T. H. COLDING AND W. P. MINICOZZI'S
"UNIQUENESS OF BLOWUPS AND LOJASIEWICZ INEQUALITIES”

CHRISTOS MANTOULIDIS

ABSTRACT. In March 2014 I gave a thorough lecture series at Stanford on Toby Colding and Bill Minicozzi’s
2013 paper titled ”Uniqueness of Blowups and Lojasiewicz Inequalities.” These notes served as a guideline
for my presentation. I was asked if I could upload them, so here they are. They go through the entire paper
in depth, and contain proofs that were as explicit as I could make them be for my presentation. There are
some minor expository differences between these notes and the original paper. These changes were made
solely for my own convenience and better understanding. I do not claim originality over the contents of the
proofs, except perhaps for any mistakes I may have accidentally introduced here and there. I would like to
take this opportunity to thank Toby and Bill for having been very responsive and very kind in our email
correspondence over the past few monthts.
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1. INTRODUCTION

1.1. Mean Curvature Flow. MCF is the evolution equation
O,x=H

for closed manifolds M C R"™!. We assume that the first singular time is 7 = 0, and thus that 7 < 0
everywhere below. We use 7 for the time parameter because we will predominantly work with a modified
flow, for which we reserve the ¢ parameter.

1.2. Sign and notation conventions.

(1) n is the outer unit normal.
(2) H is the mean curvature scalar (H > 0 on spheres), but also possibly the mean curvature vector
depending on the context.

1.3. F functional, entropy. For M™ C R**! we define

F(M) = (47)~"/? /

M

exp ( - @) dV(x)

Occasionally we write F, (M) for F(A=*(M — z¢)). Under a normal perturbation M + M + tn, the first
variation of F is: ,
1
Fy(y) = (47r)_"/2/ 1/)(H ——x- n) exp ( - ﬂ) dV(x)
y 2 4

The quantity %:1: -n — H is denoted by ¢. Notice that this is the negative of the Euler-Lagrange operator
with respect to the Gaussian measure du(z) = e~ 1*I"/4 4V ().

We define the entropy of M™ to be A(M) £ sup,, y Fi, x(M). Bounded entropy is important because it
gives a Holder inequality on the Gaussian weighted LP spaces and also that

RQ
F(M\ Br) < C(n.7) o R exp (=7 =)
for any v € (0,1). This allows us to localize our estimates to compact sets.

1.4. Parabolic rescaling. Parabolic rescaling is best phrased in terms of spacetime flows. Let M be a
spacetime MCF for ¢t < 0, and let A > 0. Then

MM E{(Ny, Nt) = (y, 1) € M}
is another MCF, said to be a parabolic dilation at (0,0). If A; 1 co and (0,0) € M, then after possibly
passing to a subsequence
M’ 2 Tim(A) 4 M
K3
is an ancient Brakke flow which is in fact backwards self-similar, i.e.
M/_AQ = >\ Ml_l
for any A > 0. The limit M’, called a tangent flow, is likely to depend on the particular choice of \; 1 oo.

1.5. Monotonicity. Huisken’s monotonicity can be expressed as follows: the parabolic density function

) v (z)

|z — xo?

O(M, (zg,t0),\) = (477/\2)—n/2/ =

exp ( —
M

tg—A2

is increasing in A > 0. Notice that O(M, (zo,t),\) = F(A"1(M;, _»2 — x0)). We also write O(M, X) £
1im,\w @(M, X, /\)

1.6. Mean convex flows. A flow M is called mean convex if the initial time slice satisfies H > 0. Brian
White has shown that all tangent flows at the first singular time of a mean convex flow are elements of

Cr £ { all rotations of round cylinders S’f/ﬁ x R"F c R* 1}

i.e., all tangent flows of a mean convex flow are cylindrical.
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1.7. Cylindrical flows are generic. Colding, Ilmanen, and Minicozzi have shown that cylindrical flows
are generic in some sense. In particular, if one tangent flow at a point is cylindrical, then they all are.
Furthermore, there exists a neighborhood of the point in which any other singularities are also cylindrical.

1.8. Question of uniqueness. There remains the question of uniqueness for cylindrical flows: do we always
get the same R"~* axis independently of how we dilate the flow? In this paper, Colding and Minicozzi answer
this in the affirmative.

1.9. Rescaled Mean Curvature Flow. Colding and Minicozzi work in the context of RMCF. RMCEF is
the evolution equation

1
atx:H+§xl:¢n

for closed manifolds ¥;. RMCF is the negative L?-gradient flow of F, i.e. along V‘é“ F = —¢. Furthermore
t — A(3;) decreases along a RMCF. The stationary points of RMCF are called shrinkers and are those for
which ¢ =0 H = %xn

RMCEF is obtained from MCF by setting

1
t= 710g(7’r)a 215 = 7/:MT
and in particular exists even for ¢ — co. Notice that picking ¢; T oo in the RMCF corresponds to studying
the time ¢ = —1 slice of limit tangent flow. As such, the sequence t — ¥; may have many limit points. In
other words, there is only one tangent flow if and only if ¢t — X; has a unique limit. This is what we’re going
to show.

2. SYNOPSIS
2.1. Ultimate goal. Uniqueness will follow from the following ”package” theorem.

Theorem (6.14). There exist K > 0 (large), R > 0 (large), €9 > 0 (small), and 7 > 0 (small) depending on
n, Ag such that if

(1) X5, s €[t —1,t+ 1] is a RMCF,

(2) AMZs) < Xgforse[t—1,t+1], and

(3) there is a fixed cylinder C € Cj, over which ¥, N Bg is a graph with ||-||, , <eforall s € [t —1,¢+1]

Then |F(Et) - F(Ck)|2_7- < K(F(Et_l) - F(Et—'rl))-

Remark. The finite dimensional Lojasiewicz approach concerns the evolution equation & = —V f(z), where
f is real analytic. One can prove that the curve ¢t — x(t) has finite total length, i.e.

/OO (1)) dt < o
0

provided it has at least one limit point. Therefore that limit point is necessarily the unique limit point, i.e.
t — x(t) converges. The motivation is to extend this to infinitely many dimensions.

Remark. The observation that’s necessary to go from 6.14 to proving uniqueness is that for any ¢y > 0
there exists § > 0 such that if ¥, is C*“-(gq/2) close to a cylinder on some ball (of arbitrary radius), and

12
/ Bl dt <90

ty

then every ¥, t € [a,b], is a graph over the same cylinder inside the ball of the same radius. This is because
we can control the L' distance between the graphs in terms of the integral of [ |VsF|dt, since the evolution
is in terms of VxF. The L! bound improves to a Holder estimate by parabolic Schauder theory. Once we
have a result like this, then

/ [d)]Ll(Zt) dt<OO
0

will imply that (for large times) the surfaces are graphical over a unique cylinder.
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Proof of: 6.14 = Uniqueness. By a contradiction argument (and White’s theorem) we know that for ¢ large

enough, the (ZS)S Clt—1,641) CAR all be written as a uniformly small cylindrical graph over a cylinder depending

only on t. Then by 6.14, |F(%;) — F(Cp)|*™ < K(F(Zy-1) — F(X,41)) for all ¢ large enough, and 7 > 0
small and fixed. By a functional inequality (Lemma 6.22) that translates this estimate into a polynomial
decay as in the standard Lojasiewicz inequalities, |F(3;) — F(C)| < Ct~/1=7) we get

o 1/2
S FPE) - FE)| <o
j=1

At this point we can estimate

o) o0 o 1/2
/ Vs, Flpdt = / (8] 11(3,) dt < F(2)"/? Z [F(Ej) - F(EjJrl)] <00
1 1 :
j=1
and therefore the total length of the flow is finite, so there is a unique limit point. O

2.2. Graphical and Entropy scales.

Definition (Graphical radius). Let 3" C R"! be a given surface that is "approximately” cylindrical. Its
graphical scale is the maximal radius up to which it is C*>® close to a cylinder. For given g > 0 (small),
¢ € N (large), Cy > 0 (large), we define Rgr’éﬁfé (2) to be the largest radius R for which:

(1) |V*A| < Cp on ¥ N Bg, and

(2) XN Bg is C*% gop-close to a cylinder in Cy.

Remark. The constant g will be chosen universally by two lemmas that come from pure functional analysis
and will depend only on n. It is ¢, Cy that we have to be careful with.

