let us prove C! openness. Fix any element of .#, . By the uniformiza-
tion theorem, it can be written as €2V, for some round metric v, that generates the pointwise con-
formal class, and some v € C*°(S?). By Lemma[2.2.7|there must exist ¢ € C°°(S?) with Q, . ¢ > 0.

For any w € C°°(S?) and the same round metric s,

Qur®— Quand = (=AM — [V (¢ —w) |2 + K.) — (= Auop— |[V* (¢ — v)|I7 + K.)
= V(¢ —v)|2 = V(¢ —w)|?
=(V*(2¢ —w—0), V' (w—v))
> —[[V*(2¢ — w — ) [V (w — v)]].,

$0
Qury® = Qv ® = IV (20 —w — 0) [V (w — v) 4 (22.4)
i.e., Quy. ¢ > 0if [V*(w — v)|« is small enough. The claim follows from Lemma [2.2.7]

Next we need to establish the density claim. Let v, ¢ be as before, and n € {1,2,...}, a« € (0,1)
be parameters that are to be determined. Without loss of generality, write v, = d? + sin? 6 d¢p>.
Define h = —n~1 cos(nf), which satisfies V*h = sin(nf) % and A h = n cos(nb) +sin(nd) cot § and
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extends smoothly across the north (§ = 0) and south (# = 7) poles. We now choose a € (0,1) by
the C'-openness in conformal classes to be small enough that (S2,e*(**M~,) € .#,. This can be
done independently of n. The conformal metric v = €2V~ satisfies, in view of Lemma

/(KW),doyz/ (l—A*U—aA*h)_da*
SZ

S2

= /52 [(1 — A,v —an cos(nf) — « sin(nf) cot 9)_} do..

If D={n/3 <6 <2mr/3} then 1 — A, v — asin(nb) cot(d) < A = A(v,a) on D and cos(nf) > 1/2
on a set D, C D with o.(D,,) > i > 0 independently of n. Altogether this gives

/(KW)_dayz/ (A—lan)ida*z(A—lan)iu,
S2 Dn 2 2

which can be made arbitrarily large by sending n 1 co. The density claim follows, since this can be

done for all small enough « € (0,1). O

There is an immediate corollary to the computation performed to check for relative openness above.
Corollary 2.2.8 (M.-Schoen [40}, Corollary 3.3]). If 7. is round, w € C*(S?), and |V*w|]? < K.,
then (S%, e*“.) € M.

Proof. Choosing v =¢ =0 in (2.2.4)), we get
Qu 02> Qo 0 — [V} = K — [[Vw]Z,
which is positive when [|[V*w||? < K. O

Next, we establish an important topological property of .#Z, which essentially says that any element
of .44 is cobordant to a round metric, along a special bridge of positive scalar curvature. We will

refer to this property as “strong PSC cobordance.”

Proposition 2.2.9 (Strong PSC cobordance, M., cf. [40, Lemma 1.2]). Let (S%,7y) € .#, be
given. There exists a Riemannian manifold (M3, g) = (S? x [0, 1], g) foliated by 2-spheres (3¢, v(t)),
t €10,1], such that

(1) (Z¢,7(t)) € My for allt € [0,1];

(2) (X0,7(0)) = (S%,7), (£1,7(1)) is round, and all X4, t € [0,1/3] U [2/3,1], are totally geodesic
in (M?,g);

(3) all %, t € [0,1], are minimal 2-spheres in (M3, g);
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(4) (M3, g) has positive scalar curvature.

Specifically,
g =) +v(-t)%dt,

with v(-,t) > 0 a first eigenfunction of Ly = L., for all t € [0,1].

Proof. We will construct the metric g in steps, ensuring one conclusion at a time. By the uniformiza-
tion theorem, we may write v = 2%+, for some round metric 7, of the same area. Indicate covariant
derivatives, the Laplace-Beltrami operator, the area form, and norms taken with respect to v, by

V*, Ay, 04, || - ||+ Likewise, we will later encounter families of *(¢), for which we will respectively

use the notation VF?, Apt, Oty || e

Fix a smooth, decreasing ¢ : [0,1] — [0,1] with {(0) =1, ¢(1) =0, and ¢’ =0 on [0,1/3]U[2/3,1].
Claim. Let v!(t) £ e2X"wy, . The metric ' (t) + dt?, with ¥, = S? x {t}, satisfies (1).
Proof of claim. Let f € C*(S?)\ {0}. Recall that

[ tmafdone= [ 90+ ] do= [ IV 12 + (K. = A0 do

where the second equality follows from the conformal invariance of Dirichlet energy in dimension 2
and the change of Gauss curvature under conformal metric change (Lemma . The right hand
side above is positive when ¢ = 0 (since v!(0) = v and (S?,v) € .#,) and positive when ¢ = 1 (since
(1) = 7. and (S?,7.) € .#, by Proposition , so it must be positive for all ¢ € [0, 1], seeing

as to how it is also an affine function of ¢. In other words,
le,tf dUl,t >0
S2
for all f € C>(S?)\ {0}, t € [0,1], so (S%,4*(t)) € . O

Recalling that .# is invariant under dilations (Proposition [2.2.5)), we see that there exists a smooth
A :[0,1] = R with A(0) = X\(1) = 1, so that v%(t) £ 2XMw+2M(t)4_ al] have the same area; namely,

V() = ~C(0) ] wdo (225)
SQ
where the integral above indicates a mean-value integral. Replacing v*(t) by v2(t) and recalling

¢’ =0on [0,1/3] U[2/3,1], Lemma shows that (1), (2) are both true for 72(¢) + dt?, with
Zt = 82 X {t}
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Claim. There exists a smooth path t — X; € I'(T'S?), t € [0, 1], such that
dive Xy = =2(¢'(H)w + X' (¢)) for all ¢ € [0, 1].

Proof of claim. From the maximum principle (Theorem [B.1.1]), ker Ay ; = {constants} C C*>(S?)
for every t € [0,1]. Additionally, from (2.2.5)) and the fact that 42(t) is a dilation of v*(#),

/S —2(¢(Bw + N(1)) oz =0,

From Lemma there exists a smooth map ¢ +— (-, t) of solutions to Ay 9)(-,t) = —2(¢' (t)w +
N (t)). The claim follows for X; £ V2*)(-,t). Note that X; = 0 when ¢ € [0,1/3] U [2/3,1]. O

Let {44 }tefo,1) € Diff (S?) denote the integral flow generated by {X;}iep0,1], and v3(t) £ @ *v2(t).
Claim. The metric v3(¢) + dt? with ¥; = S2 x {t} satisfies (1)-(3).

Proof. By Proposition m (1)-(2) remain true after replacing v2(¢) with v3(¢), keeping in mind
that X; = 0 when ¢ € [0,1/3]U[2/3, 1]. Moreover, differentiating the smooth family of 2-forms dos ;
in t gives

d

d d
ada&t = % [@t*d027t] = (Pt* |:dtd0'27t + ,CXtdCTQ)t:| . (226)

Computing the evolution of the area forms dos ; as in Lemmal|A.1.6 and also Lx,dos ¢ = d(1x,do2+) =
dive ¢ Xy dogy, (2.2.6) becomes

d 1 d .
%ddgyt = th* |:2 Tr2,t (dt’yz> d0—27t + d1V2,t Xt dO—Q,t:|

=@ [(2(C(Ow + N(1) + divay Xy) doae] = 0.
The claim follows from Lemma again, since %d(fg,t is the mean curvature. O

Finally, we seek to fulfill all of (1)-(4). Using Lemma we may define a smooth function
u : S? x [0,1] — R so that, for every t € [0,1], u(-,t) is a first eigenfunction for the operator

L3;=—Asz;+ K3 Let o > 0 be a constant that is yet to be determined, and consider the metric
9o =7°(t) + a 2u(- 1) d?,
on S? x [0,1]. By the scalar curvature expression in Lemma we see that

2 2
a0 (1 0
= 2 Tre s —A3
30 w0t (u T3 aﬂt)’

()t2

4

9 3

Ry, = 2>‘1(L3,t) - a%
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which is positive for sufficiently small o > 0, since A1 (L3 ;) > 0. O

We will often combine the previous lemma with:

Lemma 2.2.10 (Gluing lemma, M., cf. [0, Lemma 2.2]). Suppose f; € C=(I;), I; £ [ai, bi],

i=1,2, are such that
(1) f;>0, f/ >0, f/ >0 on I,
(2) JI' < 3f:(1=[72(f1)%) on L,
(3) f1(b1) < faaz), and
(4) fi(b1) = f3(az).

Translating the intervals I, I, so that fa(az)— f1(b1) = (a2 —0b1) f1(b1), there exists f € C*([ay, ba])
such that

(1) f>0, >0, >0,

(2) f=f1onla, ‘“;bl] and f = fo on [a2;b27bg], and
(8) if (M™,g) has scalar curvature bounded from below per
Ry >n(n—1)py >0,
then f(t)%g + dt? is a positive scalar curvature metric on the product space M X [ay,bs].

If f1(b1), f4(az) # 0, then no additional critical points are introduced in f.

Remark 2.2.11. Hypothesis (3) is not used in the proof, but in translating I, Iy as in the statement.

Proof of Lemma|[2.2.1(). Define

f1 (t) forte I
F(t) = a‘122__bt1 . f1 (bl) =+ atz_—bl;l . fg (ag) for t € (bl, ag)
f2(t) for t € I

to be a linear interpolation joining fi, f2. In view of the provided hypotheses, F' € C([ay, ba)),
and is nondecreasing. Define F, € C*lay, by] by mollifying F, with ¢ > 0 small and a standard
symmetric mollifier decreasing in the radial direction, and so that F,, = F on [a1, 52 |U[22F22 b,).

Likewise, F, is nondecreasing.

Claim. F, satisfies the conclusion of the lemma when o > 0 is small enough.
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Proof of claim. Conclusions (1), (2), and the non-introduction of critical points when fi(b1), f4(a2) #

0 are easy consequences of mollification. To check (3) we proceed as follows. Note from Lemma

[A.1.6] that
" PO — (f/)2
f

For a function ¢ : dmn ¢ — (0, 00), write

Cle] & {(t W) te dmw’} C dmny x R,

f

= f(t)?g + dt* has positive scalar curvature. (2.2.7)

and
Tle] 2 {(t,¢"(t)) : t € dmn "} C dmnp x R.

Conclusion (3) follows from ([2.2.7)) provided, for small o > 0, the curve T[F,] lies strictly below the
curve C[F,] on the strip [a1,b2] x R. (Note: “C” indicates positive scalar curvature “constraints” on

second derivatives, while “7” denotes “true” second derivatives.) By hypothesis (2),
C[f1] UC|f2] lies strictly above T[f1] U T[fz]. (2.2.8)

By (H4), the curve I'¢c traced by the graph of

po — f{(b1)2

[bl, GQ] ST F(x)

joins the right endpoint of C[f1] to the left endpoint of C[fs]; notice that it is convex decreasing on
this interval and, therefore, does not dip below its lowest point at & = as. Thus, by (2.2.8]) and
(H1), C[F] =C[f1]UT¢ UC[f2] is a connected curve,

TIF) £ TIFIU (b1} % [0, £/ (b)) U (fa} x [0, f3(a2)])

is, too, and
C[F] lies strictly above T [F] in the strip [a;,bs] x R. (2.2.9)

Using F € CYay, by N C% (a1, bs] \ {b1,a2}) and the fact that mollification commutes with weak

derivatives, it’s easy to see that

lim CLF, ] = CIF) and L T1F,] = TIF)U ({br} x 0,7/ (0)) U (o} x 0. S5 (@)))  (2:210)

in the Hausdorff topology. From ([2.2.9) and (2.2.10|) we therefore see that C[F,]| lies strictly above
T[Fs] for small o > 0, and conclusion (3) follows. O
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The previous claim concludes the proof of the lemma. O

Proposition and Lemma [2.2.10| give two important corollaries:

Corollary 2.2.12 (PSC cobordance, M.). For every (S%,v;) € My, i € {1,2}, there exists (S? x
[0, 1], g) with positive scalar curvature and totally geodesic boundary 9(S? x [0,1], g) = Ui—1 2(S?, 7).

Corollary 2.2.13 (PSC null-cobordance, M.). For every (S?,v) € .4, there exists a disk (D3, g)

with positive scalar curvature and totally geodesic boundary O(D3, g) = (S2, 7).

2.3 The A-invariant of two-dimensional surfaces

2.3.1 Definitions

The following lemma, in various forms, is well-known to scalar curvature experts. We reproduce it

here because it is not readily available in the literature in a convenient form.

Lemma 2.3.1 (M.). Let (2",g), n > 3, be a compact Riemannian n-manifold, with nonnegative
scalar curvature. Suppose 0 = IpQ LI INQY is a partition of the connected components of 0 into
two disjoint families. Suppose that u is a nonconstant harmonic function on Q, uw = 5; > 0 on every
component 3; C 0pQ), and V,u =0 on OnS2, where v denotes the outward pointing unit normal to
0. Then the following are true:

(1) u>0inQ and g = uﬁg is a smooth Riemannian metric with nonnegative scalar curvature,
(2) if ¥ C OpSY is such that u|ly = 8 = maxg,q u, then B%Hg,g — Hs 4= c(n)ﬁﬁv;‘iu > 0.
(8) if ¥ C OpS is such that u|ly, = B = ming, o u, then B%Hg,g —Hs 4= c(n)ﬁﬁv-gu < 0.
(4) if £ C ONQ, then Hy, 5 = u~ 72 Hy, ,.

If, instead of being harmonic, u is a nonconstant solution of

n—2

A= =

Rgu in ,

then conclusions (2) and (4) continue to hold, while (1) is sharpened to

(1’) u>0 and g = wT7 is a smooth scalar-flat Riemannian metric.

Proof. If uw > 0 were false, then u would attain a nonpositive minimum at some p € Q. By the
maximum principle (Theorem , p € 092, On the other hand, v > 0 on dp€) by hypothesis
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(2), so p € OnQ). By the Hopf boundary point lemma (Lemma [B.1.2]), V9u(p) < 0. This, however,
contradicts hypothesis (3). This proves u > 0. That scalar curvature is nonnegative is an imme-
diate consequence of Lemma which describes changes of scalar curvature under conformal

transformations.

The identity in (2) is also an immediate consequence of Lemma Let’s prove the inequality.
By the maximum principle, v must attain a maximum on 9. By the Hopf boundary point lemma
(Lemma [B.1.2)) and hypothesis (3), this maximum cannot occur on dn§, so maxqu = maxy,q U.

Therefore, the inequality in (2) is a consequence of the Hopf boundary point lemma.
(3) follows analogously.

(4) is an immediate consequence of Lemma which describes changes of scalar curvature under

conformal transformations. O

One interpretation of this lemma is that scalar-curvature-aware conformal deformations in compact
manifolds with boundary have inverse effects on the interior scalar curvature and on the boundary

mean curvature.

Question. If we fiz a lower bound for scalar curvature in the interior, can we get an a priori
L' estimate on the boundary mean curvature, which depends only on the intrinsic geometry of the

boundary?

P. Miao and I have begun the study of this question for compact, mean-convex 3-manifolds with
nonnegative scalar curvature and a prescribed boundary metric in [39]. We will show in Section

how all this occurs naturally in a relativistic setting.
We first introduce the relevant definitions before stating the main results.

Definition 2.3.2 (Fill-ins, M.-Miao [39, Definition 1.1]). Let (3,7;), j = 1,...,k, k > 1, be
closed, orientable Riemannian manifolds. Write F(s

manifolds (23, g) such that:

i)Yot Jor the set of compact Riemannian

(1) (99, glan) = U5, (35,75),

2) 003 is mean-convex; i.e., the mean curvature vector of O3 points inward, and
( p M p o

(3) the scalar curvature of (Q3,g) is nonnegative.

We also define the A-invariant of this family of two-dimensional manifolds as

Ay mr o = Sup{ . Hydo: (2,9) € Fi(s; 7)) -1, k} .
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When k = 1, we will simply write F(s ), Ax,5) instead of Fys~)y, Msq)-

Below we collect known properties of A(x, ) in the relativistically important case of spheres that will

be proven later.

Theorem 2.3.3 (M.-Miao [38, Proposition 2.1]). For any (32,7), with X2 diffeomorphic to S?, the

following are true:
(1) A(s,y) is finite whenever Fs -y is nonempty.

(2) If A(s 4 is attained by some (Q3,9) € Fis ), e, if

A(E,'y) = /89Hgd0',

then Q3 is a 3-ball and g is flat.

(3) If (X2,7) is isometric to a strictly convezx surface ¥3 in R3 with mean curvature Hy, then

A(E,'y) = =) H() dO’,

where 1 : ¥ — No C R3 is the isometric embedding.

(4) The value A(s; -y can be estimated from below if (52,7) is isometric to a mean-convez, outer-

minimizing sphere in R3. In this case,

A(Z,'y) > \/ 167‘(‘0’7(2).

Moreover, equality holds if and only if (X2,7) is isometric to a round sphere.

Remark 2.3.4. The supremum of an empty set is conventionally —oco. In the case of 2-spheres, it
is easily seen that F(s ) is nonempty if (X,7) has positive Gauss curvature. In fact, it is also the
case that F(s. ) is nonempty for certain metrics v on 2-spheres ¥ with arbitrarily negative portions
(in the L' sense) of curvature; indeed, this is a consequence of Theorem and Corollary .
It is not known if there exist 2-spheres with F(s2 ) = 0.

Note that (1) is an a priori L' bound on the boundary mean curvature of mean-convex (£2,g)
with spherical boundary and nonnegative scalar curvature; it depends only on the induced intrinsic
boundary geometry. Such an a priori estimate is crucial to the definition and study of m(952, €2, g) in
Section Its proof is particularly interesting, and perhaps unconventional in the study of nonneg-
ative scalar curvature, in that it requires the study of asymptotically hyperbolic—not Euclidean—
manifolds. It requires deep results in mathematical general relativity due to Wang-Yau [72] and

Shi-Tam [64], 66], who sought to understand the boundary mean curvature of compact manifolds
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whose scalar curvature has a negative lower bound. Using that work, the L' estimate was derived in
[39] for ¥ consisting of one or more 2-spheres. The same estimate, for a single 2-sphere, was derived
independently by Lu [37]; in Lu’s work it serves as a geometric inequality that allows for a priori

estimates of geometric quantities via elliptic partial differential equation techniques.

Let us now return to the motivation of studying F and the A-invariant, which was the inverse
relationship between nonnegative interior scalar curvature and boundary mean curvature. We begin
by showing that, on any fill-in (Q3, g) € F(s2.~), each component of (32, v) contributes independently

to maximizing || H|| .1, agnostically of other components.

Theorem 2.3.5 (A-additivity and rigidity, M.-Miao [39, Theorem 1.2]). Let (Z?,fyj), j=1,...,k,

k > 1, be closed, orientable. For all (Q3,g) € Fis and for every j =1,...,k,

Y i=1,..k
/ Hyjdoj <A ) (2.3.1)
2

If there exists (2,9) € F{(z; 1)} 1. Jor which (2.3.1) is an equality for some j € {1,...,k},
then OS2 has a unique boundary component (i.e., k = 1) and (Q3, g) is isometric to a mean-convex
handlebody with flat interior whose genus is that of X1 (since k = 1). In particular, if genus(X1) =0

then (Q3,g) is an Alezandrov embedded mean-convex ball in R3.

Moreover, the A-invariant is additive across components in the sense that

k
A{(E]‘ﬂj)}jzl ..... kT ZA(EJWJ’)’ (2.3.2)
j=1

provided F(s; ), ] =1,....k, and F(s, 1), ..(Sp,) are all nonempty.

For this theorem we had to introduce a geometric “cut-and-fill” operation which plays a dual role
to the Schoen-Yau [61] and Gromov-Lawson [28] positive scalar curvature connect-sum: cut along
essential, stable 2-spheres and fill in the holes with positive scalar curvature disks using techniques
from the work in Section on the moduli space .# .

Remark 2.3.6. In the course of the proof of Theorem[2.5.5 we will see that

F (S m1)sr(Sayr) 18 empty <= some Fs, ., ] =1,...,k, is empty.

Notice that, certainly, (2.3.1) is an equality for all j =1,...,k if

Hg do = A{(E

3 Yi=1, k0
o0
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i.e., if (2°,g) attains the supremum Ay(s; 4y3,_, - In other words, Theorem confirms that

a disconnected boundary cannot support a maximizing configuration.

2.3.2 Results

The class F of fill-ins and the A-invariant were introduced in [39] alongside another two objects:

(1) a class F of fill-ins for a single prescribed boundary component that allows for the existence

of additional, unprescribed minimal boundary components of arbitrary topology, and
(2) the corresponding A-invariant.

Elements in ]-o"(gm are not only more suitable for discussion on quasi-local mass, but they can also

.....

via a cut-and-fill technique: cutting composite manifolds across carefully chosen minimal surfaces,

and, when necessary, fill in holes with 3-disks of positive scalar curvature.

We present a similar approach—but not identical—to [39] here. We will succinctly define and use
F below, as it helps simplify the statements of the technical lemmas, but we will not introduce or
study A until Section where we discuss quasi-local mass.