Definition (Entropy radius). Let X; be a RMCF for s € [t — 1,¢ 4+ 1]. The entropy radius is an artificial
radius that is large when we are close to a stationary point of F, and therefore to a cylinder (Colding,
Ilmanen, Minicozzi). It is defined indirectly at time ¢ via the relation

Rentr (zt ) 2
2

Remark. The graphical scale is more convenient to work with analytically while the entropy radius is more
natural to the problem. The key heuristic to have in mind is that:

exp (- ) = F(Se1) - F(Si)

2
exp ( _ W) = P(Si1) = F(Si) ~ [0F| ~ [V, Fl2a = [622(s,)
= oxp (- R B0 g

We often run into expressions of the form:

2

[(MLz(EtﬂBR) + exp < — Z)

or powers thereof. Note the following points:

(1) The goal is to write everything in terms of ¢. We want to have [¢]12(p,) be the dominant term; the
non-compact error term should be swallowed into the [¢].

(2) Since [¢]2L2(Et) ~ exp(—Rentr (X)?/2), we have a problem when R < Repnt,(X¢): the noncompact error
term dominates.

(3) This is where the main scale comparison theorem (Theorem 5.3) comes in. It says that the graphical
radius subsumes the entropy radius.

Theorem (5.3). There exist p > 0 (small), {5 > 1 (large), C > 0 (large) depending on n, Ao, €g, such that
if:

(1) %; is a RMCF on [-1,1], and

(2) € Z 607



then there exists Cp > 0 (large) depending on n, Ao, €, ¢, such that
(14 1) Rentr(Z0) < min  RO4C/(ny) + C

—1/2<t<1 graph

2.3. Lojasiewicz inequalities. We will reach Theorem 6.14 through two Lojasiecz inequalities. The first
one is based on very general cylindrical estimates that have nothing to do with MCF/RMCEF.

Theorem (0.24 - LI1). There exist p > 0 (p = 5n + 10) and ¢y > 1 (large) depending on n, and a sequence
cen € (0,1) 11 as £ — oo, such that if:
(1) " € R™! has A(D) < Ao,
(2) £ >4y, Cy < 00, and
(3) R< RO,
then
. ) o R?
B0 VI <O {0 (e )}
for C' = C(n, Ao, 0,4, Cp), where we denotes the distance function to the axis of the cylinder C.

Remark. One should interpret LI1 as saying that the (squared) L? closeness to an optimal cylinder can be
controlled (up to a power slightly weaker than one) by the L' norm of ¢ alongside an exponentially decaying
noncompact error term.

The second Lojasiewicz inequality requires more effort, but it will follow from the first Lojasiewicz in-
equality after careful analysis of the kernel K of the linearization L of Vg F'.

Theorem (0.26 - LI2). There exists p > 0 and ¢y, > 1 (large) depending on n, and a sequence ¢, € (0,1) 11
as { — oo such that if:

1) ¥ C R* has A(X) < A,

(
(2) £ >4y, Cp < 00,
(3) R< R;’a’é’g"‘, and
(4) B€0,1),
then
Con gt 3+8 R? 3+8 R?
_ < 0 6n 2(118) _ 2T e v _ v
) Fcal =0 (W o (e g ) v (- 252 1))

for C' = C(n, Ao, 0,4, Ch).

Remark. This corresponds to the ”gradient Lojasiewicz” inequality. It will be crucial in the scale comparison
theorem (§5 in the paper) as well as in the proof of the ”package” theorem, 6.14. The first two terms should
be understood as coming from LI1 when we are ”close” to ker L (i.e. the normal component to the kernel is
reasonably small), and the last term is really a crude estimate that we can use when we are ”very far” from
the kernel of L (i.e. the kernel component is much, much smaller than the normal component).

2.4. Everything put together. In this subsection we show how LI2 and the scale comparison theorem
imply the main theorem. 6.14.

Theorem (6.14). There exist K > 0 (large), R > 0 (large), €0 > 0 (small), and 7 > 0 (small) depending on
n, Ap such that if

(1) X5, s€t—1,t+1] is a RMCF,

(2) A(Zs) < X forse[t—1,t+1], and

(3) there is a fixed cylinder C € Cy, over which ¥, N B is a graph with ||-[|, , < e forall s € [t —1,¢+1]
Then |F(Et) — F(Ck)|277- < K(F(Et_l) - F(Et—'rl))-
Proof of: 0.26 + 5.3 = 6.14. By LI2 it is true that

o2t 3+8 R? 3+8 R?
_ < p 0 (11 8) _ _oTh 7 _oTh A
F(30) = F(C)| < O R {[0] 5 mm +exp (= com T ) e (-2 )}
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REO’Z’CZ

. . . a
for the maximal choice of radius, R = eraph

than 1/2 of §F; 2 F(S;_1) — F(Z41).
By the scale comparison theorem,

. It suffices to bound each term on the right by a power greater

R > (]- + ,Uz) Rentr(zt) -C

as long as Cy > oo is large enough depending on ¢. The point is that p, C' are independent of ¢, since we’ll
pick £ large in a little bit.
Then the last term can be bounded by

exp(—w~R—2> SCexp(_w.(l_,_u).w) S((;Ft)#-l%“

4 4 4 4

Picking 8 € (0,1) close enough to 1 makes the exponent larger than 1/2. The first two terms on the RHS

can be dealt with simultaneously, provided one observes a mean-value-type inequality saying that
[872(5n8r) < C' (F(Zim1) — F(St41)) = C'6F;

At this point we choose £ large enough such that
3+
2(1+P)
and the result follows. ]

Con and ¢, (1 +p) > 1

2.5. A note on F and its variations. We’ve already shown that the Euler-Lagrange functional of F' with

respect to Gaussian measure, dyu, is
1

va:—¢:H—§mn
If ¥ ¢ R**! is some hypersurface and u : ¥" — R is "small” then the graphical surface ¥, has its own
Euler-Lagrange functional of F' with respect to Gaussian measure, ¢,. If we like, we can pull that back to
¥. Tt will be convenient to pull back the Euler-Lagrange operator of F' with respect to dV (x) instead. We
denote that by Mu. When X is a cylinder,

” 1 2V2k 2
Mu = 22 (Hu— *nu) exp(_ 7“”)
Wy, 2 4
where
(1) v, is the relative volume element,

)

(2) H, is the mean curvature scalar of the cylinder,
(3) my is the support function, (- + u(-)n(-), n.(-)), and
(4) w, is the speed function (V dists, n,)~!.

The linearization of Mu at v = 0 is the L operator,

1 1 1
= 2 - = — = t 2 —.
L=L+[AP+5=A—-5Vau+]A+5

When ¥ is a cylinder,
1
L:L+1:A—§Vzt+1.

3. FIRST LOJASIEWICZ INEQUALITY

The first Lojasiewicz inequality states that ¢ correctly captures the L2-closeness of ¥ to a cylinder, up to
a noncompact error term with exponential decay. The plan of action to prove this is:

(1) Show it first for the special case of almost spherical shrinkers. Those are compact. We get a stronger
C?® inequality, and no error term. This is Lemma 2.5.

(2) Present a dimension reduction technique that can let us reduce the case of noncompact cylinders to
that of compact spheres at the waist of the cylinders. This is Lemma 2.11.

(3) Apply the strong C*“ spherical inequality on the waist of the cylinder and then extend in the flat
directions under the assumption that we indeed have reasonably flat directions. This gives a weaker
C! inequality, and it is Proposition 2.1.



(4) Formulate a criterion for the non-spherical directions to be sufficiently flat in terms of just [¢]p:.
This is Corollary 1.27.
(5) Put it all together, obtaining LI1 - Theorem 0.24.

3.1. LI1 on spheres.

Lemma (2.5). There exist €9 > 0 (small) and C > 0 (large) depending on k, a € (0,1) such that if:
(1) ©% C R**! is a graph over S’f/ﬂ with [Jul, < o,

then [[ul], , < C |4l q-

Proof sketch. The first three eigenvalues of L = A+ 1 on S’f/ﬂ are —1, —%, %, so 0 is not an eigenvalue, so
by Schauder theory

[ully,o < C(k, ) [[Lullo,a
On the other hand L is the linearization of Vs F = ¢, so ||¢ — Luljo,a < C(k, ) ||u|l2 ||u||2,o provided we

require ||ullz < ¢ to be uniformly bounded (so the constant C' is finite, and independent of €y). Therefore:
16 = Lullo,o < C(k,a) o [|ull2,a

By taking ¢¢ | 0 depending on k, o we can use the second inequality inside the first, and the result follows. [

3.2. Dimension reduction. To reduce to the case of spheres we need a dimension reduction argument.
The dimension reduction argument relies on the idea that if we slice an almost-cylindrical almost-shrinker
almost-orthogonally by a plane, then we get an almost-cylindrical almost-shrinker of one flat dimension
lower.

Lemma (2.11). Let Yk c RFL Sy =N {zr4+1 = 0}, zy € Xy be a transverse intersection point, and
suppose € € (0,1/2). If
(1) |Vizgs1| > 1 —€ at zo,
(2) |VHVizgpi1|| < e at zo, and
(3) the tensor norms |A(-, Vizgi1)| + [(V.A)(-, Vizr11)| < € on the indicated restricted (”almost-flat”)
directions at xg,

then if ¢¢ is the ¢-function for X,
|6 — ol + [V (¢ — ¢0)| < Ce (1 +¢] +|Vg))
for a universal constant C > 0.

Sketch of proof. The proof is reasonably straightforward. We compute
v —1 1 voow
o-do=10"Lg La(L )

[l o] ol [o]

where v = V'zy1 near ro. Immediately we see |¢ — ¢9| < Ce + Cel|¢|. By differentiating along %y and
using Kato’s inequality we get |V>0(¢ — ¢o)| < Ce+Celg|+ Ce|Va|. O

3.3. Vertical translation. The point now is to apply the spherical inequality on the waist of a cylinder
and the translate all bounds vertically.

Proposition (2.1). There exist €1, €2 > 0 (small) and C' > 0 (large) depending on n, § > 0, M > 0, so that
if

(1) H>46>0,|A|+ |VA| < M on ¥ N Bg,

(2) XN By 3, is C? e1-close to a cylinder in Cy, k > 1, and

(3) 5v/2n <r < R is such that

r16ll1,8, 5 +7° IV(A/H)|l1 B, <e2
then XN B ;z—5z is a a graph over a cylinder in Cy, with

111y < C{r 16ll.5, s + 7 IV (A/E) 13, |

7




Remark. (1) The first assumption is a crude assumption on a large scale. (2) The second assumption is
a small-scale fit that allows us to dimension-reduce to something reasonable. (3) The third assumption is
twofold: the first term will get the waist to be C?>“-close to S’f/ﬂ and the second term says that A/H is
almost parallel and allows us to extend estimates in the flat directions.

Remark. The radius 5v/2n is not arbitrary. We expect the waist to have radius v2k, so we’re allowing for
k <n and simultaneously giving some extra wiggle room.

Remark. It’s actually better to state a stronger result, seeing as to how it’s what is actually proved and is
what is going to be invoked later. For y € 3 € B ;z—3; and u the graph function over the cylinder,

[ul(v) + [Vul(v) < C {12 16118, 5= + 7 IV (A/HDll15,,, |

Sketch of proof of 2.1. We write 7 for A/H, e,(r) = ||V7||1,B,, and 4(r) = ||¢]]1,B,-

Step 1. Setup. Pick p € ¥ N B, /; arbitrary and fixed for the duration of the proof.

Since XN By, /5y, 18 C? ¢;-close to a cylinder, by possibly shrinking ¢; depending on n alone we can get an
orthonormal basis of eigenvectors (flat:) v1(p), ..., Un—k(p), (spherical:) z1(p), ..., zx(p) with corresponding
eigenvalues A1, ..., Ap—g, 01, ..., 0 such that

1 1
and |o;| > —
V1007 o3 = Vian
Let’s also define n(p) to be the outer unit normal at p. By a general lemma of Colding and Minicozzi from
a different paper, having A; and o; far apart forces a better yet bound on the flat eigenvalues A; in terms of
VTl

|Ai] <

where the 6 came in because we have to multiply through by H > § to get from A to 7 = A/H.
Define the linear ”coordinate” functions

file) 2x-vilp),  gi(x) 2 x-20p),  gle)2z-n(p), i<n—k andj<k
and the tangent vectors
vi(z) £ V' fi(2), i<n—k
We will be slicing with the plane P = {f; = ... = f,_x = 0} and we will be interested in the cylinder normal
to this plane. The radial distance to the axis of that cylinder is given by:
k+1

w(x)z = Zgj(%“)Q

Without loss of generality we may translate our surface so that p € P.
Step 2. Bounds near p. For 7 > 5v/2n let Q, = ¥ N B3.(p), the latter ball being a geodesic ball. The
v; enjoy the following properties in €2,
(1) |v; —vi(p)| < C(n, 6, M)r?e,(r),
(2) |7(v;)] < C(n,6, M)r?e.(r), and
(3) |V, Al < C(n,d, M) r?e,(r).
Let v(t) be a curve of length < 3r starting at p, and let w(¢) be the unit parallel translation of v;(p) along
~(t). Note that
lwl =1, 3] <1, [V7| <er(r) on Q. = [V T(w(t))] < er(r)
SO
[m(w(t))| < (lengthy) e (r) + |7(vi(p))| < 3re7(r) + C(n,6) &, (5v2n) < C(n,8) e, (r)
SO
[A(w ()| = [H] |7 (w(t))] < C(n, 6, M) rer(r).
Since VﬂYRnHw = A(¥,w) n, the FTC gives

lw(t) —vi(p)| < (length~y) C(n, 8, M)re (r) < C(n,d)r* e, (r)
8



Of course w(t) is some tangent vector x and v;(x) is the one closest to v;(p), so the inequality above also
holds true for |v; — v;(p)|:

lv; —vi(p)| < (length ) C(n, 8, M) re,(r) < C(n,8)r?e.(r) = (1)
Furthermore by the bound on |[V7|,
[7(v)] < | (v:) = 7(vi()] + 7 (vi(p))] < C(n, 8, M) r*er(r) = (2)

Equation (3) follows from (2) by the Codazzi equation.

Step 3. Dimension reduction. We seek to slice ¥ with P = {f; = ... = fp,—r = 0}. We use (a
modification of) 2.11 that allows multiple slices at once. The point is that slicing by P gives a compact
topological sphere that is C? close to S¥ ., whereas slicing with lower dimensional things gives noncompact

V2k’
objects. The proof is the same for multiple simultaneous slices.
The coordinates we are slicing with respect to are f1, ..., fn_r S0 3o = NP is a compact topological sphere

contained well inside By, 5. We claim that the assumptions of 2.11 are satisfied on Xy ~ S’f/ﬁ C Qg /57
Indeed, at any point x on the topological sphere:

(1) [Vl 2 IV i) = IV fi = V' filp)| = 1 = Crg er(ro),
(2) for X € T,,)%,
VxV'fi=Vx(Vfi— (Vfi-n)n)
=—-X(Vfi-n)n—(Vfi-n)Vxn
= Vi V'fi = (Vfi-n)AX)

= [(Vfi - V') ”] A(X)

so |[VIVEf;| < CrEe,(ro); finally,
(3) 1AC, V) +(V.A)(, Vi) < Crger(ro).