Definition 2.3.7 (Fill-ins, II, M.-Miao [39, Definition 1.2]). Let (32,7) be a closed, orientable
Riemannian manifold. Denote by ]i"(gﬁ) the set of all compact Riemannian manifolds (Q3,g) such
that:

(1) 923 has a connected component Yo, which, with the induced metric, is isometric to ($2,7),
(2) Yo is mean-conver,
(3) L = 00\ Yo, if nonempty, is a minimal surface, possibly disconnected, and
(4) the scalar curvature of (€2, g) is nonnegative.
We now start building the technical toolkit that will go into the proof of Theorems and

Lemma 2.3.8 (Cutting, M.-Miao [39, Lemma 2.1]). Let {(Z?,vj)}jzl,wk be k > 2 closed and
orientable. Let (2%,9) € Fyiz, )},
(Q,95) € ﬁ(zj,w) such that

.- For every j € {1,...,k} there exists an orientable

(1) the mean curvature of ¥; in (€, g) is the same as that of Z(Oj) in (Q,95),
(2) Eg) £ 0Q; \S(Oj) is nonempty and consists of stable, orientable minimal surfaces,

(3) (Q23,g;) has nonnegative scalar curvature, which is positive if that of (9%, g) is.
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Proof. First suppose (2 is orientable. Write S; for the boundary component of {2 corresponding to
our fixed ;. Since the mean curvature vector points inward on 02, there exists a smooth, oriented
minimal surface S in the interior of £ (possibly covered with multiplicity) that minimizes area in
the integral homology class of S;. (Specifically, we minimize area in the sense of integer multiplicity
currents.) Denote (Q23,g;) the metric completion of the component of ©\ S containing S;. Note

that €2; is, by construction, orientable, and (€3, g;) € ]i"(g manifestly satisfies (1), (2), (3).

.7'7’\/])
If © is nonorientable, consider its orientation double cover 7 : Q = Q. Using the fact that S;
itself is orientable, one can show that 771(S;) is a disjoint union of two copies of S;. Denote one of
them by gj. The lemma follows by repeating the argument in the previous paragraph with (€2, g)
and S; replaced by (§~2, 7*(g)) and gj, respectively. O

Lemma 2.3.9 (Filling, M.-Miao [39, Lemma 2.2]). Let (X2,7) be closed and orientable. If (3, g) €

o

F(s,~) 18 such that
(1) X £ 00\ X0 is nonempty and consists of stable minimal S%s, and
(2) the ambient scalar curvature is strictly positive along g C 0f).

For every n > 0, there exists (D3, h) € F(s,y), orientable if 2 is, with Hop n > Hsy g — 1.

Proof. Recall Lemma From hypotheses (1), (2), and Lemma we see directly that on

every stable minimal 2-sphere Ty C ¥
Al(—Ag + Kz) >0,ie,Ty € H,. (2.3.3)

Here A, and K, denote the Laplace-Beltrami operator and the Gauss curvature on the 2-sphere Tj.
By Corollary[2.2.13] we can glue 3-disks of positive scalar curvature onto each Ty to obtain a compact
C%! manifold D? with 9D = X, and which is smooth away from U,T,. If the resulting metric g
on D3 were smooth across U7y, then (D3,9g) € F(s,y)- In general g will not be smooth across U, Ty,
so we apply [42, Proposition 3.1] to (D3,g) followed by a small conformal deformation to obtain
another metric h on D? such that (D3, h) € Fesyy and Hopp, > Hop g —n/2 > Hsy g — 1. O

Lemma 2.3.10 (Doubling, M.-Miao [39, Lemma 2.3]). Let (X2%,7) be closed and orientable, and
(Q3,9) € }"D(E,,Y) be such that g £ 00\ Lo is nonempty. Let D® denote the doubling of Q across
Y, with 0D = SoUSy,, where So corresponds to o C 082 and Sy, corresponds to its mirror image

under the doubling. For every n > 0 there exists a Riemannian metric h on D?® such that:
(1) So, with the induced metric from h, is isometric to (X2,7),

(2) Hson > Hsg g,
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(3) HS’OJL > HZo,g —n, and
(4) (D3,h) is scalar-flat.

Proof. Let’s first reduce to the case of Ry = 0. If Ry = 0 to begin with, set g = g. Else, if R; > 0
but R, # 0, employ Lemma with a solution u of

1
Agu—gRguinnQ,uzlonEo, VIu=0on Xy,

to obtain g with Hy,, 5 = 0 and Hs, 5 > Hs, 4. Now replace (23, g) with (23,7).

In any case, Hx,, 57 > Hs, 4 and Hy,, 5 = 0. Given a small € € (0, 1), let ¢; € C*°(Q2) be the unique
function such that
1
Ag(bl=O,¢:10n207¢1:1—§50n21{.

Let ¢2 = (2—¢) — ¢1. Employ Lemma and consider g; = ¢1g and go = ¢3g. These two metrics
satisfy the following properties:

(P1) the induced metrics on g from g; and go agree,

(P2) the mean curvature of ¥y in (€, g1) with respect to the inward normal agrees with the mean

curvature of X in (£, g2) with respect to the outward normal,
(P3) Hsy, .4, > Hsy, 5 on Yo by conclusion (2) of the lemma, and
(P4) as long as € > 0 is small, Hx,, 4, > Hx, 5 —1/2 > 0.

Now attach (2, g1) and (€2, g2) along ¥ g, and call the resulting manifold (D, k). In (D, h), denote
the ¥o coming from (£2,¢1) by So and the one coming from (€2, g2) by S;,. If the metric h were
smooth across Xy, then it satisfies all the properties required. In general, we can replace h with
another metric that is obtained by applying [42, Proposition 3.1] to (D, h) at X followed by a small
conformal deformation that fixes the boundary and decreases the boundary mean curvature by a

small amount, so that Hs, » > Hy,, 7 and HSb,h > 0. The result follows. O
We are now in a position to prove Theorem [2.3.5

Proof of T heorem (A-additivity and rigidity). We will first prove inequality (2.3.1]) and iden-
tity (2.3.2)), as those are obviously only nontrivial when k > 2. We will prove the rigidity case of

(2.3.1) at the end.

Let (22,9) € Fiim)}ier...r With & > 2. For each j = 1,..., k, denote the boundary component in

J

052 corresponding to X; by S;.
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Let ¢ < 0 be a fixed function on €2 and let w be the unique solution to
1 .
Agw—gngnganandw:Oon@Q.

Let £ > 0 be given. For small 7 > 0, consider the metrics g(7) £ (1+7w)*g, all of which have strictly
positive scalar curvature in 2 by Lemma Moreover, from the same lemma, the boundary 92
has mean curvature

Hy = Hy +4VI(1 + 1w) = Hy + 47V9%0;

which is positive and

/Hg(T)JdO'jZ/ Hg7jd0'jf€
S S;

if 7 is small enough. Pick one such 7 and write g for this ¢(7).

Employing Lemma cut (£2,9) to isolate the boundary component S; and obtain (€2;,9;) as
in the statement of the lemma, with Ry, > 0, Hg, = Hg; on S; and 0€; = S; U T}, with T a
nonempty union of smooth, stable, oriented minimal surfaces. Moreover it follows from Rz, > 0 and
Proposition that 7T} consists of 2-spheres. Next, employ the filling lemma (Lemma once
for every sphere in T} to replace (€2, g;) with (Mj, h;) € F(s, ), with the mean curvature Hj, of
S; in (Mj, h;) satisfying

/ th deZ/ ngdO'j—é:Z/ Hg,jdgj_2€~
S S; S

Since (Mj, hj) € Fs, ~,;), the left hand side is bounded from above by A(s, ,,). Rearranging,
/ Hyjdoj <26+ Az, )
S

Letting € | 0, we obtain ([2.3.1)).

Notice that if we had not let £ | 0, and instead carried out the procedure above for all j =1,...,k,

and summed over j, then

k
/ Hgd0§2k5+ZA(Ej,’yj)'
[219] j=1

Letting € | 0 now and recalling that (2, g) € Fy(s was arbitrary, we conclude

0Yi) =1,k

k
A{(E.Mj)}jzl ..... P S ZA(E.7‘=’Y.7‘)7

i.e., the “<” direction in (2.3.2)).
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It remains to check the reverse direction “>" in (2.3.2). We will assume that all quantities on the
right are finite, as a similar argument carries through to the general case. Let € > 0 be given. For
each j =1,...,k, let (Q;,9;) € F(x,,,) be such that

/ ng dO’j ZA(E]-,'YJ')_‘C:'
o0

On each €25, let ¢; < 0 be a fixed function and let w; be the unique solution to

1
Agjwj — gjowj = (,Zﬁj in Qj and wj; = 0 on an

For small 7 > 0, consider the metrics géT)

=1+ ij)4gj. Then g§7) has strictly positive scalar

curvature on £2;, 0§); has positive mean curvature Hg(T) in (Q;, g;T)), and
3
Hg(ﬁ') do; > A(Zjﬁj) — 2
oq; %

if 7 is small enough. Applying the connect-sum construction for positive scalar curvature manifolds

(cf. [6I] or [28]), we obtain Q = Q1# ... #Q endowed with a metric g of positive scalar curvature

that coincides with gﬁT) near each 9€);. In particular, (2, 9) € Fys; )}, and it satisfies

k
/ H,do > ZA(EJ"%') — 2ke.
[219)

Jj=1

Identity (2.3.2)) follows by sending ¢ | 0.

Now, we turn to prove the rigidity case of (2.3.1]).
First let us deal with the base case k = 1, which is the most difficult.

We claim R, = 0. If R, # 0, applying Lemma with the unique solution to
1 .
Agu—gRgu:OmQanduzlon 0f.

and considering the conformally deformed metric § = utg, we see that (Q,§) € F(s,y) and, by

conclusion (2) of the lemma,

A(Z,’y) = /aQ Hg do < /39 Hg do < A(Z,'y)v

a contradiction. Therefore, u is constant, which shows R, = 0 in €.
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Now consider the space of metrics g on 2 given by
Met(X) £ {g € Met(X) : Ry = 0 and glroq = glron},

where g|roa denotes the induced metric on 9 from §. Since g € Metg(E) maximizes the total

boundary mean curvature in F, one knows that g is a critical point of the smooth functional

Met) (%) > g — - Hjdo.

From [44], Corollary 2.1] it follows that g must be Ricci flat, and hence flat (€2 is three-dimensional).

It remains for us to check the topological conclusion. [41l Theorem 1, Proposition 1] tells us that in
the absence of interior minimal surfaces, €2 is necessarily a handlebody with mean-convex boundary.
Therefore, it remains to show that there are no closed embedded minimal surfaces (oriented or not)

in the interior of 2. We proceed by contradiction.

If there were such a minimal surface T then by compactness there would exist an interior smooth
geodesic I : [0,4] — Q joining a pair of closest points between T and 9Q; I'(0) € T, I'(0) L T,
T'(£) € 99, and TV(¢) L 9. The second variation of the length of this geodesic summed among a

basis of two unit normal variations V;, i = 1,2, is

2 ¢
SSFL(VLV) = [ Ricy(I'(s),T'(s))ds ~ Honoo((6)) ~ Hry(D(0))
i=1 0
= —Han(F(ﬁ)) <0,
since g is flat and T is minimal. This means I' is unstable, in contradiction with its minimizing
nature. The topological claim follows.

Finally, when genus(X) = 0 then we know Q a genus-0 handlebody, i.e., a 3-ball. We’ve shown its
metric g is flat, so we can locally (and therefore globally since it is simply connected) immerse € in
R3. This completes the case k = 1 of the theorem.

Now suppose k > 2. Our assumption is that

/s" Hyjdoj = A(Ejm')

holds for some fixed j € {1,...,k}, where S; represents the boundary component corresponding
to the 3; on which we have equality. Employ the cutting lemma (Lemma to isolate the
boundary component S; and obtain (€2, g;) as in the lemma, followed the doubling lemma (Lemma
2.3.10) to double 2; across 9§25 \ S; and obtain (Dy, h;). Writing S’ for the mirror image of S;
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under the doubling, we have 0D; = S; U S;-. By the conclusions of the doubling lemma, (Dj, h;) €
F{(5,75),(55.)} for some metric 7;, as induced by h, so by inequality (2.3.1),

/ Hp,; doj < A(Zjv'Yj)'
S;

By conclusion (2) of the doubling lemma, the mean curvature Hy; of S; in (Dj,h;) exceeds the

original mean curvature Hy ;, so,

A(Ejﬁj) = / Hgy ;doj < / Hp, doj < A(ij')’
S; Sj
a contradiction. O

Finally, we set to prove Theorem [2.3.3| regarding the A-invariant on 2-spheres.

Proof of Theorem[2.3.3 (1) We establish an a priori L' estimate on the boundary mean curvature
for all elements (Q?,g) € F(5,,). We make use of the following result of Shi and Tam in [66], which
is built on the work on Wang and Yau in [72]:

Theorem (Shi-Tam [66, Theorem 3.8]). Let (Q3,g) be compact, orientable, with boundary %, and
scalar curvature Ry > —6k2 for some constant k > 0. Suppose X2 is a 2-sphere with Gauss curvature
K > —k? and positive mean curvature H. Let 1 : ¥2 — Hiﬁz be an isometric embedding and denote
Yo = (X)), which is a convex surface in Hiﬁg. Let D C HS_KZ be the bounded region enclosed by
Yo. Then for any p € D,

/ZHcosh kr(p,u(z)) do(z) < . Hy cosh kr(p,y) doo(y), (2.3.4)

3

— K27

curvature of $o in H® . Moreover, equality in (2.3.4) holds if and only if (Q, g) is isometric to the
domain D bounded by ¥q in Hiﬂz.

where r(p,-) denotes the distance to p in H dog is the area element on X, and Hy is the mean

Remark 2.3.11. The existence of an isometric embedding ¢ : ¥ — H3 when K > —k2, is

—K27

guaranteed by Pogorelov’s embedding theorem [56, Theorem 1].

Even though not explicitly stated, the proof of [66, Theorem 3.8] assumes € is orientable since the

proof uses the fact that ) is a spin manifold.

Let us assume, for now, that € is orientable and, therefore, spin (see [33, Chapter VII, Theorem 1]).

Choose k > 0 so that the Gauss curvature K, of (22, ~v) satisfies K, > —k2. Clearly, Ry >02> —6K2
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on Q3. Therefore, [66, Theorem 3.8] quoted above applies to (23, g) to assert

Hydo < Hgcoshkrdo < Hy cosh kr do,
o0 o0 ey
where Hj is the mean curvature of the isometric embedding of ¢ : (X,7) < H? , and r is the
geodesic distance in H? . to a fixed point contained inside the region enclosed by «(¥) C H? ,.

The right hand side is intrinsic to (32,v) and, therefore

sup{ Hydo : (9%,9) € Fis.,) is orientable} < 0. (2.3.5)
a0

Next, let us lift the orientability hypothesis. Suppose (Q2%,9) € F(x ) is nonorientable. Let Q be
the orientation double cover of € and let 7 : Q = € be the corresponding covering map. It is
easily seen that Q2 = 71(8) and dQ doubly covers 9. Let & = 7~ 1(2). Since ¥ is a 2-sphere
and ¥ doubly covers X, Y is the disjoint union of two 2-spheres, which we denote by x> and @),
Note that &1 and £®), with their induced metric, are both isometric to (, 7).

Let 7 > 0 be arbitrary. Employ the cutting lemma (Lemma to isolate () and produce a
manifold on which you employ the filling lemma (Lemma to produce (D3 h) € Fiz,y) with
Hopp > Hzm,g — 7. Note that the cutting lemma is guaranteed to produce orientable three-
dimensional manifolds, so the three-dimensional manifold (D3, h) produced by the filling lemma is

also orientable. Therefore,

/~ (Hy —n)do < thogsup{

Hdo: (2, 9) € Fiz) is orientable} .
S oD

o

Rearranging and recalling that Y1) =~ 90 and Hoq g = Hy) 4, we see that

/ H,do <n|X|, + sup{ Hdo : (2%, g) € Fis.) is orientable} , (2.3.6)
o)

oN

whose right hand side is intrinsic to (X2,+). Thus, by taking the supremum over all (3, g) € F(sm)s

orientable or not, we conclude from (2.3.5) and (2.3.6)) that
A(s,y) = sup {/ Hydo: (Q%,g) € .7:(2,7)} < 0.
a0
(2) is a corollary of Theorem [2.3.5]

(3) is a direct consequence of [64, Theorem 1] (also see Theorem in Section [3.5)).

(4) Suppose Yy is a mean-convex, outer area-minimizing 2-sphere in R?, which bounds a region
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Q3 c R3. By definition, (93,8) € F(s ) where § denotes the Euclidean metric on R?. Therefore

A(E,'y) 2 . HO do. (237)
0

On the other hand, if Hj is the mean curvature of X, then by the Aleksandrov-Fenchel inequality
for outer-minimizing surfaces (see Definition and [23, Theorem 6] due to Huisken),

/20 Hydo > \/16m05(%0) = /1670, (X); (2.3.8)

equality holds if and only if ¥¢ is round. The desired inequality follows by combining (2.3.7) and
(2.3.8). The equality case follows from the equality case in (2.3.8)) and (3). O

Remark 2.3.12. It would be interesting to know—and is the subject of further research—whether
conclusion (1) in Theoremm continues to hold if we replace the boundary 2-sphere with a surface
of higher genus. Note that Theorem[2.3.5] does not make any genus assumptions.



Chapter 3

General Theory of Relativity

3.1 Introduction

3.1.1 Spacetime

Lorentzian manifolds (L™, h) differ from their more standard counterparts, Riemannian manifolds,
in that their metric tensor is not necessarily positive definite. It is natural, then, to consider at any

point p € L the following nontrivial decomposition of the tangent space T}, L:
T,L={XeT,L:(X,X),=0U{X eT,L:(X,X), <0}U{X eT,L:(X,X), >0}. (3.1.1)

Vectors satisfying (X, X), = 0 are called null, and altogether they form a cone (i.e., a set closed
under dilations) at every point p. That cone is called a lightcone. Vectors with (X, X);, < 0 are
called timelike. Finally, vectors with (X, X); > 0 are called spacelike. Likewise, submanifolds N*
of a Lorentzian manifold (L™, h) on which h restricts to a null, negative definite, or positive definite

2-tensor are called null, timelike, or spacelike.

Lorentzian geometry arises in Einstein’s general theory of relativity, where spacetime is a four-
dimensional Lorentzian manifold (L, h). Photons travel along null curves, massive particles travel
along timelike curves, i.e., they travel slower than photons, and spacelike hypersurfaces (”slices”)
roughly represent a “t = ty” snapshot of spacetime for a particular observer. Einstein asserted that

matter curves spacetime, and expressed this through the equation

1
RiCL—iRLhZSﬂ'T, (3.1.2)

28
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that is referred to as Einstein’s equation. In (3.1.2)), Ricy, is the Ricci curvature of (L*, h), Ry, =
Try, Ricy, is the scalar curvature of (L*, h), and T is the stress-energy 2-tensor that represents
the matter field. Mathematical general relativity, broadly speaking, concerns itself with the study

of solutions of Einstein’s equation.

For a thorough mathematical treatment of general relativity, we refer the reader to [6§].

3.1.2 Initial data sets

The initial data set approach to general relativity is motivated by the fact that, in suitable gauge,
Einstein’s equation is a quasilinear wave equation. In analogy with the linear wave equation,
one demands the existence of a spacelike (“Cauchy”) hypersurface M3 <y L4 that intersects every
inextendible timelike curve exactly once. Such a spacetime is called globally hyperbolic, and M
serves as a “t = to” initial hypersurface, dividing spacetime into a “future” and a “past” portion.
It carries a future-pointing timelike unit normal vector field 5 that corresponds to the velocity of a

stationary observer at “t = ty.” (See [6] for a proof of this.)

The spacelike hypersurface M3, its Riemannian metric, and its second fundamental form with respect
to n serve as Cauchy data. The Cauchy formulation of Einstein’s equation (3.1.2)) is, therefore:

Ric, —3Rph = 87T in L*
t*h =g on M3 (3.1.3)
1*VEn =pon M3,

t*h is the metric on M3 induced by (L*, k), and is prescribed to equal g; :*VI7 is the induced
second fundamental form T/(X,Y) = (VLn,Y),, X, Y € TM, and is prescribed to equal p.

We note, in passing, that not all tuples (M3, g, p) are valid initial data. Since (3.1.3]) expresses T'
in terms of Ricy, Ry, the Gauss and Codazzi equations on M? (Proposition force implicit
relationships among: the positive definite symmetric 2-tensor g; the symmetric 2-tensor p; the scalar
field £ T(n,n) on M3; and 1-form J £ *(T(n,-)) on M?. Specifically:

16700 = Rar — ||pl3r + (Trar p)® (3.1.4)
8rJ =divyy p — dTry p, (3.1.5)
These are called the Einstein constraint equations.

Definition 3.1.1 (Initial data set, cf. Schoen-Yau [62, Section 1]). A tuple (M?3,g,p) is called an
initial data set if it satisfies the Einstein constraint equations (3.1.4)-(3.1.5]).
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The stress-energy tensor T(X,Y) measures the flux in the Y direction of energy measured by an
observer moving with velocity X. Said otherwise, the vector —T'(X,-)* is the energy flow velocity
as experienced by an observer moving with velocity X. T generalizes the classical stress tensor
from Newtonian mechanics that measures spacial pressure and shear. In (Lorentzian) orthonormal
coordinates with first basis vector X £ 5 being an observer’s spacetime velocity, 7' is given in matrix

form by

\
\
; 3.1.6
J : stress ( )
\

w="T(n,n) and J = *(T(n,)), which have already appeared in the Einstein constraint equations,

are called the is called the energy density and the energy flux density, respectively.

Remark 3.1.2. Unlike Newtonian mechanics, energy density and energy fluz density are dependent
on the observer’s spacetime velocity. This complicates attempts to formulate a notion of energy. As
a matter of fact, in the general theory of relativity there is a plethora of competing notions of energy

which are not, a priori, related with one another. Section[3.9 discusses this matter in more detail.

3.1.3 Assumptions

We now list our assumptions on the initial data sets (M3, g,p) studied in this thesis.

Assumption 1. We assume that
(M3, g,p) is time-symmetric, i.e., p = 0. (TS)

From now on, thus, we will ignore p. We will see that this assumption puts the study of initial
data sets in direct correspondence with the geometry of three-dimensional Riemannian manifolds,
scalar curvature, and minimal surfaces. Physically, (TS]) encodes the requirement that M?3 be totally
geodesic in (L*, h).