We're writing ro = 5v/2n above. In view of the lower bound r > 5v/2n, as long as we require €5 to be small
enough depending on n, §, M to make the constants above comparable to 1/2, we can apply 2.11 and get
that Xg is C** (g4 + &,)-close to S’\“/ﬂ. Therefore the radial axis distance function satisfies:

[w — V2E|2,0,5, < C(n,8, M) (£4(5v2n) + & (5V2n))

Step 4. Extending vertically. We extend the bound by constructing a vertical radial flow with speed
n—k
f@)? =" filx)*.
i=1

Notice that f2 +w? = |z|?. Notice that by defining
Vif
v =
[VEf[2

and flowing ¥ by v moves ¥g through the level sets of f. We need to make sure the speed of v is not too

large. Since
th:Z?vi :Z?W(P)+Z?(W —vi(p))

and since the v;(p) are orthonormal and ), f2 = f we conclude |1 — [V f|| < >, Jv; — vi(p)] < Cr?e.(r)
on Q,.. By possibly shrinking €5 depending on n, §, M, we can control the right hand side by 1/2 and thus
get |v] <2 on Q,. Note that

Vo Vg =0=V, Vg =-V, Vg =V, ((Vg; -n)n)
=V, (Vg -n)n+ (Vg - n)Von = (Vg;-Vyn)n+ (Vg -n)Vyn

and therefore |V,,Vig;| < C(n)|A(v;,-)| < Cr?e,(r). Since |v| < 2, we conclude that

IV, Vig,| < Crie (r)
9



in , and, consequently, that

k+1 k+1
IV, Vil <2C(n) Y [Volg;Vig)| <2C0) > IVugil Vigs] + 1951 Ve Vigs| < Crer(r)
j=1 j=1

in Q,, the extra r coming from the linear g; on the right.
Let Q. ¢ be the region obtained by integrating ¥y along v for time 2 < r? — 3k, intersected with €2,.. By
the fundamental theorem of calculus,

|Viw?| < sup |Viw?| + Cr sup |V, Viw?| < Cey(ro) + Crte (r)
Yo rf

as well as
|w? — 2k| < Crey(ro) + Croe,(r)

in Q. ¢. Since w is bounded from below, these bounds can be turned into C* bounds for w — v/2k. These in
turn extend to C' bounds on the graph function u. O

3.4. Cylindrical estimates. In order to obtain the first Lojasiewicz inequality from Proposition 2.1 we
need to absorb the | V(A/H)||; term into a ¢ term. This is obtained by very generic estimates for surfaces
that resemble cylinders in some sense.

The key operators are the drift Laplacian £ = A — 2V, and L = £ + |A]> + 3. Recall that L is the
linearization of M, the E-L functional of F. The second fundamental form and the function ¢ are related
by a PDE:

LA=A+V?p+ ¢A?
from which we get as a corollary that:
V3¢ + pA° + A(Ag +|AP)
H H?

2 A% A A2 (A Al?
£H2|A/H|2:2|V(A/H)\2+2<V¢+H¢; A) Lo AP Z;raél *)

where Lo = Lo + (Vlog f, Vo) for any tensor (or function) o.

Lo (AJH) =

Remark. One point is that every term involving A above is paired up with something linear in ¢ and we
also have no derivatives of A showing up. The exception to both is the term |V(A/H)|?> which thankfully
has a favorable sign in the PDE.

After integrating the second relationship by parts with suitable use of the Gaussian measure we obtain
the following weighted L? estimate:

Corollary (1.24). If ¥ N Bg is smooth, H > ¢ > 0 and |A| < M, then for all s € (0, R) we can estimate

(R —s)?
4

2
L2(SNBgr_s

[V(A/H)] < 0f 5 vol(m N Br) exp (- )+ Blnsnma) + V260 (3o |-

for C = C(n,d, M).

By interpolation we can get L™ estimates from these L? estimates provided we control a high enough
derivative.

Corollary (1.27). If ¥ N By is smooth, H > § > 0, |A| + |V*A| < M for some £ > 2, and A(X) < )¢, then
for all |y| < R — 2:

[t akcen 1 R? 1 |y?
VA/|W) + VA D)|(w) < € R [0 +exp (— e 1)} e (5 10)
where C' = C(n, Ao, 0,4, M), and ¢;,, € (0,1) 11 as £ — oco.

10



3.5. Proof of First Lojasiewicz inequality.

Theorem (0.24 - LI1). There exist p > 0 (p = 5n + 10) and ¢y > 1 (large) depending on n, and a sequence
cen €(0,1) 11 as £ — oo such that if:

(1) " c R™*! has A(X) < Ao,
(2) £ >4y, Cy < 00, and
(3) R < RYu"

graph
then

. 5 o R?
clélcfk[wc - @]LQ(EQBR) < CRP{W]Li(EmBR) + exp ( —Con - T)}

for C' = C(n, Ao, 0,4, Cp), where we denotes the distance function to the axis of the cylinder C.

Proof. Suppose we are given n, Ag, €9, ¢, Cy as above. Then by writing out the graphs and interpolation,
|A| + |VA| < M(eo,?,Cy) and H > §(gp) on XN Bg. In fact

VOl ]

LOC7BIOV21L

1]

LBym < O 016125,y + 1155"
by interpolation. Choosing ¢y = {y(n) so that as,, > 3/4 for all £ > ¢ gives

3/4
1By < O, 6.CO 9170

1]

seeing as to how we may suppose (9|1 5, . < 1.
We may suppose that the quantity:

X 2 2
Ry 2 sup {r < R C(n, 2,66, M) R [[6]15 )+ exp (= %% . RT” exp (% ) e}
(6 = 6(g0), M = M(gg, £, Cy) by writing out the graphs, and €5 = 2(n,, M) as in 2.1) is larger than 5v/2n,
C here being the constant in the interpolation corollary 1.27 plus the constant C'(n, ¢, Cy) from a few lines
above. If this is not true, we are immediately done since the constant C' in the conclusion is allowed to
depend on precisely the same parameters as the ones we have: n, Ay, g, £, Cp.
By 1.27 and the ¢-estimate above we can bound for every 5v2n < r < Ry:

|6l 5, g +7° IV (A/H)1, 5,
2 2
201 . 13/4 5 p2n [[15cn (_ 1 i } (1 . L)}
< C’{r ||¢||L17Blom+T R [[¢}L17BR + exp 5 Ctn " ) XP3 7
Lo, 1 R? 1 r?
< C R+ [[(b]zlfB'R + exp ( — 5 Cn Tﬂ exp (5 . Z> <er

and therefore by 2.1, ¥ N B, is a graph over some cylinder C, with [|u||; < the expression above prior to es.
We want to take r = R;.

Remark. In taking r = R; we get a crude term exp(R?/8) on the right hand side above that we cannot offset
with the Gaussian measure. This is an expository issue in the way Proposition 2.1 is packaged. Instead one
observes that the proof of 2.1 allows for us to have pointwise |u| 4+ |Vu| bounds that depend on the distance
to the origin. This way indeed we can pick » = R; and conclude that:

() + V()] < C RS0 toxp (= Lo B 1P
uly uy) > L',Br exXp 202’" 1 exp 5 1
for y € Bp,.

11



At this point we’re done because by the bound on |u(y)| in the remark above

e, = [ Wl e~ L) aviy

Ry
An+10 [ [ 7¢en R?
S OVOI(BR1)R |:[¢]L173R +6Xp(*Cg7n' T)i|
c R?
< R [[0]is,, +exp (= con )]
2 Cy R2
= [w— V2 p,,, < C RO (1915, +exp (= con- )]
and on Bg \ Bg, we have the crude estimate |w — v/2k| < |z|, so that
/5712 2 Ri
[’LU— 2k]L2,BR\BRI SCR"+ eXp(—T)
Sn+12 Coyn R2
<CR |:[¢}L1’7BR+GXP(_CZ,7L'I>}

the last inequality following from the definition of R;. The result follows by adding these two inequalities. [

4. SECOND LOJASIEWICZ INEQUALITY

The second Lojasiewicz inequality captures the proximity of the F-value of a surface to that of a critical
point of the F' functional in terms of the gradient ¢ = VxF', and a noncompact error term with exponential
decay. To prove this, we will:

(1) Establish elliptic estimates for the operator L and relevant Sobolev estimates on ker L and (ker L)=.
(2) Using those estimates and by looking at what happens near ker L versus near (ker L)+ we will
establish Proposition 4.1, which bounds the same quantity as L12 (F(X) — F(C)) in terms of ¢, a
noncompact error term with exponential decay, and also a measure of L?-closeness to a cylinder.
(3) We will then swallow the L2-closeness term into the prior two terms in view of LI1.

4.1. Understanding the kernel of L. In this entire subsection ¥ refers to a round cylinder in C, in which
case L collapses to £ + 1, seeing as to how |A|? = 1/2. Furthermore, all LP and Sobolev norms are weighted
by the Gauss measure.

The following lemma summarizes all the tools we have available for us from functional analysis:

Lemma (3.2). The following are true for £:
(1) It is self-adjoint on H?, with
[

/Zuﬁuexp<—|:z|2> :—/E<Vu,Vv> exp(—%).

(2) The embedding H! — L? is compact.
(3) The operator £ has discrete spectrum with finite multiplicity in H?2.
(4) L? admits a complete orthonormal basis of C*° functions.

We can also show
Lemma (3.4). There exists C depending on n such that
[z w22 < C ([ul2s + [Van—rul2s) < C [}
for all u € H*.

Remark. There is nothing surprising here. The inequality on the right is trivial, and the inequality on the
left says that the |z| weight can be swallowed into the gradient integral on the right, in fact even just the
gradient in the flat directions.

12



Sketch of proof of 3.4. We provide the sketch of this proof because really all weighted Sobolev norms proofs
in this paper are more or less the same, so it’s good to outline a few of them.

Without loss of generality u has compact support. If we write y = ¢ for the R"™* factor coordinates,
then |z|* = y? + 2k on any cylinder in Cj, it suffices to bound [|y|u]3. instead of [|z|u].. We compute

: 2 e Jz?y _ g2 2y
divy (u’yexp 1 exp (=) = 2u(Vu,y) + (n —k)u® —u 1
2 2 |3/|2
< 4| Vgnsul> + (n — k) u? —u? e
The result follows after integrating. O

The following lemma provides rudimentary elliptic estimates for the projections ug, ut on K = ker L
and (ker L)* (L’s taken in L?).
Lemma (3.11). There exist C' > 0 (large), x> 0 (small) depending on n, k such that
plutge < [Lulgz < Clu]ge
[urlmz < Cluk]re
Proof. The inequality [Lu]r> < C [u]g= is a corollary of 3.4.

The inequality p[u’]g2> < [Lu]g: is slightly stronger than the standard elliptic inequality (which would
give an H'! estimate, not H?), so let’s see how to prove that. We claim that

[z < C |[ulzz + [Cu] 2.

Notice that this is standard for H' on the right (integrate by parts and use self adjointness of £), so we
really just need to show the same upper bound for V2u.

|z z|?

divs { [VQu(Vu) — (Lu) Vu} exp ( - %)} exp (|T)
= divy {V2U(VU)} — divy {([,u) Vu} — (V2u(Vu) — (Lu) Vu, % )

= {A(;VU\Q)} - {(Vﬁu Vu) + EuAu} - {(%thVu, Vu) — Euévmtu}
SIVul?) — (£w)?

- A( (c VoV, V) — (VLu, Vi)
:A(%WUF) (Lu)? —
( (

I,(f|w| ) —(VLu, V)

= A(GIVuP) — (£u)? ~ 3 (V. Vu, Vu) — (VLu, Vu)

- A(1|vu|2) (Lu)? —

(
1
2
21
2
%(vafu V) — (VLu, Vu)
_|_

- %(szVu, Vu) — (VLu, Vu)

= |V2u|? + Ric(Vu, Vu) + (VAu, Vu) — (Lu)?
= |V2u|? + Ric(Vu, Vu) — (Lu)?
> |V2ul? — (Lu)?
where we’ve used (in the following order) the facts that:
(1) V4 Vu = VV,:u on the cylinder,
(2) the Bochner formula 1A|Vu|? = |V2u|? + Ric(Vu, Vu) + (VAu, Vu), and
(3) Ric > 0 on the cylinder
in the last four steps. Integrating, we get [V2u|?, < [Lu]?. as claimed.
By applying this elliptic estimate to u™,
[ut)e < C {[ul]m + [cui]m} —C [[uL]LZ + [Lu— ul]Lz}

<C [[UL]B + [LU]LQ} < O [Lu s,
13



the last step holding true by ellipticity.

For the last claim observe that Luxy = 0 = Lug = —ug, and that by the previous application of
Bochner’s theorem this forces [VZu]p2 < [Lu]zz = [uk]z2. This bounds the second derivative. For the first
derivative, integrating Lux = —ug by parts gives [Vug]r2 = [uk]r2. The result follows. O

Next we seek to understand K = ker L. In fact one can compute exactly what elements make up the
kernel:

Lemma (3.25). Each v € K can be written as v(y,0) = q(y) + >_, i fi(8) + ¢, where ¢ is a homogeneous
quadratic polynomial on the R”* factor, f; is an eigenfunction on S’f/ﬂ with eigenvalue 1/2, and ¢ € R.

Proof. This essentially follows from the fact that square-integrable (with respect to the weighted measure)
L-harmonic functions are constant. Indeed suppose f € C*°(X) N L?(X) be such that £f = 0. If ¢ is an
arbitrary test function then £f = 0= (C*f,Lf) =0= (V(¢*f),Vf) =0= [(V[]3, = —(f V¢ V). For
appropriate cutoff functions ¢, |V(|> < C¢, so

€V < CLIAIV Al < 5KV +ClfE

ie., [(Vf]3. < C|[f]3.. Since ¢ were arbitrary, f € H'. Repeating this for the L? £-harmonic function V f
we deduce that f € H? so Lf € L?. Therefore [Vf]3, = —(f,Lf) =0, i.e. f is constant.
The rest of the argument is clearly described in the paper. O

Corollary (3.36). There exists C' depending on n such that for any v € K, then
o] <C A +1y?) [lez, Vol S C L+ yl) W]z, (V2R < Clofe, (V0] < C(1+ y]) [v] e

Remark. This result is important because it says that the only Jacobi fields with respect to elel?/4 dV(z)
(i.e. with exponential growth) actually never grow faster than quadratically. By treating the quadratic
growth as the product of two linear growths, in combination with the previous Poincare-type lemma we get:

Lemma (3.22). There exists C' depending on n such that for any u € H?,
{ux}? < Cluglie and {u'}? < Clull2 [u'] g2
where the quantity {u}? is defined to be
{2 [ + [Vaf? + [Pl RO + (14 al) 92
Remark. Observe that {av} = |a| {v}. One should think of {u} as a weighted W?2* norm. Therefore the

lemma (using the corollary) controls the weighted W24 norm of elements of K by the L? norm.

4.2. Preliminary gradient estimate. Observe that since L is the linearization of Vx F', one can prove the
following standard nonlinear estimate:

Lemma (4.3). There exist £ > 0 (small) and C' > 0 (large) depending on n such that if v : C — R has
Hu||27z < g, then

[Mu — LU]LZ(Z) <C {u}2
and

F(u) — F(Cy) — % (u, Lu)| < C'u]e {u}?

Sketch of proof. One can compute M to be of the form
Mu(p) = f(u, Vu) + (p, V (u, V) + (@ (u, Vau), V?u)
where f, V, ® depend smoothly on (s,y) for |s| small. Since L is the linearization of M and cylinders are a
critical point for M, we have the standard nonlinear (pointwise) estimate
[Mu — Lu| < C (L + |z]) (Ju| + [Vul)® + C (|u] + [Vul) |[Vu|
where C' = C(n). The (1 + |z|) term shows up because of the naked p in the expression of Mu. Integrating
in space and using Young’s inequality,

[Mu — Lurz: < C[(1+ [a]) w?]p2 + C[(1+ |2]) [Vullp2 + C[(1+ |o) 7 [VPul] 2
14



The first claim follows by Lemma 3.4. The second claim follows by integration. O

Proposition (4.1). There exists C' > 0 (large) depending on n, A\, and € > 0 (small) depending on n such
that if:

(1) AX(Z) < Ao,

(2) ¥ N Bg is the graph of some function w over C N Bg, with ||ul|2,snp, <&, and

(3) Bel0,1),
then

3+5 R sts
T 1) O

Remark. The first two terms on the right are important when ug is tiny, and the last term is important
when ut is somewhat small.