Assumption 2. We assume that

(M3, g) is asymptotically flat. (See Definition M) (AF)

Physically, (AF) encodes the requirement that (M3, g) be a slice of a spacetime modeling isolated

gravitating systems.
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Assumption 3. We assume that
T satisfies the dominant energy condition on (M?, g). (See Definition [3.1.4}) (DEQ)

Physically, (DEC]|) requires that energy be prohibited from traveling faster than light.
Now follow all relevant definitions:

Definition 3.1.3 (cf. Schoen-Yau [62, Section 1]). A Riemannian manifold (M3, g) is asymptoti-
cally flat with q ends at infinity if:

(1) there exists a compact K CC M such that

q
M\ K ~ | | B, with E,~ R\ {x € R®: x| <1} for £ € {1,...,q};
=1

(2) for every £ € {1,...,q}, there exists a diffeomorphism ®; : B, — R3\ {x € R?: |x| < 1} and

a constant Cy such that, using ®; as a coordinate chart,

3 3 3
Z |5 — dij| + x| Z |Okgis] + 1x[? Z |0kOmgis| | < Celx|™"
i,j=1 k=1 k,m=1

(3) the scalar curvature of (M3, g) is integrable; i.e.,
/ ‘RM‘ dvy < 00.
M

Definition 3.1.4 (Dominant energy condition, cf. Wald [68, Section 9.2]). A stress-energy tensor T
on a globally hyperbolic Lorentzian manifold (L*, h) is said to satisfy the dominant energy condition
if, for every p € L and every future-pointing timelike X € T,L, —T(X,-)* is a future-pointing

timelike or null vector.

On the initial datum (M3, g), the dominant energy condition requires that —7'(n,-)* be future-
pointing timelike or null. From Einstein’s equation (3.1.2)) we see that

8T(,") = Ricz (n,) — 5 Re(n, - (3.1.7)

Recall that, by Assumption (TS)), M3 is totally geodesic in L*. Tracing the Gauss equation (Propo-
sition [A.1.5)) twice over M3 we find that

Ry = R + 2Ricp(n,n). (3.1.8)
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(The sign change relative to the Riemannian Gauss equation is due to (n,n), = —1.) Likewise,
tracing the Codazzi equation (Proposition [A.1.5) of M over M we find that

*(Ricg(n,+)) =0. (3.1.9)

Plug (3.1.8), B-1.9) into (3.1.7). Then, recalling (1, n)n = —1, 87T(n,-) = 87T (n,n)n" = —3Rurn’,

S0)
1
—T(n, )" = WRMU is future pointing timelike or null <= R,; > 0.
T
Summarizing, (AF]), (DEC]), and (TS]), reduce the study of initial data sets to the study of

asymptotically flat 3-manifolds (M3, g) with nonnegative scalar curvature.

We conclude this section by describing the most important asymptotically flat initial data sets that

occur as time-symmetric slices of spacetimes that satisfy the Einstein equations.

Example 3.1.5 (Euclidean space). (R3,6) is asymptotically flat with one end and flat. It appears
as a time-symmetric {t = to} slice of Minkowski space (R® x R,d — dt?), with T = 0.

Example 3.1.6 (Mass-m Schwarzschild).
2m —1
<82 x (2m, 00), r%yg2 + (1 - —m> dr2) (3.1.10)
T

is asymptotically flat with one end and scalar-flat; g2 denotes the round metric on S? with area 4.

This manifold appears as a time-symmetric {t = to} slice of (Lorentzian) mass-m Scharzschild

2my —1 2
<S2 x (2m, 00) x R, r2yg2 + (1 — —m> dr? — (1 — m)dt2> ,
r T

the first nontrivial solution of (3.1.2), with T = 0. Notice that (3.1.10) is incomplete. In fact, its
metric completion up to {r = 2m} is a complete manifold with boundary. Two copies of (3.1.10)

can be found isometrically embedded in

4
<R3 \ {0}, (1 + ?}Z‘) 5) . (3.1.11)

This manifold is complete, asymptotically flat with two ends, conformally flat, and scalar-flat. The
two isometric copies of (3.1.10) can be found in the regions {0 < |x| < 2m} and {|x| > 2m}.
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3.2 DMass

3.2.1 ADM mass

Recall from Remark that there is no observer-independent pointwise notion of energy density
in general relativity. One of the key advantages of studying isolated gravitating systems is that they
admit a meaningful notion of total energy that can be read off their slices (M3, g). This notion is

called the ADM energy and was formulated by Arnowitt, Deser, and Misner in 1959.

Definition 3.2.1 (ADM energy, cf. Arnowitt-Deser-Misner [2]). Let (M?3,g) be asymptotically flat
with q ends Eq, ..., E;. We define

mapm (M?, g) ZmADM Ey,g), (3.2.1)

where each mapm(Ey, g) is defined by choosing an asymptotically flat chart ®, : E, — R3\ {x =
(z1,2%,23) € R3 : |x| < 1} and setting

zJ
mADM(Ebg) ﬂrhToo /{ _ .}(aigij _ajgii)7 do; (3.2.2)

here do is the area form induced by the Euclidean metric on the 2-sphere {|x| =1} C &, (E,).

Remark 3.2.2. For consistency with the literature, we will use the term ADM mass (not energy)
throughout this thesis. Strictly speaking, ADM mass is a different quantity that also takes into
account the angular momentum of (M3, g). However, in the time-symmetric setting (TS)), which we

are assuming, the two notions coincide.

Remark 3.2.3. The right hand side of (3.2.2) may, a priori, depend on one’s choice of a coordinate
chart ®, : By — {x € R® : |x| > 1}. Robert Bartnik showed [{, Theorem 4.2] that mapm(Ey, g)
(and thus mapm (M, g)) is independent of one’s choice of a coordinate chart provided natural decay

conditions are imposed in defining asymptotic flatness—our Definition [3.1.3 fulfills them.
Example 3.2.4. The ADM mass of (R3,8) is mapy(R3,6) = 0.
Example 3.2.5. The ADM mass of mass-m Schwarzschild (3.1.10) is m.

The limiting flux integral in (3.2.2) is not, a priori, positive. This made the establishment of the
following theorem of Schoen-Yau [60] (later also proven by Witten [73]) a considerable milestone in
the field:

Theorem 3.2.6 (Positive mass theorem, cf. Schoen-Yau [60] [62], Witten [73], Parker-Taubes [50]).
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Let (M3, g) be asymptotically flat with q ends Er, ..., E,, nonnegative scalar curvature and complete
without boundary, or with boundary consisting of closed surfaces whose mean curvature vector does

not point outside M. Then,
mapm(Er,g) >0 forallt=1,...,q.

Equality mapm(Ee, g) = 0 holds for some £ € {1,...,k} if and only if (M?3,g) = (R3,0).

3.2.2 Apparent horizons

R. Penrose conjectured ([51]) that spacetime settles down to a Kerr black hole and, moreover, that

ADM mass can be estimated from below by the surface area of a cross section of the event horizon.

Proven (in different forms) by Bray [9] and Huisken-Ilmanen [32], the Penrose inequality quantifies
the fact that, in the time symmetric setting, mapy can be further estimated from below by a special
choice of closed interior surfaces that are visible from those ends. We need to make two definitions
first:

Definition 3.2.7 (cf. Bray [9, Definitions 5, 6], Huisken-Ilmanen [32]). Let (M?3,g) be complete and
asymptotically flat, possibly with boundary. A surface ¥ C M 1is said to be outer-minimizing with
respect to an end E if there exists no surface ¥ C M separating 3 from E’s asymptotic infinity with
less area. A minimal surface T C M is said to be outermost with respect to an end E if there is
no minimal surface T' C M separating T' from E’s asymptotic infinity. Outermost minimal surfaces

are also called apparent horizons.

Closed minimal surfaces in (M3, g) are called horizons. Horizons need not be subsets of apparent
horizons. Physically, apparent horizons represent quasi-local black hole boundaries that are observ-
able from exterior regions. Mathematically, apparent horizons are extremely important in the initial

data set approach to general relativity, as well as in this thesis.
Remark 3.2.8. It is not hard to see that every mean-convex outermost surface is outer-minimaizing.

Example 3.2.9. Mass-m Schwarzschild has exactly one apparent horizon; it is a round 2-sphere
with area 16rm?2. In (3.1.10)) it corresponds to {r = 2m} and in (3.1.11)) to {|x| = m/2}.

Hawking’s theorem on the topology of black holes asserts that cross sections of the event horizon
in four-dimensional asymptotically flat stationary black hole spacetimes obeying the dominant en-
ergy condition are topologically 2-spheres [3I]. The result extends to apparent horizons in black
hole spacetimes that are not necessarily stationary. In the time symmetric initial data set setting,

apparent horizons are stable critical points for area.
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Lemma 3.2.10 (Huisken-Ilmanen [32, Lemma 4.1]). Let (M3, g) be a complete, asymptotically flat
manifold with q ends, nonnegative scalar curvature, with boundary consisting of compact minimal

surfaces. The set

K, = U {¥2 C M is a closed immersed minimal surface}

is compact. The set M \ K1 has exactly q unbounded connected components, one corresponding to

each of the q ends. For each such unbounded component, its metric completion E is:
(1) diffeomorphic to R3 minus a finite number of open balls with disjoint closures,
(2) complete with minimal boundary OF that minimizes area in its homology class, and
(8) contains no closed, immersed minimal surfaces in its interior.

With all this notation in place, we may return to the Penrose conjecture. There are two related—but

inequivalent—versions of the Penrose conjectured that have been proven to date:

Theorem 3.2.11 (Riemannian Penrose inequality, I, Bray [9, Theorem 4]). Let (M3, g) be complete,
asymptotically flat with nonnegative scalar curvature and one end, and an outer-minimizing (possibly
empty) minimal boundary. Then,

o(OM?3)

mapm(M?,g) > (3.2.3)

Equality holds if and only if (M, g) is isometric to an exterior region of mass-mapm (M3, g) Schwarzschild

3 mapm (M3, 9)\*
(R \ By, 2(0), (1 + T ) 6)

outside their respective apparent horizons.

Theorem 3.2.12 (Riemannian Penrose inequality, II, Huisken-Ilmanen [32]). Let (M3, g) be com-
plete, asymptotically flat with one end and nonnegative scalar curvature, with compact, outer-
minimizing (possibly empty) boundary OM, and no closed minimal surfaces in its interior. If ¥

is a component of OQ and 00\ ¥ is minimal, then

2
3 > o(X?) _ 1 / 2
mapm(M?,g) > 167 1 Ton EH do | . (3.2.4)

Equality holds if and only if (M3, g) embeds isometrically into mass-mapn(M?3, g) Schwarzschild,

3 mapnm(M)\*
(R \ {0}, <1+2lx ) 5).
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Remark 3.2.13. Theorem [3.2.11] allows the mass to be compared to the area of a possibly discon-
nected surface, but that surface must be a horizon. On the other hand, Theorem[3.2.13 requires the

comparison to be with a connected surface, but the surface need not be a horizon.

3.3 Bartnik quasi-local mass of apparent horizons

3.3.1 Definitions

In 1989, Robert Bartnik gave a definition of quasi-local mass for compact spacelike domains, mo-
tivated by the concept of electrostatic capacity. His quasi-local mass notion, adapted per Huisken-

Ilmanen, is:

Definition 3.3.1 (Bartnik quasi-local mass, cf. Bartnik [5], Huisken-Ilmanen [32] Section 9]). Let
(23, 9) be compact, connected, have nonnegative scalar curvature and nonempty boundary consisting
of a mean-convex surface ¥ and a (possibly empty) union of minimal surfaces T. Define £q gy to
consist of all complete, asymptotically flat (M3, g) with nonnegative scalar curvature, one end, con-
taining an isometric copy of (2, g), no closed interior minimal surfaces. When Eq 4y is nonempty,
define

mp(Q%,g) £ inf{mapm(M?, g) : (M?,9) € Eqg)}-

The Bartnik mass satisfies three properties that one would require of a quasi-local mass functional.
(We refer to [32] Section 9] for proofs of these facts.)

(1) Monotonicity: if (,g) and (£, ¢’) are as in Definition and (€2, g) embeds isometrically
inside (€', ¢’), and &£/ 4y is nonempty, then mp (', g’) > mp(2, g).

(2) Nonnegativity: if (Q,g) is as in Definition [3.3.1} £ gy is nonempty, and mg(€2,g) = 0, then
(€, g) is flat.

(3) Exhaustion: if (M3, g) is complete, asymptotically flat with one end, with nonnegative scalar
curvature and a (perhaps empty) boundary consisting of minimal surfaces, {Qx}x=12, . is a
sequence of bounded sets as in Definition whose indicator functions 1, converge to 1 in
CP (M), then limg mg(Qp, g) = mapm (M3, g).

loc

Despite its apparent simplicity, Bartnik’s quasi-local mass has proven to be an elusive quantity to

compute and understand. The issue is twofold:

(1) it is difficult to construct admissible extensions, and
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(2) mapy is difficult to compute, so computing its infimum over said class of extensions is prac-

tically intractable.

One of the major open questions in the initial data set study of general relativity is Bartnik’s static

minimization conjecture:

Conjecture 3.3.2 (Bartnik’s static minimization conjecture, cf. Huisken-Ilmanen [32] Section 9]).
Let (,9) be as in Definition with nonempty Eq,gy. Then mp(8Y, g) is uniquely attained by

an extension (M3, §) satisfying the following properties:
(1) (M3,§) is smooth on M \ 9Q and C%' on 0Q;

(2) (M\,§) has nonnegative scalar curvature, and induces the same metric and mean curvature

on 0Q as (2, 9);
(8) (M\ Q,g) does not contain minimal surfaces in its interior;

(4) (M \ Q,g) is static, i.e., there exists a bounded, positive function f on M\ Q with Azf =0,
fRicg = ng, and f — 1 at infinity.

In view of the first listed difficulty above, as well as the conjectured regularity of the minimizing
extension, there are alternate definitions of Bartnik’s mass that only require extensions to satisfy the
properties asserted in Conjecture In this context, one speaks of the quasilocal mass function
mp(0Q, g, H).

Definition 3.3.3 (Bartnik mass of apparent horizons, M., cf. M.-Schoen [40]). Let (X2,7) be given.
Define E(X,~, H = 0) to consist of all complete, asymptotically flat (M3, g) with no closed interior
minimal surfaces and minimal boundary O(M3,g) = (32,v). If E(X,~, H = 0) is nonempty, define

mB(E7’YaH = 0) £ inf{mADM(MBag) : (M339> € g(E,’y,H:O)}'

Note that, by the Riemannian Penrose inequality (Theorems [3.2.11{(3.2.12)),

o4(¥?)

»2 v, H =0) > .
mB( v )_ 167

(3.3.1)

Remark 3.3.4. Apparent horizons were not part of the Bartnik conjecture, nor were they part of

the classical notion of Bartnik quasi-local mass.
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3.3.2 Results

We begin by characterizing the intrinsic geometry of apparent horizons; that is, the Riemannian
metrics which can arise. We then compute the Bartnik quasi-local mass of all “nondegenerate”
apparent horizons—the first explicit computation of any nontrivial Bartnik mass—and, because of
the sharpness of the computation, we show that the the static minimization conjecture is false
for apparent horizon boundaries. In other words, the Bartnik mass of apparent horizons is never
achieved by nondegenerate initial data sets, except for the trivial case of round spheres that occur
as Schwarzschild horizons. Results in this section appear in a similar form in [40], published jointly
with R. Schoen.

Theorem 3.3.5 (M., cf. M.-Schoen [40]). For time symmetric asymptotically flat initial data sets

with the dominant energy condition,
My C { connected components of apparent horizons } C My U OM . (3.3.2)
Apparent horizons (S?,7) € ., all satisfy
mp(S?,v, H = 0) = /0,(S2)/167, (3.3.3)

and mp(S?,v, H = 0) is not attained by any element of E(s2 ~,H=0) unless (S2,7) is round.

Components of apparent horizons that are not in .4, (“degenerate”) are totally geodesic 2-spheres
in ambient scalar-flat regions. Apparent horizons with degenerate components can be perturbed into

ones whose components are in M+ without affecting the ADM mass of their initial data set.

Remark 3.3.6. The chain of inclusions (3.3.2)) bring all tools of Section[2.3 to our disposal. For ex-
ample, notice that as a corollary of Theorem|[3.3.5 and Corollary[2.2.6, there exists a very large class
of examples of apparent horizons with arbitrarily large fs2 max{0, —K,} do,. All known examples

of apparent horizons prior to our constructions had K, > 0.

We use the methods in Chapter 2| to construct a collar extension of 7y, with positive scalar curvature,
and derive a gluing procedure to attach this collar extension to an exterior mass-m Schwarzschild
region. The extension procedure is explicit and allows us to keep track of the mass parameter m
accurately and, in fact, have it be arbitrarily close to the optimal value. The result that apparent
horizons with a nondegeneracy condition are in bijective correspondence with a related moduli space
of metrics was also obtained by B. Smith in [67], who was also able to specify the tracefree part of
the second fundamental of the horizon. The methods in [67], however, do not give control on the

ADM mass of the extension as ours do.

The main theorem of this section, Theorem [3:3.7] constructs a minimizing sequence of smooth



CHAPTER 3. GENERAL THEORY OF RELATIVITY 39

Figure 3.1: Gluing .#, cylinder to Schwarzschild

extensions of the Bartnik data (32,7, H = 0).

Theorem 3.3.7 (M.-Schoen [40, Theorem 2.1]). For all (S%,7) € .#+, m > /0~(S?)/16m, there
exists (M3, g) € E(s2 v, H=0) which is isometric to a mass-m Schwarzschild metric outside a compact

set.

Remark 3.3.8. The manifold (M3, g) € E(s2,y,H=0) constructed in Theorem has the following

additional properties:

(1) It is foliated by mean-convex 2-spheres that eventually coincide with Schwarzschild coordinate

spheres.

(2) Its boundary (M, g) = (S?,) is totally geodesic and, in fact, (M3,g) can be doubled across
its boundary to obtain a smooth, complete, asymptotically flat manifold with nonnegative scalar

curvature, two ends, and a unique apparent horizon.

Remark 3.3.9. While we only construct initial data sets with horizon boundary, we can construct
a local spacetime containing this data. First, we double across the horizon to construct a complete
initial data set with no boundary and the property that there is a single apparent horizon (see Remark
above). We can then set up a Cauchy problem for the Einstein equations coupled with
a matter field (e.g., a perfect fluid with vanishing initial 3-velocity and appropriate state function)
and use the existence theory for the Cauchy problem to construct a maximal spacetime extension
which satisfies the dominant energy condition (see [57]). We expect that, after a relatively short
time, there will be an apparent horizon which is near a round metric on S? since the initial data
set contains approximately round 2-spheres which are nearly apparent horizons. We do not know if

there is a modification of our construction which produces vacuum initial data, i.e., with vanishing

stress-energy tensor in (3.1.3)).
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Let us first prove Theorem [3.3.5] assuming that Theorem holds true.

Proof of Theorem[3.3.8. Fix (S%,v) € 4, let m > \/0,(S?)/16m, and let (M3, g) be constructed
in Theorem with mapm (M, g) < m. By the maximum principle applied to the mean-convex
spherical foliation of (M3, g) (see Remark , we see that (M3, g) contains no interior closed mini-

mal surfaces, and so its boundary (S2, ) is outer-minimizing. In other words, (M3, g) € E(s2 ~,H=0)>
so mp(S%,v, H = 0) < mapm(M, g) < m. Since m > /0.,(S?)/16m was arbitrary:

. 0(S2
mp(S?,v, H = 0) = inf{mapm(M?,9) : (M?,9) € Es2 -0y} < % (3.34)

Conversely, by the Riemannian Penrose inequality (Theorems [3.2.11} [3.2.12)),

. 0(S2
mp(S?,v, H = 0) = inf{mapm(M?,9) : (M?,9) € Es2 -0y} > % (3.3.5)

Putting (3.3.4) and (3.3.5)) gives (3.3.3).

Along the same note, the extension procedure in Theorem guarantees that every element of

M appears as a component of an apparent horizon for an initial data set. Therefore,
M4 C { connected components of apparent horizons }. (3.3.6)

Conversely, Lemma [2.2.10| characterizes the topology of connected components of apparent horizons
as being spherical, and that every component (32, v) bounds a 3-ball, so it is two-sided. Being stable

two-sided surfaces, from Proposition [A:2.6] they satisfy

1

5 [ (Rar = 2K 4 |1 ) 2 do < [ [95] do. (3.3.7)
) )

Since Ry, ||Is||? > 0, it follows that the second order linear elliptic operator —A + K on (%2,7)

is a nonnegative definite operator; i.e.,

{ connected components of apparent horizons } C .#, U .4 . (3.3.8)

Combining (3.3.6) and (3.3.8) gives (3.3.2).

Next, suppose that (S%,7) € .44, (M?, g) € £s2 ., n=0) are such that mapn (M3, g) = mp(S?,~, H =

0) = /o,(S?)/167. The rigidity case of the Riemannian Penrose inequality (Theorem |3.2.11)) holds,
so we can conclude that (M3, g) is Schwarzschild and, therefore, its boundary (S2,+) = d(M?3, g) is

round. This proves that no nonround elements of .Z, can have minimizing extensions.



CHAPTER 3. GENERAL THEORY OF RELATIVITY 41

Finally, suppose (M3, g) is a complete, asymptotically flat manifold without boundary, whose ap-
parent horizon contains a (32,7) € .#, . Recalling (3.3.7), Ry|s =0 and Iz = 0, so

min
)

1
Ricys _3RMgH >4 >0. (339)

Now, since (M3, g) is complete and asymptotically flat, there exists a Ricci flow (M3, g;), t € [0,70),
with constant ADM mass ([7]). By the evolution equation

2

0 2 . 1
<6t - AM?-‘W)) Rargr) = gR?M,ga) +2 HRICM,g(n —3 B e0)9()

M,g(t)

and the parabolic maximum principle, we know that either Rj; > 0 for ¢ > 0, or Ricy, f%RMg =0
at t = 0. The latter is impossible by virtue of (3.3.9)), so the former must be true. It remains to
check that the apparent horizon ¥ has not disappeared abruptly in (M3, g;), t > 0.

Claim. Let v € T'(2; NX) be a choice of unit normal to 3. There exists ¢ > 0 and a local foliation
of M near ¥ by disjoint surfaces Xy, s € (—e&,¢), with constant mean curvature s with respect to

their normal vector pointing in the same direction as v.

Proof of claim. Let a € (0,1). Consider the Banach space map H : C%%(X) x R — C*(¥) x R

given by
H(u,t) = (H(u) —t,/ uda) ,
b

where H(u) denotes the mean curvature of the surface ¥ (u) = {exp, u(z)v(z) : € £}. By virtue
of Ry/ls =0 and || Ix || = 0, the linearization of H at (u,t) = (0,0) is

§H(0,0){v, 7} & (—Agv + Ksv — T,/ vda) .
s

We claim that §H(0,0){v, 7} is an isomorphism of Banach spaces. We recall that, in the case that
we are studying, A\ (—Ayx + Kx) = 0.

This linear map is clearly injective, so let us prove surjectivity. By Proposition ker(—Ay +
Ky) = { ¢} for a smooth ¢ > 0. Suppose (w,s) € C* x R are given. Choose

(w, <P>L2(2)

T=—
(1, 0)r2(z)

so that w + 7 L ¢ with respect to L?(X). By the Fredholm alternative [27, Theorem 5.11], there
exists v € C%%(X), uniquely determined mod span{p}, such that —Asxv + Kxv = w + 7. The

condition fz: vdo = s may be accounted for precisely by adding or subtracting a multiple of ¢. [
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Invoke the claim above, supposing that s = & denotes the surface separating X from the asymp-
totically flat end. For small ¢ > 0, the neighborhood U of ¥ bounded by ¥. and ¥_. remains
mean-convex. By Lemma there exists an area minimizing oriented surface 3 C U that, by
a standard compactness argument from geometric measure theory, converges in the C'*° graphical
topology to X as t | 0. O

Before we present the proof of the main theorem, we need to make a few remarks on Schwarzschild
metrics. Recall from Example that mass-m Schwarzschild is a scalar-flat metric on S x (2m, oc)
given by
2 2m\ g
am =+ (1= 57) ar?

with v, a round metric on S? with area 4. It will be more convenient for us to view this in the
form
(82 X [0,00),9m)s Gm = um(s)Q'y* +ds?, (3.3.10)

where s is the radial geodesic arclength and s = 0 corresponds to the horizon {¢ = 2m} in the

previous coordinates. The function u,, is easily seen to satisfy

m
——— for s > 0. (3.3.11)

n0) = 2m, 1, (0) = 0, o) = (1= ) ) =

(s U () =

The end goal is to glue g, near some {s = so}, 0 < 89 < 1, to a scalar positive collar §? x [0, 1]
that connects (S2,7) to a round S? through a mean-convex foliation with spheres. In order to do
this we will first need to “bend” g,, near {s = so} and make it scalar positive on an annular region.

This positivity will afford us certain freedom in gluing; specifically, it will help provide the py > 0
for conclusion (4) of Lemma [2.2.10 to apply.

Lemma 3.3.10 (Schwarzschild bending, M.-Schoen [40, Lemma 2.3]). Let so € (0,00). There exists
a 0 € (0,s0) such that, For every § € (0,0¢], there exists a smooth function o : [sg — 6,00) — (0,00)
such that:

(1) o(s) = s for all s > so,
(2) o is monotonically increasing, and

(3) U (0(5))?vs + ds? has positive scalar curvature on s € [sg — 6, 80); here, v, is a round metric

on S? with area 4.

Proof. Recalling, from Lemma , that the scalar curvature of a metric f(s)2v,+ds? is 1_(’“);72_2”,
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what we need to ensure is that, for s < sg,

d 2 &
1- <d8um(a(s))> -2 (ds2um(a(s))> Um(o(s)) >0
= 1 (u),)*(0")? — 2ul (') — 2ul, " > 0
= 1—(0")?+ (o)1 — (u),,)? — 2ulpum]| — 2ul,uma” > 0.
The term inside the bracket vanishes in view of Schwarzschild being scalar flat, so the inequality

collapses to 1 — (¢/)? — 2u/,u,,0” > 0. It will suffice to construct a smooth @ : [sg — dg, so] — R to

play the role of ¢/, provided it satisfies
(1) 8(so) =1, 0'(s0) = 6"(s0) = ... = 0;
(2) 6 >0 on [sg— do, So);
(3) 1—6%—2ul, u,0" >0 on [sg— o, o) -

Having done so, we simply integrate to recover o to the left of sy and, by (1) above, it can be

smoothly extended via o(s) = s to the right of sg. The lemma is concluded by observing that

1+exp(—(s—sg9)2 for s < s
0(s)é p( ( o) ) 0

1 for s = s

works as desired. O
We are now in a position to prove Theorem [3.3.7]

Proof of Theorem[3.3.7. Construct a cylinder S? x [0, 1] with positive scalar curvature as in Propo-
sition where S2 x [0, 1] is endowed with g £ v(t) +u(z,t)2dt?, with u(-,t) > 0 an eigenfunction
of L; & —A ) + K +) with eigenvalue A1 (L;) > 0.

Consider, now, the perturbed metric g. £ (1+ et?)y(t) +u(z,t)%dt?. Recall from Lemma that
1 0 ) ?
Ry =2M\(Ly) — % Tr(14et2)y (1) a(l +et*)y(1)

and from the conclusion of Proposition that Ry > 0 for ¢ = 0. Since the minimum of R,_on
S? x [0, 1] varies continuously with e, there exists g9 > 0 such that R, > 0 for all € € (0,£0]. Recall,

10
%a(l +et* ) (t)

2 20
ey (Tr(1erz)y ey (1 + 5t2)7(t)) )

(1+et2)v(2)

moreover, that in the original metric g = ~(t) + u(z,t)?dt? all the spheres S? x {t} are minimal.
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Thus, in the new metric, we will have that

2¢et 2et

1 ) ,
Hsexttho = gy Tavernn g3 (100 = Hsains + (327, = T emya

i.e., S2 x {0} is minimal, and all remaining spheres are mean-convex.

By the construction in Proposition there exists a round metric ~y, with area 47 and such that
Y(t) = p*y. for all ¢t € [2/3,1]. Moreover, since the first eigenfunctions of L, = —A, + K., are

constants, we may change variables
S? x [0,1] 3 (x,t) ~ (x,s) € S* x [0, 7],
so that, the region ¢ € [2/3, 1] gets mapped to
ge = (1 +eT725%)p*y, +ds*, s € [2T/3,T).
Write f.(s) 2 (14 eT~2s%)'/2p, s € [2T/3,T). Clearly,
fi(s) = (1 +eT2s%) V2T 2ps (3.3.12)

and

(s) = —(1 4T 23732274 ps? + (1 + T 253~ V2e172)

(1 + ET_QSQ)ET_Q/) — €2T_4p32 B 3 B
- (Lt T 22)3/ = (1+eT72%) 72T 2p (3.3.13)

and

FUT) _ (L+e) 12Ty 1 <1 1 > (3.3.14)

(T~ (A+e)i2p T 1+e¢

In particular, from (3.3.14]) we see that

9 arctan 1 1-—- ! >0
Oe T 1+e ’
i.e., the slope traced out by the curve (0,e0] 3 € = T'(e) £ (f-(T), f2(T)) € R2, which lies on the

first quadrant, is decreasing as € | 0. The curve converges, as € | 0, to the point

lim'(e) = (p.0) = ( ‘”i?o) €R2.
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Now, let m be as in the statement of the theorem, i.e.,

0,(8%)

> .
mn 167

(3.3.15)

Notice that the curve 0 < s — A(s) — (um(s),ul,(s)), which also lies on the first quadrant,
converges as s | 0 to

11%1 A(s) = (2m,0) € R%.

This point lies to the right of the smooth curve I' by (3.3.1F)). For small enough sy > 0, the smooth
compact curve [0, s0] 2 s — A(s) lies strictly below and to the right of the smooth compact curve
[0,£0] 2 € — T'(¢). Applying Lemma[3.3.10]above, we modify the curve A(s) on a small time interval
[so—6, so] and call the new curve [sg—0, 50] 3 s — A(s) = (um (0 (s)), (um(a(s)))’). For small enough

0 > 0, by continuity of dependence, the curve A will continue to be below and to the right of I".

Finally, we apply Lemma [2.2.10] to form a bridge of positive scalar curvature between g., s €
[2T/3,T], for some € € (0, &, and the bent Schwarzschild metric above. We note that:

(1) The role of f; in the lemma will be played by [sg — 0,50] 3 s — um(0o(s)). Condition (1)
of the lemma is satisfied by virtue of (3.3.11]), after possibly shrinking § > 0 to retain strict
convexity. Condition (2) is precisely guaranteed to hold by Lemma [3.3.10, which bends thin

annular regions in Schwarzschild metrics to positive scalar curvature.

(2) Therole of f1 will be played by [21'/3,T] 5 s — f-(s), for ane € (0,¢0] that is to be determined.

Condition (1) is satisfied by virtue of (3.3.12))-(3.3.13). Condition (2) is guaranteed to hold
since g, > 0.

Having already chosen &, we choose & € (0,¢0] so that I'(¢) and A(sy — &) have the same vertical
coordinate in R2. There is a unique such choice in view of . This fulfills the matching slope
portion of hypothesis (3) in Lemma The remaining portion of that hypothesis is true because
T lies to the left of A.

The gluing lemma, then, creates a bridge f(s)?~. +ds? with positive scalar curvature that preserves
the ¢ € [0,2/3] region and the s € [sg,00) exterior Schwarzschild region. It also guarantees a mean-

convex foliation, since Lemma introduced no new critical points. The result follows. O
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3.4 Thorne’s hoop conjecture

3.4.1 Formulation

Conjecture 3.4.1 (Thorne’s hoop conjecture, cf. Gibbons [26] Section 1]). Horizons form if and

only if a mass m gets compacted into a region whose circumference in every direction is < 4mm.

This conjecture has been invoked in numerical relativity and studies of hole scattering in four and
higher dimensions, and it has been suggested that it may provide a route to a precise formulation

of the idea that there is a minimal length in quantum gravity. ([14])

The notion of “circumference” in this conjecture is open to interpretation. Reformulating this
conjecture in a mathematically precise manner is an issue of mathematical and physical significance.
Gibbons posed the following mathematically precise formulation of the conjecture in [26] with the

Birkhoff invariant of the horizon playing the role of circumference.

Definition 3.4.2 (Birkhoff invariant, cf. Gibbons [26] Section 2]). We define the Birkhoff invariant
of (S2,7) to be

B(S?,v) = inf {sup 0,(f71(c)) : f € C™(S?) with two critical pomts} ,
ceER

where £, denotes the one-dimensional Hausdorff measure induced by .
Given Definition [3.4.2] Gibbons’s formulation of the hoop conjecture takes the form:

Conjecture 3.4.3 (Gibbons [26] Section 2]). Every outermost marginally trapped (S%,v) lying in

a Cauchy hypersurface satisfying the dominant energy condition must have 5(S%,7) < 4mmapu.

In addition to giving a mathematically precise formulation of the conjecture, [26] shows that Con-
jecture holds on general charged rotating Kerr-Newman black holes. More generally, [3.4.3
has been checked to hold true on: the horizons of all four-charged rotating black hole solutions of
ungauged supergravity theories, allowing for the presence of a negative cosmological constant; for
multi-charged rotating solutions in gauged supergravity; and for the Ernst-Wild static black holes

immersed in a magnetic field which are asymptotic to the Melvin solution [I4].

Let A(S%,~) denote the length of the shortest nontrivial geodesic of (S2,~). It follows from [§] that
B(S2,7) > A(S2,~). In particular, if Conjecture is true, it will be true with 5(S2,+) replaced
by A(S?,7). It was shown in [26, Section 6.1], by using Pu’s systolic inequality for RP?, that
Conjecture holds with the Birkhoff invariant 3(S?2,~) replaced by A(S?,7), as long as (S?,7)

has an antipodal Zy symmetry:
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Theorem 3.4.4 (|26, Section 6.1]). Let (M?3,g) be complete, asymptotically flat, with nonnega-
tive scalar curvature, one end, and outermost minimal boundary O(M?3,g) = (S?,7), which is a
Riemannian cover of an (RP?,7). Then A(S%,7) < drmapm (M3, g).

3.4.2 Results

Using our optimal computation of mg(S2,~, H = 0), we disprove Gibbons’ formulation of Thorne’s
hoop conjecture, by reducing it to a false statement in systolic geometry. Results in this section

appear in joint work with R. Schoen published in [40].

Theorem 3.4.5 (M.-Schoen [40), Theorem 4.2]). There exists a complete, asymptotically flat (M3, g)
with nonnegative scalar curvature, one end, totally geodesic boundary d(M?3,g) = (S%,v), that is

precisely Schwarzschild outside a compact set, but such that \(S%,7) > dnrmapm (M, g).

Our counterexample is motivated by a construction that is originally due to Croke [I3] and relies on
our optimal Bartnik mass computation for apparent horizons in Theorem As was mentioned
in Remark while we only construct initial data sets here, one can easily extend those to

spacetimes with Cauchy hypersurfaces that satisfy the same conclusions.
The proof of Theorem requires:

Lemma 3.4.6 (M.-Schoen [40, Lemma 4.1]). For any § > 0, there exists (S%,v) with \(S?,~) >
2v/3 -6 and 07(82) < 2v/3+6.

We first describe the metric. Consider the regular hexagon with vertices {26% te=0,...5 CC. Itisa
fundamental domain for the torus ¥y = C/A, where A is the lattice generated by w; = 2v/3e~ % and
wo = 2v/3e% . Now, the rotation R(z) £ " z is well-defined on the torus and fixes the equivalence
classes mod A of three points: 0, 2, and 2eF
as Zsz. Let ¥ = 3¢ /Zs.

. The group generated by R is & Z3, so we denote it

From the construction, we can see that ¥ may be thought of as two equilateral triangles of side length
2, adjacent along a common edge, with the two sides from each of the common vertices identified in
the direction from the vertex. We see that S? is a topological 2-sphere with a singular metric which
is smooth and flat away from three points, each of which is a cone point with cone angle %’T Note
that the area of ¥ is equal to 2/3.

Proof of Lemma[3.4.6. We first observe that a cone point of angle %’T can be approximated by
a smooth metric with nonnegative curvature, which agrees with the original cone metric outside
any chosen ball centered at the vertex. Furthermore, we can take the approximating metric to be

rotationally symmetric about a point and such that the square of the distance function from that
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point is a strictly convex function. This can be seen, for example, by isometrically embedding the

cone into R? as the graph of the function

with o = 24/2 chosen so that the cone angle coincides with %’“ We can then smooth the function,
while keeping it convex and rotationally symmetric. By the Gauss-Bonnet theorem, the total Gauss
curvature of a ball whose boundary is in the flat region is 4{, and since smaller balls have smaller
total curvature, the Gauss-Bonnet theorem implies that the geodesic curvature of the boundary of
any rotationally symmetric ball is a positive constant. Thus, the square of the distance function

from the center of symmetry is strictly convex.

Using the construction above, we may approximate the metric defining ¥ by a metric v on S which
is smooth, has nonnegative curvature, and agrees with the metric of 3 outside a small neighborhood

U of the cone points. It remains to show that, if the U is chosen small enough, we will have
0,(S?) <2V3+46 (3.4.1)

and
A(S?,7y) > 2V3 - 4. (3.4.2)

The first inequality, (3.4.1)), is clear since the area of the singular surface ¥ is 2v/3. We now show
that the length of any geodesic of ~ is at least 21/3 — ¢ if U is chosen small enough.

First, we observe that there can be no closed geodesic lying entirely in the nonflat region near a
cone point. This follows from the convexity of the distance function and the maximum principle.

The lemma will then follow from the following;:

Claim. Let I' be a smooth closed curve which intersects the flat portion of v and is a geodesic there.
Then £, (T") > 21/3 — 6, if the neighborhood U is chosen small enough.

Proof of claim. We consider three cases:
(1) Suppose I lies entirely in the flat region.

In this case, we lift I beginning at some initial point p to the flat torus Xy. The lifted curve
[ is then a geodesic extending from the chosen lift p to a point which is the image of p under
an element of the rotation group Zsz. Since TLisa geodesic, its tangent vector field I’ extends
as a parallel vector field on ¥y. Since the nonidentity elements of Z3 do not fix this parallel
vector field, it follows that the curve [ is a closed geodesic of ¥y and, therefore, has length
> 2\/3, the shortest translation distance in the lattice A C C.
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(2) The second case we consider is when I intersects precisely one component of the neighborhood

U of the cone points.

In this case, we again lift I' beginning at the neighborhood of the cone point to a curve T in
Y. Since there is only one lift of the cone point to ¥, it follows that the initial and final
endpoint of [ lie in a small neighborhood of the same point. Since the minimum translation
distance in the lattice A C C is 2\/§, we again have 57(1:) > 24/3 — § if U is chosen small

enough.
(3) Finally, we consider the case in which T' intersects more than one cone neighborhood.

In this case, the length of I is > 4 — § if U is chosen small enough. This is because the
distance between cone points on ¥ is equal to 2 and the curve must have at least two segments

extending from one cone neighborhood to another, since it is a closed curve.

O
The claim concludes the proof of Lemma [3.4.6 O

Proof of Theorem[3.4.3. Let § be given. Suppose (S2,7) is as in Lemma(3.4.6} with o, (S?) < 2v/3+6
and A\(S2,v) > 2v/3 — . Note that

A(S%7)° _ (V3 — 6)2
S Z anBis T

as long as d > 0 is small enough.

Since K., > 0, it follows from Proposition that (S2,7) € .#,. Therefore, by (3.3.3) in Theorem
there exists a(M?, g) € £sz2 ,1—0) in which (S%,7) is a totally geodesic apparent horizon (see

Remark , and such that
A(S?,7)?
167rmADM(M, 9)2

> T.

The result follows by simply rearranging the inequality above and taking square roots. O

3.5 Variational analog of Brown-York quasi-local mass

3.5.1 Definitions

In 1993, Brown and York ([I0]) formulated an alternative notion of quasi-local mass in general

relativity by employing a Hamilton-Jacobi analysis of the Einstein-Hilbert action.
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Definition 3.5.1 (Brown-York quasi-local mass, Brown-York [I0]). Given a compact spacelike hy-
persurface € in spacetime, assuming its boundary 0X) is a 2-sphere with positive Gauss curvature,

the Brown-York mass of 0 is given by

mgy(Q,g) = 8i71' /BQ(H() — Hg) do. (351)

Here, Hy is the mean curvature of the isometric embedding of O into flat Euclidean space, (R3,7).

The existence and uniqueness of such an embedding of 0f) is guaranteed by the solution to Weyl’s

embedding problem ([47, 56]), because 92 has been assumed to have positive Gauss curvature.

The Brown-York quasi-local mass has two properties one would require of a quasi-local mass func-

tional:

(1) Nonnegativity: if (Q3,¢g) is as in Definition then mpy(Q,g) > 0, with equality if and
only if (23, g) is a convex bounded domain in (R3,§). (See Theorem below.)

(2) Exhaustion: if (M3, g) is complete, asymptotically flat, with nonnegative scalar curvature and
no boundary, then lim, 4o, mpy (M \ @~} ({|x| > r}), 9) = mapm(M?3, g) for any asymptotically
flat chart ®. (See [19, Theorem 1.1].)

Given Definition the following question is natural:

Question. Can one make sense of the Brown-York quasi-local mass without a positive Gauss cur-

vature assumption?

In [64], Shi and Tam proved the following theorem, which implies the positivity of mpy (2) when
has nonnegative scalar curvature. Recall that this is always the case with us, by Lemma 7?7, since
we are assuming our initial data sets satisfy assumptions (DEC) and (TS).

Theorem 3.5.2 (Shi-Tam [64, Theorem 1]). Let (23, g) be a compact three-dimensional Riemannian
manifold with nonnegative scalar curvature, and with nonempty boundary 0. Suppose O has
finitely many components ¥;, j = 1,...,k, so that each X; is a topological 2-sphere which has

positive Gauss curvature and positive mean curvature Hg ;. Then
/ Hyjdoj < / Hy ;doj, (3.5.2)
2 2

where Ho j is the mean curvature of the isometric embedding of ¥; in R3. Moreover, equality in
(3-5.2) holds for some ¥; if and only if OQ has a unique connected component and (23, g) is isometric

to a convex domain in R3.

The geometric significance of inequality (3.5.2)) is in that its right side is a quantity that is determined
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only by the induced metric on the boundary component »; C 0§); it is independent of the interior of
the manifold, and independent of all other boundary components. The motivation behind Section
2.3| and the study of total boundary mean curvature maximization among mean-convex fillins with

nonnegative scalar curvature is that only the integral quantity

HQ do
o0

is of actual interest for the purposes of the actual definition of Brown-York mass in (3.5.2)), and
not the pointwise quantity Hy. Moreover, when ¥ has positive Gauss curvature, Theorem [3.5.2]

characterizes this integral quantity as

/H(]dO': sup Hy do,
b)) (M,h)eF JoMm

over an appropriate class F of fill-ins. More precisely, in the notation of Section [2.3] Theorem
asserts that when (33,7;), j = 1,..., k are 2-spheres endowed with metrics of positive Gauss
curvature, then for every (%, 9) € Fy(z4,)},

k?

/ Hgjdoj < Ais; ) :/ Ho ;,

with equality for some j if and only if k = 1 and (€2, g) is the unique flat fill-in (B3,6) € F(sm)
coming from Weyl’s embedding theorem. Section [2.3| can be viewed as a geometric continuation of
this idea.