[E(2) = FC)| < Clé] Fmpyy + C R exp (-

Proof of 4.1. First we may extend u to a function defined on the entire cylinder by multiplying with an
appropriate cutoff function. If ¥,, denotes the graph of this entire function u then we have

2
F(S) ~ F(8)] < Cln,7) do B exp (— - o)

for v € (0,1) which we can just take to be # < v < 1. Therefore we might as focus on bounding

Fo(u) = F(2,) — F(C). The point is to use the nonlinear comparison inequalities we’ve come up with:
(1) |[Mu]r> — [LU]L2| < C{u}? and
(2) [Fo(u) — 5{u™, Lut)| < C'luz2 {u}?.
In the second item above we’ve implicitly used that (u, Lu) = (u*, Lut). We also need to make the most

that we can out of the crude estimate
2

M) < Cllra +exp (- =)

Indeed:
[(ut, Lu) |+ C [u] 2 {u}?
[ut] 2 [Lut]pe + C[u]e {uk}? + C[u]p> {ut}?
[u] 2 [u™ ]2 + O [u] g2 {ur}? +2C [ul 2 [ p
C [u]L2 [uL]Hz +C [U]Lz {uK}2
where we've used [Lut] < [ut]gy2 and {ut}? < C ||lul2,5 [ut]g2. Here C = C(n).
Now there are two cases to consider:
Suppose that the kernel component of u is tiny, i.e. w is essentially normal to the kernel. Then we can

essentially control everything with a power of [u']y> that is sufficiently large to make up for our crude [Mu]
bound. In particular, suppose

| Fo(u)]

IN

VAN VAN
Q NI =Nl

IN

{ur}? < nlu']
Then
{u}® <2 {ux}® +2{u"}* <29 fut]m +2C ull2x [ut]g= < %u [u™] 2
as long as we require 27+ 2C¢g < %C’_l 1, a quantity depending on n (and C' = C(n) being the constant
below). Then
Moz > [Lulze — C {u)? > 5 gt
Since [u]zz < [ux]rz + [ut]r: < C{ux} + [ut]y2, we can continue our Fyy(u) estimate as follows:
[Fo(w)] < C [ulgs [u ]2 + C [l fuurc 2
< C ({ux} + [u']m2) [ut]ge + C ({ux} + [ut]g2) {uk}?
< C{ug}® + C{ur} [ut]g: + O {ux}? [ut]me + C [ut]?e:

3(1+8) 3+8 3+8
3(1+8) J_] 248 348

< O] £ O 4+ Cut e < Cut]
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because the middle term dominates for small ©. But now we’re done because

Fo(w)| < C ] <20 Muly}
348 3+8 R?
<C[g],2 +Cexp(- Tﬁ'f)'

The second case to consider is that of the component normal to the kernel being somewhat small. Then
since we have excellent estimates near the kernel, we are in good shape. That is, if

{ux}? =t

Then
|[Fo(u)| < C[u] 2 [u] e + C [u] g2 {urc}?
<yt [ule {ur} 7
2 348
< Clulpe [u] 2" = C'lu] 2"
and the proposition follows. O

Notice that we’ve been using € instead of ¢ in this subsection. This is because ¢ is required to be much
smaller to allow for some wiggle room to allow us to jump between cylindrical graphs:

Lemma (4.49). There exists ey > 0 (small) depending on &, n, such that if a surface ¥ is
(1) an Ry-graph over a cylinder Cy with [ - [|1 B, < €0, and
(2) an Ro-graph over another cylinder Co with || - ||27Q,BR2

with 5v/2n < R; < Ry, then it is also an R-graph, R = min{2R;, Ry}, over C; with || - ||2 5, <E.

Remark. This and LI1 on spheres are the two lemmas that determine the value of £y that is to be used
throughout the paper.

Remark. Why is this lemma important? Because the graphical radius does not have a fixed cylinder
associated with it, while quantitative results like Proposition 2.1 provide concrete graphical estimates on a
particular cylinder that may or may not match that of the graphical radius. We’re going to have to transplant
the graphical cylinder into the quantitative cylinder.

4.3. Proof of Second Lojasiewicz inequality. Recall the statement of LI2:

Theorem (0.26 - LI2). There exists p > 0 and ¢y, > 1 (large) depending on n, and a sequence cg,, € (0,1) 11
as { — oo such that if:
1) X" c R" has A(X) < Ao,
) 4 Z 60; Cé < 00,
3) R < R%%" and
)

graph
4) pel0,1),
then
con 5t 3+8 R? 3+8 R?
_ < p £n 3(1+5) _ s _ s
|F(X) - F(Cy)| <CR {[QS]LQ(ZQBR) +exp< S >+exp< 1 1 )}
for C' = C(n, Ao, 0,4, Ch).
Proof. Arguing as in LI1, we may assume that
” leg o 1 R? 1 72
Ry £ sup {r < R: R W]E%’mm + exp ( =5t T)} exp (5 . Z) < 77}

is large enough that Ry > 5v/2n, for a choice of 7 that allows us to employ Proposition 2.1. Accordinng to
2.1, there exists a cylinder C € Ci over which ¥ N Bpg, is a graph of a function » with

legn 1 R? 1 R?
lullvers, < C R (615515, +ex (= e )] oo (5-F) <e0
16



(by a smaller choice of 7 > 0) and by LI1,

con R?
(W2 s,y < C R (1013 55n ) + 050 (= 0 )]

By the rotation lemma, 4.49, ¥ is also a graph over C N Bg,, R2 = min{2Ry, R}, with [[ullzcnpg, < E.
Notice that the LI1 bound can be extended from Bg, to Bg, since
2 =2 pn R%
[u]Lz(EmBRZ\BRl) S C€ R exp ( - T)
2
=2 p2 cen
0% 1 [l + 0 - )]

the latter by the very definition of ;. That is, |ull2,snpg, <€ and

con R?
W% (snBy,) < C R [[gb];é(szR) + exp ( —Cem *)}7

4
where C' = C(n, Ao, €0, ¢, Cy).
By 4.1 we can estimate

348

# n— 3+6 R2 1
[F(X) - F(C)| < C[¢]L2(szR) +C Ry exp ( T4 f) + C[U]L;&mBRz)'

The [¢] term is going to be dominated by a smaller power of [¢] soon, so we won’t worry about it. The last
term is bounded by LIl in a favorable way.
As for the middle term, if Ry = R then we are done because the bound is favorable. If Ry < R then

R2 = 2R1, SO
3+8 R3\ _ 348 o
exp (== ) = e (=T )
com R?
=R [l +exo (—eon 3+ 5)- )]
all of which are favorable. Combining all the dominant terms in these estimates we get LI2. O

5. SCALE COMPARISON THEOREM

Now we discuss what is essentially the final and most important building block of the proof: the scale
comparison theorem (Theorem 5.3). The key tool in proving this is going to be Brian White’s local curvature
estimate for MCF. We will use an improvement and extension argument to get good curvature estimates
forward in time, and then drag those backwards.

The plan of action is an improvement/extension scheme:

(1) As long as we are below the shrinker scale and we have crude bounds on some large ball Bg, we can
find strong C>® estimates on a slightly smaller ball B(1—r)r- This is called the improvement scheme.

(2) As long as we have strong C%“ bounds on a ball Bg, we can find crude estimates on a larger ball
B(14+6)r- This is called the extension scheme.

Remark. The statements in this section of the companion (particularly in the extension section) differ
somewhat from those of the paper. The reason is that I decided to keep very explicit track of the constants,
and that required some rephrasing here and there. The statements here make more sense to "me”. We will
assume throughout that we are working on the RMCF time interval [—1, 1].

5.1. Improvement argument. The first step in the improvement argument is an extension of LI1 which
improves the C! estimate obtained in Proposition 2.1 into a C*® estimate using interpolation.

Theorem (2.54). There exists £, > 1 (large) depending only on n, and there exist Ry > 0 (large) and
oo > 0 (small) depending on n, Ag, do, i, £ > £y, M such that if:
(1) =" ¢ R* has A(Z) < Ao,
(2) ¥ N By has |A| + |V*A| < M and H > p > 0 for some R > Ry, ¢ >y, and
(3) N Bg, is C? ogg-close to a cylinder in Cy,
17



then ¥ N By, is C*“ §y-close to a possibly different cylinder in Cj,, where

R, £ sup {r <R:R*™ [[Cb]%fzgmBR) +exp < - %Cl,n ~ %2” exp (% . %) < ’Y}

and where v = y(n, Ao, u, £, M).
Proof. We mimic the proof of LI1 for the most part. As before we have

, £ l—ae,
19113,5 55 < COLO 1815, + 101557, IVEOILG ]

and so we continue to choose ¢y = ¢y(n) > 1 large enough so that ag, > 3/4 for all £ > ¢;, because then

3/4 h
H¢||1,B5 < C(n, ¢, M) H(b”L/laBmm' We may suppose that

2

Ry £ sup {r < R:C(n,\o, i, £, M) R*F5 [[qb]%f’égﬂBR) + exp ( — %c&n . RIQ)} exp (% . TZ) < 52}

is > 5v/2n. Here ¢, is actually < g5 = & (n,pu, M) as in 2.1, and also squeezed further depending on n, Ag,
w, £, M, §y in a way that will be determined at the end of the proof. The C' is the constant of 1.27 plus the
constant C(n, ¢, M) above.