Some results in this section have appeared in work published in [39].

3.5.2 Results

All the facts above suggest the following variational analog of this quasi-local mass that does not

require positivity of the Gauss curvature on the boundary:

Definition 3.5.3 (M.-Miao [39, Theorem 1.5]). Given a compact, connected (Q3, g) with nonnegative

scalar curvature, and a mean-convex boundary X? which is a topological 2-sphere, define

1 o
m(E{QB’g) = 3. <A(Z,fy) — / H, dcr) . (3.5.3)
z

Here ~y is the metric induced on X by g, and, j\(277) is as in Deﬁm’tionm below.

Definition 3.5.4 (Fill-ins, II, M.-Miao [39, Definition 1.2]). Let (X2,v) be a closed, orientable
two-dimensional Riemannian manifold. Recalling the definition of ﬁ(277) from Definition we
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define
Az 2 sup {/ Hydo : (Q,9) € ]i'(zm} :
Yo

It is not hard to see that Fs ) C .7%(2,7), and therefore A(x; ) < /O\(Zﬁ). We verify in Proposition
that, in fact, these two scalar quantities coincide. We nevertheless choose to use the enlarged
class of fill-ins in the definition of m(%, 2, g) because it is more suitable for discussion on quasi-local
mass. For an element (9,g) € .73(2,7), the portion X of the boundary, if nonempty, represents
horizons of black holes detected by observers at (the outer boundary) Y. For example, the region
bounded by a rotationally symmetric sphere (S?,) of positive mean curvature and the horizon in
a Schwarzschild manifold (see Example of positive mass is now a valid fill-in of (S2,), while

it wasn’t an element of the original class of fill-ins, F(x ).

Proposition 3.5.5 (M.-Miao [39, Proposition 5.1]). For any closed, orientable (32,7),

Proof. 1t suffices to show 10\(2’7) < A(z,4), i-e., that
sup{ anga L (Q3,9) € .7-0"(2’7) with ¥y # (Z)} <Ay

Pick any such (Q3,9) € ]3"(277) with X # 0. Let h be the metric given by the doubling lemma
(Lemma [2.3.10)) on the doubling D of Q across £g. Then Hj, > Hy on ¥p. In combination with
(2.3.1) of Theorem applied to (D3, h), on X, we have

Hg do = Hg do < Hy do < A(Eﬁ),
o0 Yo Yo

and the result follows. O

We now prove that m(%, 2, g) is a generalization of Brown-York quasi-local mass.

Theorem 3.5.6 (M.-Miao [39, Theorem 1.5]). Let (£2,7) be given, with ¥ a 2-sphere. For every
(ang> € ]_O-(E,'y) :

(1) 0 <m(E,9,9) < oo, and m(X, 9, g) =0 only if (2, g) is a flat 3-ball;
(2) if (X,7) has positive Gauss curvature, then

1
w(S.29) = o= [ (Ho— H,) do
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ie., if 00 =%, then m(X,Q, g) = mpy(Q,g). Here Hy is as in Definition|3.5.1]

Proof. Let us first show (1). Since (€2, g) € ]i'(gm, the finiteness assertion is a direct consequence of
Theorem [2.3.3] (1) and Proposition Nonnegativity is a consequence of the simple fact

8mm(%,Q, g) = 27) /H do = (Mhsgg /tha> /H do > 0.
(2,7)

Let us study the equality case. We need to show that (Q3, g) is a flat 3-ball. We will first show that
0Q) = Yo, i.e., there are no minimal surfaces in 9Q2. Once that claim has been established, it follows
that (Q,9) € F(x,,) and (1) will be a consequence of Theorem m (2).

Claim. If m(%,Q,g) =0, then 9Q = ¥p.

Proof of claim. We argue by contradiction. If 9Q # X, then Xy would be nonempty. We may,
therefore, employ the doubling lemma (Lemma [2.3.10)) to double (£2,g) across Xz. Write (D3, h)
for the doubled manifold, whose boundary satisfies 9D = S U S’, where S is the image of ¥ and S’

is its mirror image.

By conclusion (1) of the doubling lemma, the metric induced on S by (D3, h) is still 7, though the
metric induced on S’ may have changed. By conclusion (2) of the lemma, the resulting doubled
manifold (D, h) is going to have

Hgp > Hsy 4. (3.5.4)

Likewise, by conclusion (3) of the lemma,
HS’,h >0 (3.5.5)

if the lemma parameter n > 0 is chosen sufficiently small.

Let ¢ < 0 be an arbitrary negative function on €2, and let w be the unique solution of
1 .
Ahwnghw:gi)mDandw:Oon@D.

Let € > 0 be given. For small 7 > 0, consider the conformally transformed Riemannian metrics
h(T) = (1 + 7w)*h on D. By the conformal transformation of scalar curvature formula in Lemma
we see that R > 0 and, as long as 7 > 0 is small, the boundary mean curvatures will not
vary by more than € > 0. In view of —, it will be sufficient to pick

. 1 / /
€ < min H, — H, dJ,Hh,H}>O
Vot -1 '
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so that

Hg i >0o0n S, and / Hg ) do > Hs, 4 do, (3.5.6)
s 2o

and
HS’,h(T) > O (357)

At this stage we finalize any small enough choice of 7 > 0 so that (3.5.6)-(3.5.7]) are true, and cut
the resulting (D, h(™)) using the cutting lemma (Lemma [2.3.8) to isolate its boundary component
S. The resulting manifold may be denoted (M, (7). Note that (M,h(7)) € ./%.(277). By (3.5.6),

HZo,g do < / Hs’h(r) do < 10\(277) - 87rm(Z,Q,g) = 10\(2,7) —/ HEO79 do >0,
Yo s Yo

in direct contradiction to m(X, Q, g) = 0. O

Next, we prove (2). Theorem [2.3.3] (2) and Proposition combined tell us that

8rm(%, 2, g) = ./OX(EW) — / Hdo = A4 — / Hdo = / Hydo — / Hdo.
by b3 by b3

This completes the proof of Theorem [3.5.6 O

Remark 3.5.7. It seems a challenging question to check whether mean-convex domains Q C R?,
with ¥ = 0Q a 2-sphere, necessarily mazximize the total mean curvature on their boundary relative
to all competitors in .73'(275‘2); i.e., is m(X,Q,g) = 0 for all mean-convex domains 2 C R? bounded
by a 2-sphere X2 If ¥ is strictly conver in R3, then this is the conclusion of (2) in Theorem ,

We present one final way in which the m(X, €2, g) functional that generalizes the Brown-York quasi-
local mass functional. By work of Shi-Tam and Miao, it is known that the Brown-York mass is an
upper bound for the so-called Hawking quasi-local mass. In the notation of this thesis, the known

result is:

Theorem 3.5.8 (Miao [43, Theorem 3], Shi-Tam [65, Theorem 1.1]). Suppose (X2,7) is a 2-sphere
with positive Gauss curvature. If (3, g) € F(s,y), then

(%) 1
> 2l o 2
mey (3, 2.0) =\ 6, (1 167 /Eﬂg d”v)

with equality if and only if (Q3,g) is a geodesic ball in (R3,9).
The generalization of this result, to appear in [3§], is:

Proposition 3.5.9 (M.-Miao [38, Proposition 3.1]). Suppose (X2,7) is a 2-sphere that embeds
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isometrically as an outer-minimizing, mean-convex sphere in (R3,8). If (Q3,9) € .7-0'(277), then

a4 (30) 1 2
$.0.9) > /D 1—— d
m(=,%9) 2\ e, < 167 Jy, 07

with equality if and only if (3, g) is a geodesic ball in (R3,0).

Proof. We have

o 2
. 1 A 1
8rm(%, 2, 9) = A (1 - H, d07> > % 1— < H, d@) . (3.5.8)
(=) /%o A~y Iz0

where the inequality in (3.5.8)) follows from the algebraic inequality 1 —z > 1(1—2?), 2 € R. Notice
that the right hand side is nonnegative, by the definition of /o\(gﬁ).

From Proposition and conclusion (4) of Theorem [2.3.3]

;\(E,y) = A(E,’y) Z 1671'0'7(2). (359)

Then, we first estimate the leading 10\(2,7) in (3.5.8) from below by (3.5.9)), and then estimate the
squared term by Holder’s inequality and (3.5.9) again:

16 by b)) 1

8rm(X, Q, g) > V16710, (2) 1-— w H?do, | = /410, (8) (1 - — 2do., ).

2 A2 » g 167 » 9
(Zy) © =0 ©

The desired inequality follows after dividing through by 8.

Let us study the equality case. This forces all inequalities to be equalities; i.e.,

(1) equality in (3.5.8) means (23, g) € ]-D'(ZW) attains A(gﬁ), which, by (1) of Theorem means
(23, 9) is a flat 3-ball;

(2) equality in (3.5.9) means, by conclusion (4) of Theorem that (32,7) is round.

In particular, Brown-York mass is well-defined, and mpy(2,g9) = m(X,Q,g9) = 0. By the rigidity
case of Theorem (Q3, g) is isometric to a geodesic ball in (R3,§). O

Remark 3.5.10. By the mazimum principle, we see that this applies to all (X2,7) that embed
isometrically as starshaped mean-convex spheres in (R3,68). Conjecturally, Proposition holds
for all 2-spheres (X2,7).



Chapter 4

Phase Transitions

4.1 Introduction

4.1.1 The equation and its variational structure

The Allen-Cahn equation is a linear elliptic partial differential equation that describes phase sepa-

ration in multi-component alloy systems, and is given by:
Au = W'(u), (4.1.1)

where W is a double-well energy potential. (See Definition [4.1.1}) Its geometric significance is
founded on De Giorgi’s conjectures [15] about how the level sets of solutions u of (4.1.1)) will behave

like minimal hypersurfaces. The conjectures and their current status are outlined in subsection[4.1.3]
Definition 4.1.1. A map W : R — R is called a double well potential provided:

(1) W is nonnegative, and vanishes at its two global minima t = £1:

W >0, W(t)=0 < t==1; (H1)

(2) W has a unique, nondegenerate, critical point between its global minima, at t = 0:

tW'(t) <0 for 0 < |t| <1, and W"(0) # 0; (H2)

56
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(3) W is strictly convex near +1:
W"(#t) > k>0 for|t| >1 —a, a € (0,1); (H3)
Example 4.1.2. The standard double-well potential is W (t) = i(l —t2)2, and the corresponding

equation ([A.1.1)) is Au = u® — u.

Remark 4.1.3. There is nothing special about t = —1, 0, 1; one can replace these points by any
other triple points t; < to < ts in Definition [[.1.1, and everything will continue to hold just the

same, up to relabeling.

We now turn to the variational nature of (4.1.1). The equation in question arises as the Euler-

Lagrange equation for the functional

Elu] & /M <;||Vu||2 —|—W(u)) dv,, (4.1.2)

i.e., functions u € C°,(M™) that are zeroes of the first variation operator dFE[u] : C°(M™) — R,

loc

SE[{C} 2 / (Y, VC) + W' (u)¢) du,. (4.1.3)

M

4.1.2 Standard technical results on R"

One of the causes of interesting behavior of solutions to the Allen-Cahn equation is the particular
saddle behavior of the double-well potential in its non-convex portion; in some sense the behavior

of solutions to the Allen-Cahn is least interesting inside the convex portions of the functional.
We isolate a useful computation as a lemma that will be invoked often throughout this chapter.

Lemma 4.1.4 (M.). Let pg, v > 0. The test function w: R™ — R given by

w(x) = exp (Y] + p8)/2)

satisfies
v

-1 2
w T Aw =7y +7(r2+p%)3/2

(0 = Il + A1l + 3) 72 + 73 ) (4.1.4)
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Proof. This is a straightforward computation. Writing r = ||x||, we have:

W™t Aw =y div Y + p) 2+ 97V + )

v di rV e rVr 2
= v
GRS CETE
n r2 L 2
=7 -7 v .
R N R E R
The result follows by rearranging some terms. O

Remark 4.1.5. We will often only be interested in a crude estimate of the right hand side of (4.1.4)).

Namely, in the case v > 0, we are going to be interested in ensuring that

g
’(||X||2+p2)3/2 ((n =l + v x)® + )2 + npg) < 672 (4.1.5)
0
holds for a given § > 0. The first and third terms combined are
ny 5?2

< <L

v 2 2
‘ ((n =Nx[* +npp) S xE+ 2 <2

(Ix[1? + p5)%/2

as long as pg > ?Y—’g, The second term is

_ 72 - 5,72
1[I+ 0§ — 2

Y

Y 2 2\1/2
s YU+ e0)
‘(XI2+,0%)3/2 0

as long as po > 2. In particular, (4.1.5) will hold true as long as p > 2 max{1, %}

Solutions of the Allen-Cahn equation decay exponentially quickly to £1 in the convex region, as the

following well-known estimate shows.

Proposition 4.1.6 (Convexity estimate, cf. Gui [29, Proposition 2.2], Kowalczyk-Liu-Pacard [35]

Lemma 4.2]). If u € C2.(R™) is a solution of (4.1.1)), |u] < 1, and W satisfies (H1]), (H2), (H3),
then for k as in (H3) and 6 € (0,1),

lu(x)? = 1| + || Vu(x)[| + | V?u(x)|| < coexp (—0v/k dist(x, {u = 0})) for all x € R?,
where co = co(n, W, 0).

Proof. Without loss of generality, we may prove this for x € R? such that u(x) > 0. By (HI) and
Taylor’s theorem on W' (t), for ¢t = 1,

“W(t) =W'(1) = W'(t) = W"(§)(1 - t)
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for some & € (¢,1). By (H3)), there exists 8 = 8(W) € (0,1), such that
—W'(t) > k(1 —t) when 1 — 3 <t < 1. (4.1.6)

Claim. Let xg € {u > 0}, and R = dist(xg, {u = 0}). There exists Ry = Ro(n, W) > 0 such that,
if R > Ry, then u > 1 — 8 in Bg/s(x0).

Let us first show how the |u? — 1| estimate follows assuming the claim has been proven. Let x( be
as in the claim above. For v = 64/k and py > 0 sufficiently large depending on n, 6, k (see Remark
7 the function wy, £ w(- —xp) : R® — R, with w as in Lemma satisfies the differential
inequality

(A + K)wx, > 0in R". (4.1.7)

Choose @ £ exp [ — v(R?/4 + p2)'/?] so that Qux, = 1 on Bg/s(Xo). From (L.1.6) and (£1.7),

(A + K)Quyx, > (A + £)(1 —u) in Br/s(xo) and Quy, > 1 —u on dBp/s(Xo).
By the maximum principle (Theorem [B.1.1), Quy, > 1 —u in Br/s(x¢). Thus,
1= u(xo) < Quxy (x0) = exp [1(po — (R*/4+ o) /)]

and the estimate on 1 — u follows for a suitable ¢y. Similar arguments hold in case u < —1+ 8 in
Bpr/2(%0), so, recalling v = 0y/k, we see that |u(xo)? — 1] < cexp (—8y/k dist(xq, {u = 0})).

Now we return to proving the claim.
Proof of claim. Without loss of generality, u(x¢) > 0. By (H2)), (H3)), there exists u > 0 such that
—W'(t) > pt for 0 <t <1-—p; (4.1.8)

here, (3 is as in (4.1.6)).

Suppose, for the sake of contradiction, that there were yo € Br/2(x0) where u(yo) < 1 — 3. Denote
¢ > 0 a Dirichlet eigenfunction of —A in Bg/5(yo) such that ¢(yo) = 1. Since Bg/2(yo) C Br(x0) C
{u > 0}, there exists a maximal @ > 0 such that Q¢ < uin Bg/3(yo). Denoting the point of contact

to be zg, we have, by virtue of the fact that ¢ is maximized at yq,
u(zo) = Qp(z0) < Qp(yo) < u(yo) <1-5,

so, by ,
—Au(zg) = —W'(u(zo)) > Bu(zo)- (4.1.9)
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On the other hand, by virtue of being a contact point for © > Q¢, and by virtue of ¢ being an

eigenfunction with eigenvalue A1 (—A4; Bg/2),
—Au(zo) < —QAp(20) < QA1(—A; Bryo)p(zo) = 4R™>A1(—A; By )u(z).
This contradicts ([@.1.9) if Ry is large enough that 4Ry 2\ (—A; B;) < S O

The proof of Proposition will be complete as soon as we establish the higher order estimates.
Let xg € R™ be as in the claim above, R = dist(xo, {u = 0}), and u > 1 — 8 in Bp/5(x0). Without
loss of generality, R > 2. By applying [27, Theorem 3.9] to A(u — 1) = W' (u),

[Vu(xo)|| < Co | sup |u—1]+ sup [W'(u)||,
Bl(xo) Bl(xo)

with Cy = Co(n, W). From Taylor’s theorem on W’(t) and (HI)),
Wi(t) =W'(t) - W'(1) = W"()(t - 1),
for some £ € (1 —1t,1), so

IVu(xo)|| < Co(L+ [[W"]|zoe(w)) sup |u—1].

1(x0)

The gradient estimate follows from the supremum estimate, after possibly relaxing c¢g. The Hessian

estimate follows similarly; differentiate Au = W’ (u) apply [27, Theorem 3.9] again, and relax ¢y. 0O

Remark 4.1.7. We used the standard fact that the first Dirichlet eigenfunction of the Laplacian
in Euclidean balls is mazximized at the central point. This is a simple consequence of the mazimum
principle (Theorem , which shows that the first eigenfunction is rotationally symmetric, and
the min-maz characterization of first eigenfunctions (Proposition .

The assumption |u| < 1 in the convexity estimate is not essential. In fact, any nonconstant bounded
solution turns out to satisfy this bound. This is a corollary of the following important gradient

estimate due to Modica [45], whose proof we omit.

Proposition 4.1.8 (Modica gradient estimate, Modica [45, Theorems I, II]). Let u € C°.(R™) N
L>(R™) be an entire solution of (4.1.1), with W satisfying (H1). Then

1
§||Vu||2 < W(u) in R".

If W(u) =0 at some point, then u is constant.
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Corollary 4.1.9. Suppose u € C2(R™)NL>®(R™) is an entire solution of (4.1.1), and W satisfies

loc

(H1) and (H3|). Then |u| <1, u=1, oru=—1.

Proof. Given Proposition it suffices to show that |u| > 1 cannot hold true everywhere. By
continuity, and without loss of generality, it suffices to show that u > 1 cannot hold true everywhere.
We proceed by contradiction. If w > 1 in R"™, then we may repeat the part of the argument in the
proof of Proposition following the claim and prove that u = 1, which is impossible. O

4.1.3 One-dimensional solutions, De Giorgi conjectures
The one-dimensional heteroclinic solutions H : R — R of (4.1.1) on R,
H' =V2W o H, H(0) =0, (4.1.10)

are foundational in the theory of phase transitions.

Note that there is a natural way to lift these heteroclinic solutions to higher dimensional Riemannian

manifolds. Namely, for any Riemannian manifold (M"~1, g), the function
M"™ xR 3 (p,t) — H(t),

with H : R — R as in (4.1.10)), is known as a “one-dimensional” heteroclinic solution of the Allen-
Cahn equation on the product manifold (M"~! x R, g + dt?).

One-dimensional solutions on Euclidean space stand out the most among all solutions to (4.1.1)), not

just because of their simplicity, but also because of their rigid variational behavior. For instance:

Lemma 4.1.10 (M.). Suppose W satisfies (H1J), , and (H3). Then the only nonconstant
solution of (4.1.2) with finite energy, up to translations and reflections, is (4.1.10)).

Proof. If u has finite total energy, then 1(u/)* + W(u) € L'(R), so by (HI) it would follow that
()%, W(u) € L*(R). On the other hand, multiplying (4.1.1]) by u’, we see that

% (;(u/)Q - W(u)) ~0.

Since no nonzero constant function is in L*(R), it must be that 3(u’)? = W (u). Together with (HI)),

this readily implies that u’ cannot change sign except across points with u = 41.

We claim that |u| < 1. Indeed, without loss of generality, we may suppose—for the sake of
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contradiction—that there exists zy € R with u(zo) > 1, v/(x0) = /2W(u(zg)) > 0. It is sim-
ple to see, then, that u’ > 0 for all x > x¢, and thus u > u(xg) > 1 for all x > xo. This contradicts
the finite total energy assumption by (H1) and (H3)).

Next, we claim that |u| < 1. If this were false, then there would exist zy € R where, without loss
of generality, u(zg) = 1. This would also have u’(z¢) = 0. By existence and uniqueness theory for

ordinary differential equations, and (HI|), v is constant—a contradiction.

Summarizing, we have |u| < 1, so ' cannot change sign and, therefore, u is strictly monotone.
Without loss of generality, we may assume that v’ > 0, so v/ = \/2W (u). It is a simple consequence
of (H2)) that u has a root in R. The result follows from existence and uniqueness theory for ordinary

differential equations. O

Certainly, Lemma [£.1.10] is no longer true—as stated—in higher dimensions. De Giorgi conjectured
[15] that one-dimensional solutions are the only “monotone” solutions in low enough dimensions n

of Euclidean space, similar to the role of hyperplanes in minimal hypersurface theory.

Conjecture 4.1.11 (De Giorgi conjecture, monotone version). Let n < 8. Ifu: R™ - R is a
solution of (4.1.1) such that |u| <1 and such that (Vu,e,) > 0, then u is one-dimensional.

This conjecture is inspired by the Bernstein theorem in minimal surface theory, which states that
hyperplanes are the only minimal hypersurfaces that are graphical over a hyperplane P"~! ¢ R",
n < 8. (See [12].)

A closely related conjecture is:

Conjecture 4.1.12 (De Giorgi conjecture, minimizing version). Let n < 7. Ifu : R — R is
a solution of (4.1.1) such that |u| < 1 and such that u is energy minimizing among all compactly

supported perturbations, then u is one-dimensional.

The first positive result was due to Ghoussoub-Gui [25], who confirmed Conjecture [4.1.11| for n = 2.
Their proof can be adapted to confirm Conjecture |4.1.12|in the same dimension. (We refer to the
work of Farina-Mari-Valdinoci [20] for this adaptation.)

Theorem 4.1.13 (cf. Ghoussoub-Gui [25] Theorem 1.1], Farina-Mari-Valdinoci [20, Theorem 1]).
Conjectures|4.1. 11| and |4.1.19 are true when n = 2.

Next, Ambrosio-Cabré [I] confirmed Conjecture [4.1.11] for n = 3. Their proof, too, can be adapted
to confirm Conjecture [4.1.12] in the same dimension. (Again, we refer to the work of Farina-Mari-
Valdinoci [20] for this adaptation.)
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Theorem 4.1.14 (cf. Ambrosio-Cabré [I, Theorem 1.2], Farina-Mari-Valdinoci [20, Theorem 1]).
Conjectures |4.1.11}, |4.1.11] are true when n = 3.

Finally, Savin [58] confirmed the remaining cases of Conjecture 4.1.12] as well as a weaker form of
the remaining cases of Conjecture [£.1.11]

Theorem 4.1.15 (cf. Savin [68, Theorems 2.3, 2.4]). Conjecture is true when 4 < n < T.
Conjecture is true for 4 < n < 8, under the additional asymptotic assumption
: / _ 1 _ r_ _ ! n—1
tll)rglou(x 1) = tlir(r)lo( u(x',—t)) =1 forallx’ e R"". (4.1.11)

Both conjectures are known to fail for the standard double-well potential W = %(1 —?)? in dimen-

sions higher than those mentioned. Specifically:

(1) Del Pino-Kowalczyk-Wei [17] constructed monotone solutions in R™, n > 9, which are not one

dimensional.

(2) Liu-Wang-Wei [36] constructed energy-minimizing solutions in R™, n > 8 which are not one-

dimensional.

(3) Liu-Wang-Wei’s construction already yields stable counterexamples to the “one-dimensional”
conjecture, but we also mention that Pacard-Wei [49] constructed stable solutions in R™, n > 8,

which are not one-dimensional.

4.2 Results on the space My, of 2k-ended solutions in R?

4.2.1 Introduction to My

We now move one level of complexity up from the standard one-dimensional solutions of , and
study nontrivial solutions on R?. Del Pino-Kowalczyk-Pacard defined in [16] a space of solutions of
on (R?,§), May, that looks from infinity like a collection of 2k copies of the one-dimensional
heteroclinic solution. We recall the construction of this space here (after [16]) for the sake of

completeness.
Remark 4.2.1. We assume hypotheses (H1|), (H2), (H3) throughout this section.

Fix k € {1,2,...}. We denote by A%* (denoted A%, in [16]) the space of ordered 2k-tuples A\ =

ord

(M1, ..., Aax) of oriented affine lines on R?, parametrized as

Njo=(rj,f) eR xS j=1,...,2k
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where f; = (cosf;,sin6;), 01 < ... < b, < 2w+ 6. For X € A%* we denote
a1l .
0\ = 5 mln{ﬁg — 91, ey O, — 0%_1, 21 + 61 — 92k}- (421)

Fix A € A?*. For large R > 0 and all j = 1,...,2k, there exists s; € R such that r;Jf; + s;f; €

0BRr(0), the half-lines )\j £ r;Jf; + s;f; + R f; are disjoint and contained in R? \ Bx(0), and the

minimum distance of any two distinct A}, )\;r is > 4. (Here, J € End(R?) is the counterclockwise

rotation map by §.) The affine half-lines AT, ..., A4, and the circle 9BR(0) induce a decomposition
of R? into 2k + 1 open sets,

Qo £ Br41(0), and

Q; & ({x € R*\ Br_1(0) : dist(x, A]) < dist(x, \) + 2}, j=1,...,2k (422)
i#]

Note that these open sets are not disjoint. Then, we define xq,, ..., Xq,, to be a smooth partition

of unity of R? subordinate to €, ..., s, and such that

X0, =1 on Q) £ Br_1(0), and
xa;, = 1on ) £ Niz;{x € R*\ Bpy1(0) : dist(x, \]) < dist(x,\]) =2}, j=1,...,2k (4.2.3)
Note that these new open sets are disjoint. Without loss of generality, [xqo, |+ Vxq, [|[+]|Vixao, || < e
forall j =0,...,2k, with ¢; = ¢1(0)). Finally, we define
2%
uy £ (=1)7  xq, H(dist*(-, A))), (4.2.4)

j=1

where dist®(-, A;) denotes the signed distance to \;, taking Jf; to be the positive direction. Here, H

is the heteroclinic solution (4.1.10f.

Definition 4.2.2 (Del Pino-Kowalczyk-Pacard [16], Definition 2.2]). For k > 1, we denote

S 2 | {ue C¥R?) :u—uy e W?*(R?)}. (4.2.5)
>\EA2k

We endow Say, with the weak topology of the operator J : Sa — W22(R2?) x A%F,

T (u) £ (u—ux, A). (4.2.6)
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Finally, we define the space of “2k-ended solutions” to be

Moy, £ {u € So, satisfying (L1.1)}. (4.2.7)

Remark 4.2.3. The space Moy, is independent of our particular choices of Qo, ..., Qak, XQg» - - - » X0 s

and the operator J is well-defined, because

A # N e A%* up to rotation
= {u € (uy + W*%(R?)) satisfying E1.0)} N {u € (uy + W*2(R?)) satisfying @E1.1)} = 0.
This follows from Proposition [{.1.0|

Remark 4.2.4. It was shown in [16, Theorem 2.2] that May, is a 2k-dimensional Banach manifold
in neighborhoods of points u € Mosy satisfying a certain “nondegeneracy” condition, namely, the
nonezistence of exponentially decaying Jacobi fields (see Definition .

Example 4.2.5 (One-dimensional solutions). All one-dimensional solutions on R?,
R? > x — H((x,e) — j3), with (e,3) € S' xR,

are elements of My. This family accounts for all dimensions of My predicted by Remark[4.2.4 See
also Proposition [{.2.16

Example 4.2.6 (Saddle solution). A solution u € C£2,(R?) N L>=(R?) of the Allen-Cahn equation
(4.1.2) with u =0 on {zy = 0} and u(z,y) = sign(zy) when xy # 0 is called a “saddle solution.”
Such a solution is an element of My, and is known to be unique [11] and nondegenerate [34)], [35,
Theorem 2.4].

The following result, due to Del Pino-Kowalczyk-Pacard, significantly improves the a priori W?2?2

decay of u — uy to an exponential decay:

Theorem 4.2.7 (Refined asymptotics, Del Pino-Kowalczyk-Pacard [16, Theorem 2.1]). Let ug €
Moy There exists a neighborhood U C Mgy, and a § = 6(ug) > 0 such that

J(U) C e ?IxlIp22(R2) x A%, (4.2.8)
and, moreover, such that the restricted map
Tl - U — e 0Ixlp22(R2) x A% (4.2.9)

is continuous with respect to the corresponding topologies; here, J is the map defined in (4.2.6)).
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Remark 4.2.8. Del Pino-Kowalczyk-Pacard assume in [16] that their double-well potential is even,
i.e., that W(x) = W(—x) for all x € R. This assumption simplifies their analysis as well as their

statements. Nonetheless, this assumption is not necessary if one just requires Theorem[{.2.7 above.

4.2.2 Effects of topology at infinity on the Morse index

One can make precise the notions of stability and Morse index in the Allen-Cahn setting by
turning to the second variation operator, 62E[u] : Wy *(M) @ Wy *(M) — R,

PEUCUEE [ (V6T + W @)y doy, (4.2.10)
M
Definition 4.2.9 (Stability). A critical point u of E is called stable inside an open subset U C M
if 0 Elul{¢,¢} > 0 for all ¢ € Wy 2(U).

Definition 4.2.10 (Morse index). A critical point u of E is said to have Morse index k inside an
open subset U C M, denoted ind(u;U) = k, provided

max{dimV : V. .c W, *(U) is a vector space such that §*E[u]{¢,¢} <0 for all { € V'\ {0}}.

If the choice of the open subset U is clear or U = M then we will simply write ind(u). Stable critical
points, by definition, have ind(u) = 0.

The Morse index of a critical point measures the number of linearly independent unstable directions
for energy. From a physical perspective, unstable critical points are a lot less likely to be observed

than stable ones.

Associated to 6?Elu] is the linear elliptic operator —A, + W”(u), called the Jacobi operator.

These notions of stability and Morse index are developed in Section |4.3.1

In this section we prove the following theorem, which relates the Morse index of 2k-ended solutions
to (4.1.1)) to their structure at infinity.

Theorem 4.2.11 (M.). Let u € Moy, k > 2. Then ind(u) > k — 1.

Remark 4.2.12. Notice that we assume that k > 2, seeing as to how Proposition[{.2.16 establishes

a stronger result when k = 1.

To prove this Theorem, we will need to obtain a precise pointwise understanding of kernel elements
of the Jacobi operator, seeing as to how they will play a significant role in the relevant variational

theory:
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Definition 4.2.13 (Jacobi fields). If u is a critical point of E in U, then the space of its Jacobi

fields consists of all functions v that satisfy —Av + W' (u)v =0 in U in the classical sense.

Denote R, A € A?*, and ) the objects associated with u by its construction as an element of Mayy,
in Section Also, denote A = (Aq, ..., Aag), with \; = (74, f;) € R x S!. Recall from [16] (2.16)]
that:

2k
> fi=0, (4.2.11)
1=1

and that, after possibly enlarging R > 0, {u = 0} \ Br(0) decomposes into 2k disjoint curves T';,
i=1,...,2k, and, for some § < 05(u), I'; C S(£;,9/2, R) with S(f;, J, R) all pairwise disjoint. Here,

S(e,0,R) = {rf : r > R, distg: (f,e) < 0}. (4.2.12)

Finally, using Theorem [£:2.7] we see that, perhaps after shrinking § > 0 and enlarging R > 0, and

perhaps after an ambient rigid motion,

Vu »
~ (—=1)"1Jf; in S(f;,6/2, R). (4.2.13)
[Vl
Lay out fi,...,for € St and color them red (negative) or blue (positive) depending on the sign of

{(=1)"T1Jf; e). Here, e € S! is a fixed direction, chosen generically, so that (Jf;,e) # 0 for all i =

1,...,2k. We will temporarily need the following generalization of J:

5 . cosf) —sinf
Jo € End(R°) acting by .
sinf  cosf

There exist unique @1, ..., @2, € (0,27) such that ;1 = J,, (f;) for all i = 1,...,2k. It’s easy to
see that
€ (0,7) foralli=1,...,2k (4.2.14)

by combining (4.2.11) with k > 2 (recall Remark 4.2.12)).

Claim. If f5y_4, f5, have the same color, blue, then

J_ e, fy_1, e lie counterclockwise on S* in the order listed;

Y20—1

else, if their common color is red, then

J_¢,, . (—e),fo_1, —e lie counterclockwise on S! in the order listed.
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Proof. Without loss of generality, let us assume ¢ = 1. Recall that the respective colors are deter-

mined by the signs of (Jzf,e) and (—Jzfs,e) = (J_x,,f1,e).

Denote P = {f € S' : (f,e) > 0}. If both colors are blue, then
Jgfl eP «— f € J_g(P)

and

J7%+¥,1f1 eP — fl S J%*@I(P)’

le, fi €J_z(P)NJxz_y, (P). Using (4.2.14), we see that the three vertices J_,, e, fi, and e, must

lie counterclockwise in this order on S!.

If both colors are red, then, by a similar argument, f; € J_z (—=P) N Jz_,, (=P), and we see that

the three vertices J_,, (—e), fi, and —e, must lie counterclockwise in this order on St. O

In a completely analogous manner, one also checks that:

Claim. If fo, f5,41 have the same color, blue, then
J_s,.(—e), fa, —e lie counterclockwise on St in the order listed;
else, if their common color is red, then

J_,..e, T, e lie counterclockwise on S! in the order listed.

We now make the following key observation:

Claim. There exist at least 2k — 2 groups of consecutive same-colored vertices.
Proof of claim. Within the space of valid colorings,

{existence of blue fay_1, f2¢} N {existence of red fa,,, f2ry1} = 0. (4.2.15)
This follows by combining the previous two claims. Likewise

{existence of red fy,_1, fa0} N {existence of blue fo,,, for i1} = 0. (4.2.16)

There are now the following cases to consider:

(1) There exist three consecutive same-colored vertices. Then, by combining the previous two

claims and engaging in elementary angle-chasing, it follows that there do not exist any more
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consecutive same-colored vertices. In this case, it follows that there are precisely 2k — 2 groups

of consecutive same-colored vertices.

(2) There are no three consecutive same-colored vertices. Then, together with (4.2.15)), (4.2.16]),

it follows that there are at least 2k — 2 groups of consecutive same-colored vertices.

This concludes the proof of the claim. O
Given this claim, differentiate (4.1.1)) in the direction of e € S'. We see that v £ (Vu, e) satisfies

Av =W"(u)v in R?. (4.2.17)

Define

N 2 {v =0} (the “nodal set”), and
S 2 NN {Vv =0} (the “singular set”).

By the implicit function theorem, N\ S consists of smooth, injectively immersed curves in R?. By
[?], S consists of at most countably many points and, for each p € S, there exists r = r(p) such

that, up to a diffeomorphism of B,.(p),

N N B,.(p) =~ the zero set of a

homogeneous even-degree harmonic polynomial. (4.2.18)

Denote €4,...,Q, C R? \ N the nodal domains (i.e., connected components of {v # 0}), labeling
so that €21,...,Q, are the unbounded ones, and €,,11,...,€,; are the bounded ones. By virtue of
our precise understanding of N, S, as discussed above, we know that they are all open, connected,

Lipschitz domains.

Remark 4.2.14. The notation used here implicitly asserts that there are finitely many nodal do-
mains. This follows, a posteriori, by the proof of the following claim and [35, Theorem 2.8].

Claim. ind(u) > ¢ — 1.
Proof of claim. First, it’s standard that for every bounded nodal domain Q,41,...,Q, we have
nul(u; ;) >1foralli=p+1,...,q. (4.2.19)

Now we move on to unbounded nodal domains. It is not hard to see that we have at least two
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such. Suppose that Q; is an unbounded nodal domain, and suppose )5 is its counterclockwise
neighboring unbounded nodal domain. By (4.2.18)), v attains opposite signs on 1, Q5. Thus, v
is a bounded, sign-changing Jacobi field in Q15 £ int Q; U Qy, which is itself an open, connected,
unbounded Lischitz domain. By Lemma ind(u; Q12) > 1. Since 42 is unbounded, we have

ind (u; ﬁg) > 1 for some bounded S~22 C Q9

which is itself open, connected, and Lipschitz. Denote Q= 0.
Proceeding similarly (and labeling accordingly) in the counterclockwise direction, we can construct
disjoint, bounded, open, connected, Lipschitz §~23, ey §~2p,

ind(u; ;) > 1foralli=2,...,p, (4.2.20)

where ﬁi C int (ﬁi,l U ﬁz) More precisely, at each stage ¢ we have to sacrifice a bounded portion
of QU---UQ_1\ (Q1U---UQ,_1) to give rise to a negative eigenvalue on a slight enlargement of
Q;, which is bounded and disjoint from Q; U--- U Q;_1.

The claim follows by combining (4.2.19), (4.2:20), and Theorem [£.3.7] O

We now estimate ¢ — 1 from below. It will be convenient to assume that S and the set of connected
components of N\ S are both finite sets—refer to Remark [4.2.15|for the minor necessary adjustments

to deal with the general case. From Euler’s formula for planar graphs, we know that
q = 1+ |{connected components of N'\ §}| —|S|, (4.2.21)

where | - | denotes the cardinality of a set. By (4.2.18]), every connected component I" of A"\ S is a
smooth curve with
0T = 0,1, or 2, (4.2.22)

depending on whether I' is infinite in both directions, one direction, or is finite. Counting the set of

pairs (v, e) of vertices and edges in NV in two ways, we see that
Claim. ¢ > k.
Proof. The fact that there exist at least 2k — 2 groups of consecutive same-colored vertices implies

that there exists R > 0 sufficiently large so that S C Bg(0) and N \ Bgr(0) has at least 2k — 2
components. By a straightforward counting argument combined with (4.2.22), this implies

2
2k —2< 2(2 —{) - [{connected components ' C A\ S : |0T| = £}]. (4.2.23)
=0
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On the other hand, by counting the elements of the set
A= {(p,T):p€S, I' = connected component of N\ S incident to p}

in one way, we find that

2
|A| = Zf' |[{connected components ' C N'\ S : |OT| = ¢}|. (4.2.24)
=0

Adding (4.2.23)), (4.2.24)), and rearranging, we get

2 - |{connected components of N'\ S}| > |A| + 2k — 2

1
<= |{connected components of A"\ S}| > EIA\ +k—1. (4.2.25)

Plugging (4.2.25) into (4.2.21)) yields the estimate

1
q>k+ §|A| —|S|. (4.2.26)

On the other hand, because of (4.2.18]), each p € S contributes at least two elements to A; i.e.,
|A| > 2-|S|. The claim follows. O

Remark 4.2.15. The proof above assumed that
|S| + |{ connected components of N'\ S}| < oo,

so let us discuss the necessary adjustments for it to go through in the general case. By the finiteness
of ¢ (see Remark , we know that there exists a large enough radius R so that §; N Br(0) is
connected and nonempty for everyi =1,...,q. By the local finiteness of S, we may further arrange
for OBRr(0) NS = 0 and for all intersections 02; N OBR(0), i = 1,...,2k, to be transverse. The
finite planar graph arrangement contained within Br(0) has the same number of faces as the original
infinite planar graph arrangement. We may, therefore, repeat the previous proof, starting at Remark
discarding all elements of S and components of N'\ S that lie fully outside of Br(0), and
identifying OBR(0) with infinity.

Combining everything above, we obtain the thesis of Theorem [4.2.11

4.2.3 Finite Morse index solutions of linear energy growth

There is a finer characterization of My in terms of Morse index than the one in Theorem [4.2.11
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Proposition 4.2.16 (M.). The following are all equivalent:
(1) uw e May;
(2) u(x) = H((x,e) — B) where H is as in [1.1.10), and (e, B) € S' x R;
(3) ue CZ(R?) N L>(R?) satisfies and (Vu,e) > 0 for some fired e € S*;

(4) u € C2(R?) N L*°(R?) is a nonconstant minimizer of the energy in ([.1.2) among compact

perturbations;

(5) u € C2(R?) N L>®(R?) is a nonconstant stable critical point of the energy in (4.1.2)); i.e.,
ind(u) = 0.

Remark 4.2.17. We assume hypotheses (H1), (H2)), (H3) throughout this section.

Recall, from Remark that near nondegenerate points, the dimension of My should be 2.
According to this theorem, the moduli space My is diffeomorphic to the two-dimensional cylinder

S! x R that consists of all distinct one-dimensional solutions in R2.

Proof of Proposition[].2.16, Let’s first show (2) <= (3) <= (4) <= (5). The first three of
these equivalences follow from Theorems Next, (4) == (5) is trivial by the definition
of stability. Finally, (5) = (3) follows because (Vu,e) is an L* Jacobi field, so, by Theorem
it is either identically zero or has constant sign. Since u is not constant, there will exist at
least one e € S* for which (Vu,e) > 0. For an alternative proof of (5) = (2), see the work of
Farina-Mari-Valdinoci [20].

It remains to prove the equivalence of (1) with (2)-(5). Since (2) = (1) is clear, all we need to
show is (1) = (2), i.e., that all elements of M3 are one-dimensional. Without loss of generality,
after precomposing with a rigid motion, we may assume that u(0) = 0. Let €4, 74, aa € (0,1), R4,
K4 > 0 be as in [69, Theorem 9.1]. By construction, all u € My have

}l%iTm holwi'R™Y(EL Bgr(0))[u] = 1. (4.2.27)

Therefore, there exists Ry > s;‘lR 4 such that, for all R > Ry, the rescaled function

un) £ (1) x € Ba(o),

2
satisfies hy 'wy 'RV (EL BR(0))[u] < 1+ 74, Aug(x) = (R%) W(u) in Br(0), and £ 2 fa < ¢ .

Invoking [69, Theorem 9.1], and passing to a subsequence R; 1 oo, there exists a fixed line ¢ C R?,
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such that, for all t € [-1/2,1/2], j = 1,2,...,

{ur, =t} N {(z,) : 2] < 1} = {(z, hj(2)) : |2| <1},

where hf; : [-1,1] = R.is a C1*4([—1,1]) function with [h|c1.e4 1,1y < Ka. Undoing the scaling,
this implies that, for all t € [-1/2,1/2], j =1,2,...,

=t {@w:tel < 22} = flenn slol < 72,

where At is a C1®4 function, whose derivative satisfies the scale-invariant estimate
R\
ty/
() 10 lcsomymam, oy < Ko

Letting j 1 0o, we conclude that h' is constant for each t € [—1/2,1/2]. Thus, u is one-dimensional

by unique continuation (see [24, Theorem 4.2]). O

We conclude this section by remarking that 2k-ended solutions exhaust all finite Morse index solu-

tions with linear energy growth:

Proposition 4.2.18 (M.). The following equality of sets holds true

|_| Moy, = {u € C2.(R?) N L™ (R?) satisfying @1.1), and such that
k=1
ind(u) < oo and 0 < limsup R™*(EL By)[u] < oo}. (4.2.28)
RToo

Remark 4.2.19. Wang-Wei have recently announced [71] that the limpsoo R~ (E L By)[u] < oo

assumption above is unnecessary; they show it is automatically true whenever ind(u) < oco.

Remark 4.2.20. We assume hypotheses (H1), (H2)), (H3) throughout this section.