This assumption is valid because we may squeeze the negative R exponential to be small by making Ry
large and [¢]z: to be small by making oy small depeding on n, Ao, , ¢, M. Of course we also need to have
oo < the e1(n, pu, M) of 2.1.

At this point we may apply 2.1 like we did before to get that ¥ N Bg, is C* close to a cylinder, with

1 R?

1 1 R?
2n+5 Ce,n
|| : ||1,BR1 < O(n7>‘07:u7€aM) R * [[gb]zlEEﬁBR) + exp ( - 5 Con - T):| €xp (5 4 )

In other words we can control the C! norm of the graph function on Bg,, but also the (¢ + 2)-nd norm in
view of [V*A| < M on Bg, R > R;. By interpolation,
I ll2.0.Br, <0l lew2.8r, +C0, O - 111,85,
< 770(”7 M) + C<777 E) €2
Pick > 0 small enough depending on n, M such that the first term is < d9/2. Now the choice of € is clear:
pick it depending on 7, ¢, § so that the second term is < dy/2. |

Claim (Improvement step). There exist £y > 1 (large) depending on n, 7, and Ry > 0 (large) depending on
n, Ao, €0, 00, K, 7, £, Cy such that if:

(1) s is RMCF with A(Z;) < Ap for s € [-1,1],

(2) £> 4y, Cp < 0,
(3) sp € [-1,1], 7 € (0,1/2],
(4) R > Ro, R < Renr(%0), R < R (Ss,), and

graph

(5) |Vs, Flg, < K (F(3-1) — F(21)),
then ¥ N B1_r)p is C?* §-close to a cylinder.
Proof. Observe that

O gy = Vo Pl < 640 [ = POy
<Kexp (- c&n.Rentrf@o)z)
The key quantity in Theorem 2.54 at r = (1 — 7) R is (bounded from above by)
RP {[Qﬁ]i’;’" (S5 N Br) + exp ( o R;)} exp (<1 2. R;)
<KRF [exp(— ce,n.Reﬂtrf(Zt)z) —|—exp(—cé7n.RZ2)} exp ((1_7)2.%2)

<2KR° eXP(((l—T)Q—CAn)-R;) <2K eXp(—r- RT%)
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since R < Rentr(X0), and since we may require ¢y to be larger yet depending on n, 7 so that ¢g,, > 1 — 7 for
all £ > £y. Additionally require £y to exceed the £y in Theorem 2.54.

Then, requiring in addition that Ry be large depending on all the parameters listed in the statement and
the fixed choice of £y, Theorem 2.54 kicks in to give the required C%“ estimate. |

5.2. Extension argument. Key in the extension argument is the following result due to Brian White:

Claim. There exist 0 = g(n) > 0 and C = C(n) > 0 such that if:

2
(4#7)_"/2/ exp ( - ‘554733&) dV(r) <1l+o
T

then for all s € [—7/4,0] we can estimate:
A <C77'on M,N B, /7 /9(70).
Here s — M, is a MCF, not RMCF.

Remark. This is not the way the theorem was stated in Brian White’s paper, but rather Toby Colding
and Bill Minicozzi’s statement. It was not immediately clear to me that Brian White’s theorem implies this,
but Brian thinks it’s fine. Note, by the way, that the symbol 7 plays an entirely different role here in the
extension section than it did in the improvement section.

Lemma (5.39). There exists o > 0 (small), § > 0 (small) depending on n, gy, M, such that if:

(1) R > v/2n,
(2) M; is MCF such that ||A|3,nBry, < M for 7 € [-1 —1/M, -1+ 1/M], and

(3) M_y is C*® §op-close to a cylinder C € Cy,
then M, N Bg is C*“ gg-close to v/—7C for 7 € [-1 — 0, —1 +0].

Remark. The importance of this lemma is clearer when it is reformulated in terms of RMCF. If

(1) ¥; is RMCF with curvature bounds on [t — 1/M,t + 1/M], within B, that depend on M, and
(2) ¥4 N Bg is C*“ §op-close to C € Cy,
(3) R > Ry,

then X¢1y) N B(14x)r 18 C%2 gy-close to the same cylinder, for 7, s, &y, Ry depending on ¢, g9, M. It is
certainly not surprising that the radius gets larger as time moves forward, since our reference frame is a
shrinking cylinder of the original flow.

Another important ingredient is the following mean-value type estimate:

Lemma (5.32). There exists a constant C' > 0 (large) depending on M such that if:

(1) Et is RMCF on [tl,tg],
(2) Be(0,t; —t1), R>0, and
(3) |[A] < M on ¥, N Bry1, for all s € [ty,ta],

then

22 < -1 _
e Bl < (C 4+ 57 (F(S0) = F(S0))

Proof. One may compute that
(0 — L) ¢* = ¢* (2|A]* +1) - 2|Vg|”

If ¢ is a smooth cutoff function between Br C Bry1, with 0 < ¢ < 1, |[V(] < 2, then by taking the manifold
movement into consideration, we see:

Ou(67C?) = 6° (VC2,m) + (P (L6 + 92| A2 +1) - 2|V o).
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Then by direct computation we can estimate
|96|2 e

e (<) v = [ ot ew (<) avi
+/Et(2|A|2+1) 22 exp(f xT) dV (z)

Vol e e (- LY av (@)

¢3 (V2 n) exp (= - ) av()

¢

- [ vt v e (- ) avie)

2
< 2|AP +1) ¢ +5|V(]?) ¢? _ =By gy
< [ (@A ¢ s 19er) o e (- FE) avie)

= [ 196P ¢ e (-
3¢

The last term may be dropped (we need to keep it to get a spacetime V¢ L2-estimate). In any case, for any
5 € [ty + B, ta]:

[ e en(- )
of? of?

<  min / o2 n? exp( )dV( )+C’/tt2 . ¢2exp<f%)dV(x)

tefty,t1+p5] 1

|z

o) av(@)

<(C+p7! & exp( ‘f)dV(x)

t1 JE

as claimed. 0

Remark. This is not quite the way the lemma is stated in the paper. It was more convenient for me to state
it this way. Also, I have not stated one of the estimates of the lemma that I'm not going to use anywhere.

Another important ingredient is the following result:

Corollary (5.15). There exists Ry = Ry(n, Ao, 0, 7) > 0 such that if:

(1) =, is RMCF with A(S,) < Ao, s € [-1,1],
(2) R>Ry+2, R< Rentr(EO)v o € BR,RO, T € (0, 1/2], and
(3) we can control

2
ey s [ ey (~ 2 e
(477) . eXp( g )dV(az) <1+ 5

then we can also control

2
—n/2 _ el <
(47T) /2 exp < p ) dV(z) <1l+4o

s

for all s € [-1,1].

Proof. In view of the entropy bound there exists ro = ro(n, Ao, o) > 0 uniform over s € [-1,1], y € R**!
such that

2
(47r7')_”/2/ exp ( - M) av(z) < z
S\B,y 5 (v) 4r 4
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By use of a cutoff function, it’s relatively simple to show that

|z — 20/
exp( —— | dV(x
/ZJSHBR ( 4T ) ( )

2
— 2
S/ exp(fw)dv B+
Y1NBRr+2 4T

The second term on the last line can be estimated by Cauchy—Schwarz and our entropy bounds:

R+2 -
2L e (- ave
YtNBRr42

R+2 [ N
< mmr g e (S) [ | Bl

R+ 2 (R + 2)2 -chtr(EO)2 _

n/2 v er _ ~rentr\~uU/ 1

< . \/ (4wT)™/2 2 Xy exp ( 5 ) exp ( 1 ) < u(n, Ao, Ro) T

where p(n, Ao, Rg) can be made arbitrarily small by requiring that Ry be large (depending on n, Ag, and the
smallness factor). Along the same lines,

/ / o loR V()

< exp (@) /1 [¢]r2(s,)2 dt < exp (@) exp ( - Rmfw) < i/ (Ro)

—1

Zol” ) ¥ [0 dV (z) dt

9| exp (

YtNBRr42

which can once again be made arbitrarily small by choosing Ry large. Putting it altogether, for s € [—1,1]
and zog € Br_pg, arbitrary we can estimate:

2
—n/2 7 “’E - ZL’()|
(477) /E e ( s ) v (z)
|z — 20/

2
_ (4rr)-n/2 / _ |z =z I / e
(4rT) - exp ( i ) dV(x) + (477) -~ exp ( . ) dV(x)

2
< (anr) " [ exp (= EZID) av(e) + amr) 2 o, do, Bo) 70+ () V2 (o) +
¥

<1l+ ??TU + (477) ™2 pu(n, Ao, Ro) 77 4 (477) T2 1! (Ry)
This can be made < 1+ o by choosing Ry = Ro(n, Ao, o, 7) sufficiently large. O
Remark. Once again, this is not the way the result is stated in the paper.
The second important lemma makes use of Brian White’s local recularity theorem.