Proof of Proposition[{.2.18 The “C” direction of is precisely [35, Theorem 2.8]. The “2”
direction essentially follows from the work of Wang in [70], as we explain now. By virtue of [70]
Theorems 1.2, 1.3], we know that there exist k = k(u) > 1, R = R(u) > 1, disjoint, embedded curves
[y, Tog, and angles ¢ <@ = ¢, <... <Py_1 = ¢, < Py, = 27 + ¢, such that

{u=0}\ Bg(0) = L% T, (4.2.29)

where
I‘Z—CSié{rf(@):rzRand£i<9<@} fori=1,...,2k;
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here, f(6) = (cosf,sinf) € R?. Following the argument in [70, Theorem 1.3], we can write each T';
as a smooth graph over a ray p; = {rf(6;) : r > R} with ¥, < 0; <, after possibly enlarging R.
That is,

T; = {rf(6;) + hi(r)J£(6;) : r > R}

with h; : C*°([R, 00)), for all ¢ = 1,...,2k. We also have
2k
> f(6:) =0€R? (4.2.30)
i=1

by [70, Theorem 1.1 (v)]. Next, [70, Theorem 3.3] implies that
|hi(r) — 73] < Coe™C0 " (4.2.31)
for some 7; = 7;(u) € R and Cy = Cy(u) > 0, and, up to a possible change of sign, that
u(rt(0)) — (~1)" T H(rsin(0 — 6;) — 7)| < Cre=C1'" (4.2.32)

for some € = C1(u) > 0 and for all r > R, 6 € (¢,,%;), 1 = 1,...,2k. (“Up to a possible change of
sign” means that (—1)*! may have to be replaced by a (—1)%.)

From elliptic regularity [27, Theorem 3.9], (4.2.32) readily implies
[Vu(rf(0)) — (1) H'(rsin(0 — 0;) — 7;)IE(0;)|| < Coe™C='" (4.2.33)

and
-1

|V2u(rf(0)) — (—1)"H" (rsin(0 — 6;) — 7;)I£(6;) @ IE(0;)|| < Coe™ 2T, (4.2.34)

for Co = Ca(u, W), and all v > R, 0 € (p,,%;), i = 1,...,2k. On the other hand, from Proposition

2
sup {Z ||Vlu(rf(9))|| r>R|0—0;| >cforalli=1,.. .,Qk} < Cae G, (4.2.35)
=0

where C3 = C3(W, e, u). It follows from (4.2.32)), (4.2.33)), (4.2.34), and (4.2.35)), that u —uy € W22
if uy is an approximate 2k-ended solution with A = (A1,..., o) € A% given by \; & (73, £(6;)),
i=1,...,2k. The result follows. O
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4.3 Technical results

4.3.1 DMorse index on spaces with quadratic area growth

In this section we will study general Schrodinger operators
L= —A,+V, where V € ()N L>®(X) (4.3.1)

on complete, noncompact Riemannian manifolds without boundary, and with quadratic volume

growth; the latter condition means that their volume measure v, satisfies
vy(Br(p)) < ¢, R?, for allp € ¥, R > 1. (4.3.2)

Example 4.3.1. The most obvious ezample of such a manifold is (R?,8). More generally, one may

consider isometric products of closed manifolds with R or R2.

Our goal is to generalize results from Appendix on eigenvalues of Schrodinger operators on
compact domains to a noncompact setting that arises in the study of phase transitions and prove a

noncompact Courant nodal domain theorem.
The following lemma is classical:

Lemma 4.3.2 (Logarithmic cutoff functions). Let (£%,g) be complete, noncompact, without bound-
ary, and with quadratic volume growth (4.3.2), and fix a point p € X. For every R > 0, there exists
€r € WE(Z)NCYUX) such that

(1) 0<¢ér<1,&r =1 on Br(p), {r = 0 outside Br2(p),
(2) limRToo ||V§RHL2(E) = 0, and

(3) lim pro | VER| L () = 0

Proof. We have already prescribed the behavior of g of Br(p) and X\ Bgrz(p), so it remains to
define it on Bg2(p) \ Br(p). We do so as

_ logr
log R’

Er(z) 22
where we write r = r(x) for dist(z, p). Such a function satisfies £g € WHo°(X) N C2(X), and

Vér = —

r
.e. by
rlogRae on =
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and, therefore, that limpjoo | VER|se = 0. Letting o, denote (n — 1)-dimensional hypersurface

measure, from the coarea formula and integration by parts, one sees that

1 dv 1 R* 4
Vér|? dv =7/ g = / —0,(0B,(p)) dr
/E VRl vy = o | o PR Ry 7200 OB0)

1 T1 s 2 [ 0, (B (p)
=—— | =u,(B, + / 9 dr.
log” R {72%( (p)):|r—R log’ R Jr R

This goes to zero as R 1 oo because of (4.3.2). O

We recall that the quadratic form associated to L is @ : W12(¥) @ W2(X) — R, with
Q¢.0) 2 [ (V6. 90) +Veu] doy, v € WHH(S) (433)
)

and the corresponding Rayleigh quotient is Q : WH2(X) \ {0} — R, with

Rig 2 289 ez (o). (13.4)

HCH%Z(E)

Definition 4.3.3 (Morse index, nullity). Let (3™, g) be complete, noncompact, without boundary,
with quadratic volume growth (£.3.2), let L £ —A, +V, with V € C2(X) N L>®(X), and suppose

loc

Q C X is an open, connected, Lipschitz domain. We define the Morse index of L on Q as

ind(L; Q) = sup { dimV : V ¢ W,*(Q) a subspace such that

Q(,¢) < 0 for all ¢ € Wy (@) \ {0}}  (43.5)
and the nullity of L on Q as
nul(L; ) £ dim{u € W, *(Q) : Lu = 0 weakly in Q}. (4.3.6)

Remark 4.3.4. We are implicitly (and will often do so) using the fact that Wy () C Wy?().

The Morse index counts the dimensionality of the space instabilities for a particular critical point.

Heuristically, this corresponds to the number of negative eigenvalues, counted with multiplicity.

We prove two important results for negative eigenvalues. First, they cannot be “too” negative.
Second, when the Morse index is finite, the space of instabilities can be “exhausted” by finitely

many eigenfunctions, with negative eigenvalue, in a suitable Sobolev space.

Lemma 4.3.5 (M.). Let (X", g) be complete, noncompact, without boundary, and & C ¥ be an
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open, connected, Lipschitz domain. For every f € Wol’Q(Q), with Lf = Af weakly in 2, we have
-\ < max{0, —inf V'}.

Proof. Assume, without loss of generality, that |[f|z2(0) = 1. Fix p € Q, and consider cutoff
functions xyg € WH(X) so that

Xr =1 on Br(p), xg = 0 outside Bag(p), ||Vxrl < coR7L.

Notice that x%f € Wol’Q(Q), S0 we may use it as a test function on Lf = Af. We get:

| UT6RN. T+ Vaks?] doy =) [ s av,
= | XA D) IVIAP + Vihs] dvg =X [ xhf s
using Cauchy-Schwarz on 2xr f(Vxr, Vf),
A [ Xt vy < [ [PIV I + mae{0, = nf Vi 2] doy,
The result follows by letting R 1 oc. O

The following result should be well-known to experts of elliptic partial differential equations:

Proposition 4.3.6 (Negative eigenfunction representation, cf. Fischer-Colbrie [22, Proposition 2]).
Let (X", g) be complete, noncompact, without boundary, with quadratic volume growth , L as
n , and Q C X an open, connected, Lipschitz domain, such that k = ind(L; ) < oo. There
are Ay < ... < A\, < 0 and L*-orthonormal functions ¢1,...,or € Wy2(Q) N CX.(2), such that
Lp; = N\jp; weakly in Q2. Moreover,

Q(¢,¢) >0 for all ¢ € Wy () N {e1,..., ou} ", (4.3.7)
with equality if and only if ¢ € nul(L;Q); here, L is taken with respect to L?(2).

Proof. By definition, if ind(L;Q?) = k < oo, then there exists Ry > 1 large enough such that
ind(L; 2N Bg) = k for all R > Ry. Seeing as to how N Bg is precompact for all R > Ry, and
Lipschitz for a.e. R > Ry, the theory of Appendix[B.2]applies and shows that, for a.e. R > Ry, there
exists a sequence of eigenvalues A\ g < A2 g < ... < A r < 0 and corresponding eigenfunctions
P1LR,P2.Ry - s PR € W01’2(Q N Bg) that are L2-orthonormal. By the monotonicity of Dirichlet
eigenvalues (Corollary , we know that R — \; g is decreasing in R, for eachi=1,...,k. In
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particular, there exists p > 0 such that
Aiip < —pforalli=1,...,kand a.e. R> Ry. (4.3.8)
Moreover, from Lemma there exists M = M (V) > 0 such that
Xig>—Mforalli=1,...,k and a.e. R > Ry. (4.3.9)

Claim. There exist A1,...,Ax such that —M < A\ < ... < Ay < —pu, a corresponding orthonormal
sequence {@;}i=1,... k C Wol’2 (©), and a subsequence Ry 1 co such that

lim A\; g, = A; and lim ¢; g, = ¢;
{— 00 {— 00
strongly in L?(2) and weakly in W12(Q), with Ly; = \;pp; weakly in €.

Proof of claim. First, note that Lyp; = \;p; holding true weakly is a direct consequence of all the

previous claims, so it suffices to prove those.

In what follows, suppose that Ry < SY2 < R'*. We will make use of the logarithmic cutoff
functions from Lemma m Testing Ly; r = A\, rp in 2N B with {%gpi,R, we find

/Q ., [ (IVeirll? + Vi r — Xirei r) — 2650i,rR(VEs, Vi r)] dug = 0.
NBRr

Using Cauchy-Schwarz on the last term, A\; g <0, V € L, and conclusions (1) and (3) of Lemma
we get the estimate

/ IV ir]12 dvy < / EIVeirl? < co / loi.zl2 = co, (4.3.10)
QNBg QNBr QNBr

for a fixed ¢g > 0 that applies for all Ry < SY/2 < RY4 i=1,... k.

Next, recall that (1—£g1/2)@; g € Wy > (2NBg\Bs) and that, by our choice of Ry, ind(L; 2\Bg) = 0.
From the variational characterization of eigenvalues on compact domains (Proposition |B.2.2)), and
integration by parts, it follows that

0< [ DIV - Esradenn)lP + V(L = €)%k g] doy
QNBgr

- / (1 - 1) 20 nLis.n dvg + / V(1 = g1/2)[22  duy.
QNBgr QNBgr

Recalling that Lo; r = A\; rys r classically in QN Bg, A; g < —p < 0, and conclusion (3) of Lemma
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we obtain, after rearranging,

/ _ @ipdu, < / (1= &g12)°07 gdvg < p! / V(1 = &g1/2) 107 g dvg
QOBR\BS QNBgr QNBRr

< ,u_1||V§51/2||%oo(2) / @i pdvug = pn~ Vg ||%<>o(2) =c1(p, 5), (4.3.11)

QNBgr

where limgy oo ¢1 (g, S) = 0 for all 4 > 0, by conclusion (3) of Lemma [£.3.2] We can now extract a
convergent subsequence by recalling that the embedding I/VO1 ’2(Q N Bg) < L?(Q N Bg) is compact,

(4.3.10)), and the uniformly decaying exterior L? bound (#.3.11)). O

Suppose, now, that ¢ € C°(€2). Fix ng sufficiently large so that spt { CC Bg, for all £ > ng. Let

k
CLEC=) (G enz@e € W (@) N {er, ... on)",
i=1
k
and for ¢ > no, C@,J_ £ C - Z<C’ Soi,Rz>L2(QﬁBR[)90i,RZ € WOLQ(Q N BR@) n {Lpl,Rga ceey Sok:,Rz}la
i=1

where | is taken with respect to L?(Q2) and L?(2 N Bg,), respectively. Then, by the strong L?
convergence, and the fact that Q(¢s, 1,¢, 1) > 0 from the variational characterization of eigenvalues
in the compact setting (Proposition |B.2.2)) and ind(L; 2 N Bg,) = k, we have

k

Q(C1,C1) = 9Q((,¢) — Z)\i<C7<Pi>%2(Q)

i=1
k
= elglolo <Q(C7§) - 2)\@1%[ <Ca‘Pi,Rz>2LQ(QOBRL,)>

= lim 9Q({r,1,Ce,1) > 0.
£— 00

Inequality (&3.7) follows from this, since CS°(9) is dense in W, ().

For the rigidity case, we proceed as follows. A function { € W&’Q(Q) N {p1,..., k)T attaining
equality in (4.3.7)) will be a global minimizer for

k

WOI)Q(Q) > /(/) = Q(wJ_va) = Q(w7w) - Z )\’L<w7 @z>%2(g)7

i=1
so it will also be a critical point, i.e.,

k

Q¢ %) = Y NilC @) L2y (W, @i) La() = 0 for all ¥ € Wy (Q);

i=1
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however, ( € Wol’Q(Q) N{e1,---,0r1t, 50 Q(¢, 1) = 0 for all ¥, and the claim follows. O

From this we get:

Theorem 4.3.7 (Noncompact Courant nodal domain theorem, M., cf. Montiel-Ros [46, Lemma
12]). Let (X™,g) be complete, noncompact, without boundary, and with quadratic volume growth
(4.3.2). Suppose the open, connected, Lipschitz domain Q0 can be partitioned into open, connected,
disjoint, Lipschitz domains Q1,...,Q,. For any L as in ,

m—1
ind(L; Q) Z (ind(L; ;) + nul(L; ©;)) + ind(L; Q). (4.3.12)
i=1
Proof. Without loss of generality, we may assume ind(L; ) < co. Invoking Proposition m+1

times, we obtain:

(1) N c W;*(Q) such that dim N = ind(L; ©2),

(2) N; € Wi?(€;) such that dim N; = ind(L; Q), i = 1,...,m.
Likewise, let K; = nul(L;€;), i =1,...,m — 1.

Suppose, for the sake of contradiction, that were false. By an elementary dimension counting
argument, there would exist a choice of f;, 1 =1,...,m, where f; € N; @& K;,i=1,...,m — 1, and
fm € N, such that f = fi +...+ f,n € N+ \ {0}, where L is taken with respect to L?(f2), and we
have extended each f; by zero on Q\ ;. By Proposition m

Q(f, f) =0, (4.3.13)

with equality if and only if f € nul(L;£2). On the other hand, since spt f; C Q;, and the domains
Q; are Lipschitz and partition 2,

m

Qf, 1) =Y Qfi, fi) <0, (4.3.14)

i=1
with equality if and only if f; € K;,i=1,...,m —1, and f,,, = 0 a.e. From and
we see that equality must hold. In particular, f € nul(L; ) and f,, = 0 a.e. on N,,. In particular,
since f = fi+...+ fim and f1,..., fin—1 have no essential support in €,,, it must be that f =0 a.e.
in Q,,. Since Lf = 0 weakly on , unique continuation (see [24, Theorem 4.2]) forces f =0 a.e. in
Q, a contradiction to our having chosen f € N+ \ {0}. O

Finally, the following proposition will be very useful in the noncompact setting. It is motivated by
Ghoussoub-Gui’s original proof of Conjecture 4.1.11|in R? [25, Theorem 1.1].
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Lemma 4.3.8 (M.). Let (X", g) be complete, noncompact, without boundary, with quadratic area
growth , and let L be as in . Suppose u Z 0 is a bounded Jacobi field. If Q C % is an
open, connected, Lipschitz domain, with u|sq = 0, then on every open, connected, Lipschitz Q' D (Q,
ind(L; Q) > 1.

Proof. We define the auxiliary function v’ = ulq. We will argue by contradiction by means of the

following claim:
Claim. If ind(L; ) = 0, then Lu' = 0 weakly on V.

Proof of claim. Consider cutoff functions £r as in Lemma By elliptic regularity (e.g., [27]
Corollary 8.11]), u € ker(L) implies that Lu = 0 holds classically in all of ¥. Multiplying by &ru

and integrating by parts over the nodal domain  (recall ulgpg = 0), we get
0= /Q(—Agu + Vu)éhudo,
= /Q [ERIIVul® + VERu? + 26ru(VEr, V)] du,
= [ lenVu-+ usal? + Veha? ~ |VenlPa?] dv,
= [ I9RIP + Ve ~ [Verla?] do.
From the definition of v’ = ulg € VVO1 -2 (), we find—by rearranging—that
[ €I+ VeR)?] dv, = [ [9al0)? v,
Thus, the Rayleigh quotient R satisfies
Rigan') = lén| iy [ 196RI0)% v, (4:3.15)
From Lemma and v’ € L, we find that
Jim | 1VeRIP ()R dv, = (4:3.16)

aIld, theIefOIe, simce u % O a:.e.7

Since we’re assuming ind(L; )') = 0, Proposition [4.3.6|and (4.3.17) together show that R — {ru’ is

a minimizing sequence for the Banach space operator R : W, *(Q') — R U {oc}, which is bounded
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from below by zero (by assumption), and which is lower semicontinuous everywhere and Gateaux-

differentiable wherever it is finite.

We apply Corollary at each £gu’, with parameters

en 2 Rlgm], ( / IVen]?(u dvg> " (4.3.18)
We get 1hp € Wy 2 () with
Rlvr] < R[Eru'] = g, [I€ru" = Yrllwr2(@) < 6r, and [|SR[VR] |12 < ;—2. (4.3.19)
Let us first make some observations. First, by our choice of parameters and , we have
erlléru' |20y = /Q IVERIP(u)? dvg = 63, = [|€rt 120y = e *Or. (4.3.20)
Second, by the triangle inequality, ([4.3.19), and (4.3.20)), we have

g2y < 1€r1 | L2y + 6r < (145" %)6n. (4.3.21)

Third, by (4.3.16)) and v’ # 0 a.e., the rightmost term in (4.3.20) satisfies

1/2
. €ER . —2 2 2
hlr%ng = hlr%n 1670 (| 22 </Q, (IVER|Z(u') dv> =0. (4.3.22)
Recall that the Gateaux differential satisfies

Jor UVYR,VC) + Vpr(] dvg  [o [IIVURI? + VYR dug [o, ¥r¢ dug

fo 7/)%3 dug fQ' @/’122 dug fQ' @/’122 dug

72HwRHL2(Q/ (wR’ ) 2||7/1R||L2(Q/ [wR] /Q/ wRCdvg

Rlprl{¢} =2

and, therefore,

Q(¥r, ¢) = Rln) /Q G vy + 3 [YrlaonSRIURNC). (1.3.23)

We plan to let R 1 oo while holding ¢ fixed. For convenience, assume for now that ¢ € C°(€2'). We
have, from the triangle inequality, (4.3.19), and (4.3.21]), that

3
[9alZ @ IoR[WR] w22 @y < (1 +ex' %)} 52 = (L+¢'/%)%pr = 0as R cc.
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Moreover, Cauchy-Schwarz, (4.3.19)), and (4.3.21)),

g _
Rlwr] [ OrCdvy < 221 +e7" )R 2@ = (e + el )¢ 2oy = 0 as R 1 oo
Q/

R
or
Plugging these last two inequalities into (4.3.23)), we get

lim Q(v¥r,¢) =0. (4.3.24)
RToo
On the other hand, since spt { CC X, from (4.3.19)) and the definition of £, we see that

lim Q(p. ) = Jim Qe ) = Q' C).

From this, together with (4.3.24)), it follows that Q(v/,{) = 0 for all { € C°(QY'). It is well-known
that C2°(€) is dense in W, *(Q'), so Q(u/,¢) = 0 for all ¢ € W, (), and the claim follows. [

Let’s now see how the result follows from this claim. Indeed, if Lu’ = 0 weakly in £/, and ' = 0 a.e.
in @'\ ©, then by unique continuation (see [24, Theorem 4.2]) we would have v/ = 0in @', so u =0

a.e. in ), so by elliptic unique continuation (again) we would have u = 0 in ¥—a contradiction. O



Appendix A

Riemannian Geometry

A.1 Curvature

In this appendix we survey some well-known facts about curvature that are needed in this thesis.
We refer the reader to [55] for a thorough treatment in the Riemannian setting and to [48] for the

Lorentzian setting.
Definition A.1.1 (Intrinsic curvature). Let (M™,g) be a Riemannian manifold. We define:

(1) the Riemann curvature as the covariant 4-tensor

R (X, Y,Z, W) 2 (VxVyZ — VyVxZ — Vix vZ, W), X,Y,Z,W € T(TM);

(2) the Ricci curvature as the covariant 2-tensor

Ricp(X,Y) 2 Try Rm(X, -, -, Y), X,Y € T(TM);

(3) its scalar curvature as the function

RM £ TI‘M RiCM .

When n = 2, we also define the Gauss curvature as the function

1

84
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The following properties are all well-known:

Proposition A.1.2 (Curvature properties, cf. Petersen [55, Section 3.2]). Let (M™, g) be a Rie-

mannian manifold. Its curvature tensors have the following properties:
(1) Rmpy (X, Y, Z,W) = —Rmpy(Y,X,Z,W) =—Rmpy(X,Y,W,Z) =Rmpy (Z,W,X,Y);
(2) RICM(X,Y) = RiCA{(Y,X);

(8) 1st Bianchi identity:

Rmpy (X, Y,Z, W)+ Rmp(Y,Z, X, W) + Rmp(Z,X, Y, W) =0;

(4) 2nd Bianchi identity

Vx Rmpy (Y,Z,W,V)+Vy Rmpy(Z,X,W,V)+ VzRmy(Y,X,W,V) =0;

(5) traced 2nd Bianchi identity on 1-forms: divys Ricy = %dRM.

There are also extrinsic notions of curvature, that describe the interaction of Riemannian submani-

folds with their ambient Riemannian manifolds.