Proposition (5.6). There exists o > 0 (small) depending on n, and there exists Ry > 0 (large) depending
on n, Ag, 7, and also Cy > 0 (large) depending on n, £ > 2 such that if:
(1) X, is RMCF with A\(Z;) < Ao, s € [-1,1],
(2) R>Ry+2, R< Rentzr(X0), ©o € Br—p,, 7 € (0,1/2], and
(3) we can estimate
|AA|2 S 50 T71 on 21 N BRO\E(SCO)
then for all t € [-1,1], s € [t — log(1 — 77/8),t —log(1l — 7)] N [—1, 1], we can further estimate:

C
A2 + 7 |VEA]2 < = on 2,1 B /7/5(e2 V).
T
Sketch of proof. In view of the entropy bound there exists Ry > 0 uniform over s € [—1,1], y € R**! such

that )
(47r7)_"/2/ exp ( — u) dv(z) < 7
S:\Bry 7 () ar 4
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where o is as in Brian White’s local regularity theorem (referred to as € there).
If one picks ¢ € Br_g, and dilates by 7~1/2 around that center point then the curvature bound becomes:

‘A|2 < §p on 7_1/2(21 - .’L‘Q) N Br,
Provided dy is small enough depending on o, the region 7='/2(%; — )N B, = 77 /2(Z1 N Bpg, 7 (20) —0)
is going to look essentially planar centered at the origin and the non-compact contribution of the exponential
integral is small; i.e.,

2
Arr) /2 _ ol <142
(4rT) /21 exp( e ) dVi(z) <14 5

Since we’re now in the setup of Corollary 5.15, it is also true that

—n/2 |£L' — .’E0|2
(4mT) / exp ( - T) dV(z)<1l4oc
holds true for g € Bgr—_g,, s € [-1, 1], arbitrary since R > Ry + 2.

Since the density bound is true at time s € [—1,1], by looking at the corresponding MCF Brian White’s
local regularity theorem gives a crude curvature bound forward in MCF-time on each ball B, =/, (z0), xo as
above. Translating that back to RMCF, we need to keep track of the fact that an MCF-static zg moves
under RMCF, so instead the bound we got was the one claimed. The /7/2 radius shrinks to a \/7/3 radius
once we use Shi-like estimates to bound |V*A| given the |A| bound. O

s

Remark. Observe that in view of the latter estimate being over the moving point e2(5=0 24 in [t —log(1 —
77/8),t —log(1l — 7)] N [—1, 1], Proposition 5.6 gives us curvature bounds on a multiplicatively larger ball.

Claim (Extension step). There exist Ry > 0 (large), dp > 0 (small), > 0 (small), K > 0 (large) depending
on n, g, €o, and there exists Cy > 0 (large) depending on n, Ag, €o, £ such that if:

(1) R > RO + 27 R< Rentr(zt)v

(2) 5N Bpg is C% §p-close to a cylinder (depending on s) for each s € [-1/2,1],
then for every s € [-1/2,1]:

RO () = (14+6) R and  |Vy,Fliap, ., < K(F(E1) = F(51))

graph

Proof. Let 8o = do(n) be as in Proposition 5.6. Let 7 = 7(n,dp) > 0 be such that |A|?> < §y/7 for each point
in ¥, N Bg, s € [~1/2,1]. This can be done seeing as to how our surfaces are C*>® §y-close to a cylinder at
each time. By 5.6 we may estimate

C
AP + 71 [VPAP2 < =5 on B0 Bz (e a)

for all zg € Br—g,, Ro = Ro(n, Xo,7), and all s € [t—log(1—"77/8),t—log(1—7)|N[—1,1], and all t € [-1,1].
Said otherwise, we have curvature (and curvature (-th order derivative) bounds on a ball B, .)r on a time
interval s € [-1 —log(1 — 77/8), 1].

The crude curvature bounds immediately give the required estimate:

2
se[rilg/}i,uMLZ(ES“B(HN)R) <K (F(Eo) - F(%))

which implies the second inequality claimed in the statementﬂ Also,

Rentr(EO)Z) R2
2

max [¢]2L2(szB<1+K>R) < K exp ( - < K exp ( B 7)

s€[—3/4,1]
By interpolation,
9ll2,0,2.0B0mr < ClolL2nBusnr) T CllesnBa1gR

R2
< Cexp (T) [9]L2(5.0B4myr) T C(C3,7)

< C(K; ROaCZ’nT) = C(na /\0750750703)

IThe remainder of the proof can be simplified after a clarification kindly offered by Bill Minicozzi and Toby Colding.
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In view of these crude bounds on the speed of evolution in the RMCEF there exists £ = &£(n, Ao, €0, 00, Cs3)
such that we can go back in time by from —1/2 to —1/2 — ¢ and have our C%® §p-bounds on Bgr become
C%2 25p-bounds at worse, on By, still except earlier in time. If 6o = d(n, ¢, C3) > 0 is small enough, by the
uniform stability of cylinder lemma, 5.39, these extend to C*® £p-bounds on a ball B(11¢)r slightly forward
in time from the instant t = —1/2 — £, say starting at —1/2, where 6 = 0(n, g9, C3,£) can be chosen small
enough that 6 < o.

In summary, there exists 8 = 0(n, Ao,g0) > 0 such that we have C?® gy-tight bounds on B(140)r on
the original time interval [—1/2,1], and curvature bounds |A|?> + 7¢|V¢AJ? < % By replacing Cy by

(7741 Cy)'/2, this implies that RZ?;};EZ > (14 0) R as claimed. 0

5.3. Proof of Scale comparison theorem. We remind the reader that the theorem read:

Theorem (5.3). There exist p > 0 (small), ¢y > 1 (large), C' > 0 (large) depending on n, Ao, €g, such that
if:

(1) %; is a RMCF on [-1,1], and

(2) 14 Z 607
then there exists Cy > 0 (large) depending on n, Ao, €9, ¢, such that

. £,C
(14 p)Rentr(X0) < —1?212§1 R;aphl(zt) +C
Proof. Let Ry, ¢, 8, K be as in the extension step, depending on n, Ao, €9. Let 7 = /2 be the parameter
that is to be used in the improvement step. Let £y > 1 be as in the improvement step, depending on n, 7. Let
Cy, > 0 be as in the extension step, depending on n, Ag, €9, Ag. Finally, let Ry > 0 be as in the improvement
step depending on n, A, €9, 6, K, £y, Cy,, quantities that have already been determined. The dependence
of everything so far traces back down to n, Ag, €o.
Notice that if the minimum graphical radius
€0,£0,Ce,

A .
= R Y
P i Frapn ()

is smaller than (1 — 7)~! Ry there is nothing to show: we may take C = Ry. So let’s suppose that p >
(1 —7)7! Ro, and of course that it’s < Rener(Z¢).

Then by the improvement step, ¥, N B(1_r), is C%% close to a cylinder, for every s € [t — 1/2,t + 1]. By
the extension step,

. £0,C
o tin BT (S) 2 (14 0)(1 - 7)p
We may iterate this until
i c0:o-Ceo (57 v > (1 4 9)(1
sE[t—Hll}gt—i-l] graph ( S) —( + )( _T)p

At which time we may apply the extension step once more to get a multiplicatively better factor. The result
follows for ¢ = ¢y, and in particular we have curvature bounds all the way up to the entropy radius. This
lets us apply the same argument for any ¢ > £. O
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