Definition A.1.3 (Extrinsic curvature). Let (M",g) be a Riemannian manifold and "' be a
hypersurface with unit normal v. The second fundamental form of 3 with respect to v is a symmetric

covariant 2-tensor field on X2 defined by
Is(X,Y) 2 (Vxv,Y) for all X, Y € T(TY); (A.1.1)

where V is the ambient Levi-Civita connection. The mean curvature of 3 with respect to v is function
on ¥ defined by
Hg édngV:TI‘E ]IE, (A12)

and the mean curvature vector of ¥ is defined by
Hg £ —HEV, (A13)

Remark A.1.4. The mean curvature vector Hy, is independent of our choice of v.

The intrinsic curvature of a hypersurface and the intrinsic curvature of ambient space are related

explicitly by the Gauss and Codazzi equations:

Proposition A.1.5 (Gauss, Codazzi equations, cf. Petersen [55, Section 4.2]). Let (M™,g) be a
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Riemannian manifold and X"~ be a hypersurface with unit normal v and second fundamental form

IIs; with respect to v. Then:

(1) the Gauss equation says:

Rmy(X,Y,Z, W) = Rmy (X, Y, Z, W) + I (X, W) I (Y, Z)
—Ts(X,2)Is(Y, W) for X,Y,Z,W € I(TY), and

(2) the Codazzi equation says:

Rm(X,Y,Z,v) = V3 Is(X,Z) — Vx Is(Y,Z) for X,Y,Z c T(TY).

The following lemma will be used frequently in this thesis. It is well-known to the experts, but we

prove it here again for the sake of completeness.

Lemma A.1.6 (M.). Let (M™, g) be a Riemannian manifold and X"~1 be a hypersurface. Consider
a smooth family of maps F : ¥ x (—e,€) — M. Suppose, additionally, that X7~' £ F(X~1 ),
Vasoel L 3¢, and u = (VasoeF,v) > 0, where v denotes a unit normal vector field to ;. Setting
v(t) & F(-,t)*g € Met(X"71), so that, locally, F*g = ~(t) + u?dt?. Then:

(1) the evolution of v(t) is related to the second fundamental form Iy, of ¥y with respect to v by

0
570 =21, u, X, X € D(T'%);
(2) the evolution of the induced hypersurface volume form dv, = F(-,t)*dv, is related to the mean
curvature Hy,, of 3, with respect to v by
0

1 0
ardvt =5 T Ev(t) = Hs,u;

(8) the evolution of the mean curvature Hy, is given by the so-called “Jacobi equation:”

0
Hy =
ot

—As,u— (|| I, > 4 Ricas (v, v))u, and
(4) the ambient scalar curvature is given in terms of the scalar curvature of the foliating surfaces
and their extrinsic curvature by
2 20

1
Ry==(-A —R —HZ — ||y, ||2— ==Hsx,.
M u( sut g ztu) 5, — s, | = o e



APPENDIX A. RIEMANNIAN GEOMETRY 87

Proof. We will prove (1), (2), and (4) here, deferring to [12], Section 1.8] for a proof of (3).

Without loss of generality, we may compute these formulas at ¢ = 0, where F(-,0) =1d. Let p € X.
For all X, Y € T,,%,

[;(X,YM(@L_O = [;<VF(~¢)*XF('J>7VF(.,t)*YF(Ht» .
= (Voa:VxF (1), Y) + (X, Va,0: Vv F(:,1))

= (VxVas0:F (1), Y) + (X, VyVa: F (. 1))

(Vx(ur), Y) + (X, Vy (u)) = 2T5(X, Y )u. (A.1.4)

(=)

We may trace (A.1.4) over 3 to get the identity for Hy.

The scalar curvature identity is proven as follows. Tracing the Gauss equation (Proposition [A.1.5)
of ¥; C M, twice, we get

Ry, = Ry — 2Ricy (v, v) + Hg, — || I, || (A.1.5)

Then, we know from the Jacobi equation on the family 3; that moves orthogonally that

9
ot

Rearranging (A.1.6) we can get an expression for Ricps(v,v). Plugging it into (A.1.5) we get

Hy, = —Ay,u— <||]Izt Hz—i—RicM(y,Z/)) U. (A.1.6)

2 0
Ry, =Ry — (Aztu — || D, ||Pu — &SHE‘) + HE — || Iy, |,

which gives the required result upon rearranging. O

Lemma A.1.7 (Conformal metric transformations, cf. Schoen-Yau [63, Chapter 5]). Let (M™,g)
be a Riemannian manifold and X"~1 C M"™ a hypersurface with unit normal v. If n = 2 (i.e.,

v c M? is a curve) and g = e*f g, then
(1) the Laplace-Beltrami operator of M transforms as: Agh = efoAgh;
(2) the Gauss curvature of M transforms as: Kz = e 2/ (K, — Ay f);
(3) the geodesic curvature of ¥ with respect to v transforms as: kg = e (kg +VIf).

Ifn>3 and g = uﬁg, then
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(1) the Laplace-Beltrami operator of M transforms as:

Agh = u" 72 (Agh + 2(V9 logu, VIhY,) ;

(2) the scalar curvature of M transforms as:

dn—1) _nia n—2
R§ = ﬁu n—2 (Agu + 4<TL_1)R9U> R

(8) the mean curvature of ¥ with respect to v transforms as:

2(n—1)

Hy = uoe (Hg + 5 uﬂv;"/u> .

n
Proof. The transformation of the Laplace-Beltrami operator, the Gauss curvature, and the scalar
curvature are all well known. (See, for example, [63, Chapter 5].) We compute the transformation

of the mean curvature and geodesic curvature, which are less well documented.

Let us first compute the change in mean curvature in the case n > 3. If ( € C°(X" 1), and we
apply an infinitesimal normal perturbation to ¥ C M in the direction (v, where v is the g-unit
normal to X C M. Denote the family of hypersurfaces that are traced out by X;, with Xo = X,

then, because doy = (uﬁ)%dag, we see that

d 2(n—1)
|:dt0§(2t):| = / ch ddg = / HgCu n—2 ng.
t=0 3 z

On the other hand, since the change is conformal, we can also realize the g-normal variation %; as

a modified g-normal variation, with velocity Cu_n%‘é’u. Thus,

d d 2(n—1) —2 2(n—1)
U~(Et)] = [/ U 2 d0:| :/ HyC(u? + Cun2Viu 2 | do
[dt g —o dt Js, 1 2[ g } 9

:/ [Hgqu—&—M_l)Cu_mVﬁu] dog.
b

n—2

Since these two expressions have to coincide for all {, Hz = u e (Hg + %u% Vgu>. We can

compute the change in mean curvature when n = 2 and g = e g similarly. We would have

d
{ﬁﬁﬁﬂ :L@M@:L%@MQ

t=0
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Likewise, a (7 g-normal movement corresponds to a (e~ /v g-normal movement, so:

t=0

d d
{dteg(zt)} = th /E ef dzg] . = /Z [kgC + Ce Ve dt, = /Z [kgC + ¢V, f] dly.

In particular k5 = e~/ (kg + VI f), as claimed. O

A.2 Minimal hypersurfaces

We briefly outline some basic facts about minimal hypersurfaces here, with few proofs. For a

thorough treatment of these results, which are classical by now, we refer the reader to [12].

Definition A.2.1 (Totally geodesic and minimal hypersurfaces). A hypersurface "1 in a Rie-
mannian manifold (M™, g) is said to be totally geodesic if its second fundamental form with respect
to a local choice of unit normal vector v, Ny, vanishes. More generally, it is said to be minimal if

the mean curvature vector Hs, vanishes.
The proposition gives a variational characterization of “minimality.”

Proposition A.2.2 (cf. Colding-Minicozzi [12] Section 1.1]). A complete hypersurface ¥~ in a
Riemannian manifold (M™, g) is minimal if and only if for every variation F;, € Diff (M), t € (—¢,¢)
with {x € M : Fy(x) # Fy(x)} C K CCint M \ 9% for allt € (—¢,¢), and Fy = Idy;, we have

d
—area(F (XN K)) =0.
dt ‘=0

In other words, minimal surfaces are critical points of the area functional. The following definition

captures those minimal surfaces that are precisely stable critical points of the area functional.

Definition A.2.3 (Stable minimal hypersurfaces). A complete minimal hypersurface X"~ inside
a Riemannian manifold (M™, g) is said to be stable if for every variation Fy € Diff (M), t € (—¢,¢)
with {x € M : Fy(x) # Fy(z)} C K CCint M \ 9% for allt € (—¢,¢), and Fy = Idy;, we have

2

d—zarea(Ft(ZﬁK)) > 0.
dt i—o

When the minimal hypersurface admits a globally defined unit normal vector field, we can check for

its stability using the so-called Jacobi operator:

Proposition A.2.4 (cf. Colding-Minicozzi [12 Section 1.8]). A complete minimal hypersurface
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Y=L with unit normal vector v in a Riemannian manifold (M™, g) is stable if and only if
JE é —AE — || ]IE H2 — RiCM(V, l/)

is nonnegative definite on C° ().
Elements of the nullspace of the Jacobi operator are called Jacobi fields of the minimal surface.

Example A.2.5 (Common examples of minimal surfaces). The following hypersurfaces are all

minimal with respect to their ambient space:
(1) any hyperplane P*~* C R",
(2) the catenoid {(z,y,z) € R3 : 22 + y* = cosh? 2} € R3,
(3) any equatorial S~ C S,

(4) the Clifford torus
1
{(131,132,583,564) €SP C R+ ol =2l 4af = 2} cS?,

where S here is identified with the unit sphere of R*.
Of these, equatorial S 's are totally geodesic, and hyperplanes are both stable and totally geodesic.

Stable minimal surfaces play a key role in the Schoen-Yau approach to classifying closed three-
dimensional manifolds with positive scalar curvature. An important step in this approach is to
note the relationship of the second variation operator of the area functional with the ambient scalar

curvature:

Proposition A.2.6 (cf. Schoen-Yau [59] Theorem 5.1]). Let (M™,g) be a Riemannian manifold,
and X771 be a complete minimal hypersurface with unit normal vector field v. Then, "1 is stable

if and only if

/ [||v2f||2 — % (Ra — R + || Is |1?) f2| do >0 for all f € C(%). (A.2.1)
>

As a corollary to Proposition[A.2.6] Schoen-Yau proved the following stringent topological restriction

on the classes of manifolds that can admit metrics of positive scalar curvature:

Proposition A.2.7 (Schoen-Yau [59, Theorem 5.1]). If (M?3,g) is a Riemannian manifold with
positive scalar curvature, and X2 is a closed two-sided stable minimal surface in M3, then %2 is
diffeomorphic to S? or RP2.
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Proof. Plug in f =1 to inequality (A.2.1)) of Proposition We get

1

f/ [Rar — Ry + | I |2] do < 0.
2 Js

Clearly, || I ||? > 0. If, in addition, Ry; > 0, then we must have

/R2d0'>0.
b

By the Gauss-Bonnet theorem, ¥? ~ S? or RP2. O

One way that is used to produce stable minimal hypersurfaces is through direct area minimization.

To this end, we will invoke the following standard lemma on a few occasions in this thesis.

Lemma A.2.8 (Federer |21, Theorem 5.4.15]). Let (27,g), 3 <n <7, be a compact Riemannian
manifold whose boundary has an outward pointing mean curvature vector, or is empty. For every
T e H,_1(Q,Z)\{[0]}, there exists a smoothly immersed hypersurface ¥ C int Q such that [X]—T =
[0] € H,,—1(Q,Z) and vol(X) is minimum among all elements of H,_1(Q2,Z).



Appendix B

Elliptic Partial Differential

Equations

We compile in this appendix some facts about elliptic partial differential equations that are used
throughout this thesis. We refer the reader to [27] and [3] for elliptic theory on Euclidean space and

manifolds, respectively.

We will consider so-called Schrodinger differential operators of the form
L&A, +V (B.0.1)

on Riemannian manifolds (X7, g), where V' € C2.(£™) N L (X™).

B.1 Maximum principles

The classical interior and boundary strong maximum principles will be used often in this thesis, so

we state them here for convenience. For proofs, please consult [27, Section 3.2], [3] Chapter 3].

Theorem B.1.1 (Maximum principle, cf. Gilbarg-Trudinger [27, Section 3.2]). Let (X", g) be
complete, @ C int X a bounded, connected, open subset, u € CZ () N C°(Q). Suppose Lu < 0 in €,

and that u|q attains a mazimum at p € Q. If u(p) = 0, then u is constant in Q.
If V >0 in Q, we can replace the u(p) = 0 assumption by u(p) > 0.

If V=0 in Q, we can lift the sign assumption on u(p) altogether.

92
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Lemma B.1.2 (Hopf boundary point lemma, cf. Gilbarg-Trudinger [27, Section 3.2]). Let (X", g)
be complete, B C ¥" be a bounded open ball, and suppose u € CE _(B). Suppose Lu < 0 and u < u(p)
in B, and that u is continuous at p. If u(p) =0, then

t _
lim sup —u(p+ n) — u(p) <0,
10 t
where 1 is the inward pointing normal at p.

If V>0 in B, we can replace the u(p) = 0 assumption by u(p) > 0.

If V=0 in B, we can lift the sign assumption on u(p) altogether.

B.2 Dirichlet eigenvalues on compact domains

In what follows, we assume that ) is a bounded, connected, open subset of int ¥ with Lipschitz
boundary. The following result is classical and shows that the spectrum of a self-adjoint operator

can be realized by an L?-complete orthonormal set of functions.

Proposition B.2.1 (Existence of eigenfunctions, cf. Aubin [3} Section 4.1]). There ezists a sequence
M(L; Q) < A(L;Q) < ..o lim (L3 Q) = o0,

(“eigenvalues”) and a corresponding sequence of functions @1, s, ... € C2.(Q) N W&’Q(Q) ( “eigen-

functions”) that form an L?(Q)-complete orthonormal set, and satisfy Lo; = \;j(L;Q)p; in Q for
allj=1,2,....

The following variational (“min-max”) characterization of eigenvalues is important:
Proposition B.2.2 ([27, Theorem 8.37]). The eigenvalues A1(L; Q) < Ao(L; Q) < ... are charac-

terized variationally by:

Ae(L; Q) =min< max RI[(]:V C Wa2(Q) is a k-dimensional subs ace} .
(239 = min o RIC:V € W3(@) "

Here, R : W, 2(Q) \ {0} — R is the Rayleigh quotient, given by

R[C] N Q(C? C)

Kl
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where in turn, Q : Wy*(Q) ® W, *(Q) — R is the bilinear form

Q) 2 /Q (V¢ V) + Veu] do.

An immediate corollary of this min-max procedure is:

Corollary B.2.3 (Monotonicity of Dirichlet eigenvalues). If  C Q' are two open, bounded, Lips-
chitz domains, then A\;(L; QY') < \(L; Q). Equality holds if and only if Q@ = Q.

The following result, which shows that the first eigenspace is one-dimensional, is considered standard.
Nonetheless, we outline a proof here because it sets the stage for a more involved argument involved

in the proof of Lemma [4.3.8

Proposition B.2.4 (“A\; < A2”, [27, Theorem 8.38]). The first eigenspace
Ei(L;Q) = {f e Wg*(Q) : Lf = M\ (L; Q) f weakly on X}
is a one-dimensional subspace of C2.(Q) N Wy (2), and if f € Ey, then {f =0} =0 or Q.

Proof. Tt is clear that E)(L; Q) C C2(Q) N W, 2(Q), by elliptic regularity [3, Section 4.1]. Let’s

loc

first prove the latter claim:

Claim. Let f, f # 0, be an eigenfunction corresponding to the first eigenvalue, A;. Then f has no

zeros in ().
Proof of claim. We have
Q1 1f1) =/ IVIAIZ + VI do < / [IVAI?+ V] do=Q(f, f),
Q Q

which implies, by Proposition [B.2.2] that |f| € Ey(L;€2). However, Ey(L;Q) C C2.(Q), ie., |f| €
C2.(Q). Moreover, |f| > 0. By the strong maximum principle, |f| cannot attain an interior zero

minimum, so f has no zeros. O

Next, we show dim E1(L; Q) = 1. If f, f' € E1(L; Q) \ {0}, then there exists ¢ € R\ {0} such that
f —cf’ is still a first eigenfunction, but with a nonempty zero set. By the previous claim, f = cf’
in Q. O
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B.3 Dependence on parameters

A standard reference for the material in this section, including a treatment of tame Fréchet spaces,
is [30].

Lemma B.3.1 (M., cf. M.-Schoen [40, Lemma A.1]). Let " be a closed manifold, D a manifold,
g :D? — T'(Met(X")) a (Fréchet) smooth family of metrics, and f : D — C>(X) (Fréchet) smooth,
too, with

/Ef(p)() dvgpy =0 for all p € D.

If there exist po € D and ug € C*(X)\ {0} with Ay yuo = f(po), then there also ewists a (Fréchet)
smooth o : D — C*(X) \ {0} such that Ay, o(p) = f(p) for all p € D.

Proof. This follows from the theory of [30, Section II.3]. Since D is finite dimensional, we know that
the map P : D x C*(X) x R — C*°(X) x R given by

P(p,u,1) 2 (Ag@)um /E udvg<p>)

is a smooth tame Fréchet map, and that P(p,-,-) is invertible for all p € D. The solution operator
S:DxC>®(X) xR — C®(X) x R is, therefore, also a smooth tame Fréchet map. Defining, e.g.,

OER (p,f(p), [ dvg@o))

gives the required result. O

Lemma B.3.2 (M., cf. M.-Schoen [40], Lemma A.1]). Let " be a closed manifold, D? a manifold,
g:D? — T'(Met(X")) a (Fréchet) smooth family of metrics, and V : D — C°(X) (Fréchet) smooth,
too. If \(p) denotes the first eigenvalue of u +— Lyu = —Dgpu+V(p)u, p €D, then \: D — R is
smooth, and there exists a (Fréchet) smooth o : D — C*(X)\ {0} so that o(p)(-) is an eigenfunction
of L, with eigenvalue A(p), for all p € D.

Proof. Let us first prove this for any sufficiently small neighborhood U C D that is diffeomorphic
to B.(0) C R%. For € > 0, § > 0 small enough, o(L,) N {z € C: |z — A(0)] < &} = {A(p)} for all
Ip| < e; this is possible because o(L,) C R (all L, are self-adjoint), the first eigenvalue is simple,
and spectra depend continuously on the operators. For all such p, the following contour integral

over Yy ={z€ C:|z— A(0)| =6} makes sense:
v={ |

1
(pyu) = 5 [ (6T = Ly) ud.
v
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This is the spectral projection map onto ker(L, — A(p)I), for all |p| < e. By elliptic theory [30]
Section I1.3], I : B.(0) x (C*(X™) ®@r C) — (C*(X") ®r C) is a (Fréchet) smooth map.

If ug € ker(Lo — A(0)I) and ug # 0, then for a possibly smaller ¢’ < ¢ (i.e., small enough so that
Ip| <& = II(p,ug) # 0), the maps II(p, ug) are all nontrivial C-valued first eigenfunctions of L.
Recall that dimc¢(ker(L, — A(p)I) ®r C) = 1. Therefore, we can rescale (in the field C) at each p,
in a smooth fashion, to also get a real-valued (Fréchet) smooth map o : B./(0) = C*(X) \ {0}.

Finally, to prove this for the general case of D C RY, notice that by virtue of dimg ker(L, — A\(p)I) =

1, we can fix a canonical choice of o(p), e.g., by requiring that

[ o0y =1,

and the result will follow by patching together all local solutions. O

B.4 Ekeland variational principle

We mention here a theorem of Ekeland’s and we include a proof because this result is not found in
the standard textbooks.

Theorem B.4.1 (Ekeland variational principle, Ekeland [I8, Theorem 1.1]). Let F': M — RU{oco}
be a lower semicontinuous function, which is bounded from below on a complete metric space (M, d).
Given e, 0 > 0, and p € M such that F(p) < infy; F + ¢, there exists p* € M such that:

F(p*) < F(p), d(p*,p) <8, and F(q) > F(p*) — 6~ 'd(q,p") for all g € M.
Proof. Let a = 6~ , and for each ¢ € M consider the set
Co2{d € M:F(¢') < Fq) - ad(q,q)}.
Notice, then, our desired conclusion is equivalent to

Bs(p)N{ge M : F < F(p) and Cy =0} # 0.

Consider a sequence of points defined inductively as follows: py £ p, and

1
pir1 = any element of {q € Cp, with F(g) —inf F' < 5 (F(pl) - icpf F)}

Py pPj

if the set is nonempty; the induction is terminated if this set ever becomes empty. Notice that,
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by definition, the sequence of sets {C}, }i=o,1,.. is shrinking and, in particular, if the induction

terminates at p;, then p* £ p; fulfills the desired conclusion.

Suppose, thus, that the induction does not terminate. For each i we have
q€Cy, = d(g,pi) <a *(F(p;) — F(q)) = diamC,, < 2a~! (F(pl) - icpf F) . (B.4.1)
pq

Moreover, by our choice of p; 1 and since C,,,, C Cp,, we also have

i4+1

1
F(pit1) — inf FSF(?HI)_gﬁFSQ(F(pi>_iclflfF>7

— i
Cpt1
which in view of F(pg) < infx F + ¢, gives

F(p;) — inf I < g27",

pPj

Plugging this into (B.4.1)), we find that diam C,, < ea™12'~ for all 4; thus, {p;}i—01,... is Cauchy
and the result follows by the completeness of (M, d). O

Corollary B.4.2 (Ekeland [I8, Theorem 2.2]). Let F : X — R U {oo} be a lower semicontinuous
function that is bounded from below on a Banach space X, and which is Gateauz-differentiable at
all finite-valued points. Givene >0, >0, and a u € X such that F(u) < infx F + ¢, there exists
u* € X such that F(u*) < F(u), ||u—u*|| <6, and ||§F (u*)|| < e~ 1.

Proof. Apply Theorem viewing X as a metric space. We get a u* € X, and for all v € X

—ed |t B

SF(u™){v} = lim Pl +tv) = PQw) > lim

—e6 1,
t—0 t t10

as well as < 67! by instead using ¢ 1 0 in the last limit. The result follows. O
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